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1. Introduction

The A petal graphG is a simple connected (possibly infinite) graphthwimaximum
degree three, minimum degree two, and such thaséheof vertices of degree three
induces a 2-regular gragh (possibly disconnected)and the set of verticedegfee two
induces a totally disconnected gra@f[2]. If G, is disconnected, then each of its
components is a cycle. The vertex sefa given by =V, U V,, wherel; = {u;},i =
0,1,..,2a — 1 is the set of vertices of degree three, #ne- {v;},j = 0,1,...,a — 1 is the

set of vertices of degree two. For basic defingi@nd results on petal graphs, please
refer [4].

In section 2 we defingoartial p-petal graph and present the necessary and
sufficient condition for its planarity. In sectich we define Petersen petal graph and
present some results on this graph.

A petal graphG of sizen with petal sequen({ef’j}is said to be a-petal graph
denoted: = B, if every petal inG is of sizep and(P;, Piyq) =2,i=0,1,2,..,a —
1with P,,; = P,.In ap-petal graph the petal sjzés always odd.

It can be easily verified thatzapetal graplG = P, is planar whemp(G) = 1
for any value ofiras well asa. The graphP* obtained from the Petersen graph by
removing one of the vertices is3gpetal graphPy ;. The petal grapR™ is a subdivision
of K3 3 and hence not a planar graph. In fact, when 3, a petal graph is not necessarily
a planar graph. The number of petal® a3-petal graph decides the planarity of the
graph.
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Theorem 1. Ap-petal graph G = B, (p # 1) is planar if and only if (i) p = 3; (ii). a
isan even integer.

Proof: Let G = P,3 be &-petal graph with petal sequen@®},i =0,12,..,a—1,
wherea is even. The cycl€, divides the plane into two regions, the inner Hraouter
region. It is possible to draw tlfzfealternate petalBy, P,, ..., P,_, of G in the inner region

so that they do not cross the remaingngetalsPl, P;,...,P,_; that are in the outer
region.

If either p #3 or ais odd, then it is possible to represéhtas graph
homeomorphic tak;; by partitioning the vertex séf (G) into three setd/{(G),
VZ(G)andV3(G) such that each dfl(G)andV3Z(G) have three non-adjacent vertices

andV2(G)has the remaining vertices. For complete proo&rrgf]. o

2. Partial p-petal graphs

A petal graplt is said to be gartial petal graph if G, is disconnected. The partial petal
graphG is called apartial p-petal graph if every finite petal inG is of sizep and
L(P;, Pix1) = 2 for any petalP; in any component, .Two infinite petalsP; andP; of
P(GAk U GAz) form aninfinite petal pair if their base points lie on the bases of two
successive finite petals in baff}, andGy, .

Theorem 2. Let G be a partial p-petal graph with a petals. Let Gy, Ga,, ..., Ga, be the
components of G with a,, a,, ..., a, finite petals respectively. Let a;; denote the number
of infinite petals in P(G,, U Ga,). The graph G is planar if and only if the following
conditions are satisfied:

i. p=3;

ii. aiseven;

iii. The number of finite petals in G, on a path joining two consecutive infinite
petals P; € P(Gy, U Gp)and P € P(Gp, U Gag): (possibly Gy, = GAq) is either
zero or odd, when there exists at least one component, except G,,, connecting
Gy, and Ga,-

Proof: Let G be a partiap-petal graph as given. From Theorem 1, ptpetal graph is
planar if and only ip = 3 anda is an even integer. Hence it is sufficient to grolvatG

is planar if and only if condition (iii) is satisfil. Let us assume that condition (iii) holds
true. Consider the infinite petals € P(Ga, U Gy, )andP; € P(G,, U Ga,)- Leta; be the
number of finite petals in a path @@, joining P;andP;. From condition (i), ifat > 0,
thena} is odd. Now, draw in the inner region®f, , the finite petal to whose base edge

1
the base point oP; is incident, together with th{eaz—"] alternate petals. Draw the

1
remainingl%]petals in the outer region Gf, . This representation @f,, is obviously
planar. Sincér,, is an arbitrary component 6f we conclude thag is planar.
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Conversely, let the partigl -petal graphG be planar. Therefore, each component
Gpp bk =12,..,1 is also planar. From given conditiops= 3 and eaclhu;is even. The
following cases arise:

Case 1. There is only one pair of infinite petals @, : Let P; = usv;u” andpP; =
u.vju,’ be the infinite petal pair betweén, andG,, whereug andu, are inG,,. Let
Gy, andGy, be the components obtained by identifyingandv; to get a new verten;;.
The pathsv;;u, andug'vi;u,” are finite petals iy, andG,, respectively. Clearly,
each of these components is planar. Hence, the ewoflfinite petals other thanv; ;u,
in G, is odd. Similarly, the number of finite petals @tlthanu,'v;ju," in G, is also odd.

Case 2: There are more than one pair of infinite petal&jft Let P;, P; € P(Gp, U Gp,)
with centersy; andv;. LetP;, P, € P(Gp, U GAq) with center;andv;. Identify the pairs

of verticesv; & v;, andvs&v; to getv;; andvy, respectively.

Case 2a: There exists no component@fexceptG,,, connectingsy, andGAq: Let the
number of finite petals on the path between theseoutive infinite petalB; andP; be
at. If a} is odd, then it is possible to draw the finitegbéhat has the base pointRfin

1 1
the inner region ofi,, together with th%] alternate petals. Draw the remainl%]

petals in the outer region Gf,; If ai is even, theiry, and that part of connected to
Gy, can be drawn in the inner region@y, to preserve the planarity 6t

Case 2b: There exists at least one componert,péxceptG,, , connectingsy, andGAq:
In this case it is not possible to draw (orGAq) and that part of connected td,, (or
GAq) in the inner region of,, as described in case 2a to preserve the plardrity thus

ruling out the possibility ofit being evern

3. Peter sen petal graphs
Coxeter [1] introduced a family of graphs generatizthe Petersen graph in 1950.
Watkins [5] denoted these graphsGd®, k) and named them the generalized Petersen
graphs. Ageneralized Petersen graphP(n, k) with parameters andk, 1 <k <n —
1,k < % is a graph oi2n verticesa;, 0 <i <1 andb;, 0 <j <n—1, with3n edges
a;a;+1, bjbj 4, anda;b;, where all calculations have to be performed modulThese
edges are calledng edges, chordal edges andspokes respectively. The graph(5,2) is
the Petersen graph.

A petal graphtG is called &p4, p,, ..., pr)-petal graph if a; petals of¢ are of size
pi, i=12,..r, such thaty7a; =a, and is denoted by =P, p,..p) - A
(p1, D2, -, Pr) -petal graphG is said to be aPetersen petal graph, denotedG =
P (9y,po..p) 1T G IS iSOMoOrphic to a graph that can be obtained ftbengeneralized
Petersen grapR(n, k) either by subdivision of some of its edges or tileheof some of
its vertices. For basic definitions and the follogiresults, refer [3].
The following graphs are Petersen petal graphs:

a) Py 3, the3-petal graph with 3 petals;
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b) Py, 3, the3-petal graph witt8! petals] > 2;

c) Py, 3,9y, the(3,9)-petal graph witt8! petals! > 3

d) Any planar3-petal graph.

The graphs specified in result a) is not planarjsbpot planar whetis odd; d) is
obviously planar. Theorem 3 will help to identifyhieh of the graphs specified in the
result c) are planar.We define the following:

Two petals of a petal graph are said to be intérappetals if their bases have
some common edges . A (py,p,, .., pr)-petal graph, wherg, < p, < -+ < p,, is
said to be overlapping if the base of a petal pégi lies on the base of a petal of size
pi+1- Hence, we have;_; = p; + 2. A overlapping(p,, p2, ---, py)-petal graph is said to
be a neighborhoo@p,, p,, ..., p,-)-petal graph if none of the petals in the graph are
intersecting. A overlappintp,, p,, ..., p,-)-petal graph is denoted agp,apetal graph if

a
a; = ;for alli.

Any neighborhoodp;, p,, ..., py)-petal graph is obviously planar.

Theorem 3. A p,.-petal graph G is planar if and only if a is even.
Proof:Whena is even, each; is also even and it is possible to draw one seftefnate
petals in the inner region and the other set irotiter region of;,.
Whena is odd, we can prove that tipe-petal graph is homeomorphic i3 ;.
Partition the vertex sé (G) into three set¥(G), VZ(G) andV3(G)such thaV (G) =
{uo, uzr Usia—ry} and VZ(G) = {uy,, usq—1,u,—1} and V3(G) has the remaining
vertices. We can represehias a graph homeomorphicKg ;using the following steps:
« Take the cycle,u, usruzq—1Uza—r)Uzr—1 CONtaining the vertices (G u
VE(6);

«  Connect the pairs of verticésy, uzq—1), (Up,. Uzia—r))> (Uzr Uzr—1);

* Subdivide the edge@ig, u,,_1) With the verticesiy,uy, ..., uzr—z; (Uzr up,)
with the verticesuyy i1, Uzrsz, - Up.—1 3 (Up., Uza—r)) With the vertices
Up 41, Up 420 o Uza-r)—1  AND  (Uziaory Uzq—1) With  the  vertices
Uz(a-r) U2(a-1)+1s =+ U2a-1-

» Connect all adjacent vertices in this represematmthat adjacency is preserved.
Gis homeomorphic t&3 ; and hence the result is proved.

Theorem 4. Let G be a non-neighborhood, non-overlapping (p4, p2, ..., pr)-petal graph.
Let a; be the number of petals of size p; on the base of a petal of sizep,inG,. ThenG is
planar if and only if

I p1 = 3;

ii. a; isodd;

iii. r =2 and

iv. a,iseven.
Proof: Let G be a non-neighborhood, non-overlapdipg p,, ..., p,)-petal graph that
satisfies the above conditions. Then it is posgibldraw the petal graph such that one set
of alternating petals of sizg. (that isp,) are in the inner region @, and the remaining
set of petals in the outer region. It is also gassto draw the petals of sipg in the
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regions bounded by, and petals of size, alternately such that no petals are
intersecting.

Theorem 1 demands conditions (i) and (iv). If ctéinds (i) and (iv) do not hold,
then we can prove that the petal graph is homedmotp K5 ;.We assume thatis at
least three. Then, there is at least one morefgattals of sizep, such thap; < p, <
p,. LetP], P,, ... be the sequence pj-petals. Letu, be the base point of thg-petalP;.
Partition the vertex séf (G) of the base points & onG, in to three subseig! (G),
VZ(G) andV(G)such thal/{ (6) = {up, up, 41, Uzp, }, VE(G) = {uz,Up, 12, Usp, 41} and
V2(G)has the remaining vertices. We can repregeas a graph homeomorphic to
K3 zusing the following steps:

« Take the cyclew,usu,, 11Up, +2Uszp, Uzp,+1 CONtAININg the vertices ol (G)u

lﬁ(GX

«  Connect the pairs of vertic€s,, u, +2), (Up,+1,Uzp,+1), (Uzp,,U3);

«  Subdivide the edgfu,,,, u3) with the vertices on a path from,, to uz,—p, 43

* Plot all the other vertices and connect all theaeeljt vertices in this

representation so that adjacency is preserved.
Gis homeomorphic t&3 ; and hence must be two.
Now we prove that ifi; is not odd, thefi cannot be planar.
Let P{’,P,, ... be the sequence Bfpetals. Letu, be the base point of tlBepetalP;’.
Whena; is even, then it is possible to partition the errsetl; (G) of the base points of
G onG, in to three subsetg!(G), VZ(G) andV3(G)such that’!(G) = {u,, us, ug},
V2(G) = {uz,us,u,} andV3(G)has the remaining vertices. We can represeat a
graph homeomorphic ti; ;using the following steps:

+ Take the cycler,u;ususugsu, containing the vertices o (G) U V2(6);

» Connect the pairs of vertic€s,, uz), (ug,u;), (Ug uUs);

+ Subdivide the edgéue, u3) with the vertices on a path from,,, touz4_p, 43

* Plot all the other vertices and connect all theaeeljt vertices in this

representation so that adjacency is preserved.

Gis homeomorphic t&3 ; and hence the result is proved.
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