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Abstract. Let G be a connected graph with diametiG), X = {1,2,3,...,d(G)} be a
non-empty set of colors of cardinaligy(G) and let@ # M € V(G). Let fj be an
assignment of subsets &f to the vertices ofi such thatfy,(u) = {d(w,v):v € M,u #
v} whered(u,v) is the distance betwean andv. We call f3, an M-Open Distance
Pattern Coloring ofG, an M-Open Distance Pattern Edge Coloring &fif no two

incident edges have sanf® Whereffj; =fuw @ fy (v) for everyuv € E(G);
and if such anM exists thenG is called anM- Open Distance Pattern Edge Colorable
Graph (odpec graph). The minimum cardinality ofrsaa M, if it exists, is th&I-Open
Distance Pattern Edge Coloring numbeiGofienoted byng(G).

Keywords: open distance pattern edge coloring, distanceeqpatbbeling of vertices,
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1. Introduction
For all terminologies which are not defined in theper, we refer to [9]. All the graphs
considered in this paper are finite, simple ancheoted. Beginning with the origin of the
Four Color Problem in 1852, research on graph oalerhas developed [4] into one of the
most popular areas of graph theory. Historicallgph coloring involved in finding the
minimum number of colors to be assigned to theicestor edges or regions so that
adjacent vertices or edges or regions must haferelift colors.

A proper vertex coloring of a graph is an assignment of colors to the vertices of
G, one color to each vertex, so that adjacent vertigee colored differently. In a
k-coloring, we may assume that it is the col®y3 ..., k that are being used. While &l
colors are typically used inf-coloring of a graph, there are occasions when soiye of
the k colors are used.

Interest in edge colorings of graphs was likelypired by Four Color Problem.
The first paper dealing with the edge-coloring featbwas written by Tait in 1880 [13]. In
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this paper, Tait proved that if the four-color awijre is true, then the edges of every
3-connected planar graph can be properly coloradywnly three colors.

Let G be a graph with no loops. [A] k-edge-coloring of G is an assignment éf
colors to the edges df in such a way that any two edges meeting at a aomrartex are
assigned different colors. & has ak-edge coloring, therG is said to bek-edge
colorable. Theehromatic index of G, denoted byy(G), is the smallesk for which G is
k-edge-colorable. Let there be given an edge cajasina graphG of ordern.Any two
edges ofG that are colored the same cannot be adjacent.gJlene can never have more
thang edges ofG that are of same color.

Coloring of the vertices and edges of a gréplwhich are required to posses
certain conditions have often been motivated bir thtdity in various applied fields and
their intrinsic mathematical interest. An enormausount of literature has built up on
several kinds of colorings of graphs. The clagsimoloring problem tries to assign a color
from 1 to k to each vertex in a graph such that no two adjagentices share the same
color [6]. Thek-coloring problem, along with many variations amehgralizations, is well
studied in both computer science and mathematgspiplications range from frequency
assignment and register allocation, to circuit daesting and timetable scheduling [See
3,5, 14].

On 29th November 2006, B.D. Acharya [7] conveyedht® second author the
following definitions for a detailed study.

Let G = (V,E) be a given connected simplg,q) -graph with diameter
dg, @+ M cV(G) and u € V(G). Then, the M-distance-pattern of u is the set
fu@) = {d(u,v):v € M}. Clearly, fy,(w) = {j:N"[u] # @}, where N"[u] ={v e
M:d(u,v) =j}. If fypsuw fy(w) is an injective function, then the s&f is a
distance-pattern distinguishing set (or, a ‘dpd-set’ in short) off. A graphG with a
dpd-set is called distance-pattern distinguishing graph (dpd-graph) [7]. We associate
with each vertexu of a graphG = (V,E) its openM-distance pattern (or, ‘odp’ in short),
fx(uw) = {d(u,v):v € M,u # v}, and the graphs in which every vertex has the spee
distance pattern are calledip-uniform graphs (or, simply, ‘odpu-graphs’), where the
set-valued function (or, set-valuation) [7] f,; is called theopen distance pattern uniform
(or, aodpu)- function and M is called anodpu-set of G. The minimum cardinality of a
dpd-set (odpu-set) id, if it exists, is thedpd-number (odpu-number) of;.

Motivated from the definition of dpd (odpu)-grapasd the classi&-coloring
problem, we defined/-open distance pattern coloring of a gragih [8] as follows.

Definition 1.[8] Let ¢ be a connected graph with diame¢G,X) = {1,2,
3,...,d(G)} be a non-empty set of colors of cardinalitgG) and letd = M € V(G).
Let fiy be an assignment of subsets Jofto the vertices of¢ such thatfy)(u) =
{d(u,v):v € M,u # v} whered(u,v) is the distance betweanandv. Given such a

function f; for all vertices inG, an induced edge functiofﬁ) of an edgeuv €

E(®), fM®(uv) = fr(w) @ fi7 (v). We call f;7 an M-open distance pattern coloring of
G, if no two adjacent vertices have saiffg and if such arM exists for a graplté, then
G is called an open distance pattern colorable geajpit-graph); the minimum cardinality
of such anM if it exists, is the open distance pattern colpnmumber ofG, denoted by

NMu (G).
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In [8], we proved that the stars; tre€%; n # 3,5,7; unicycle graphgs with
G % C, n= 3,5, 7, complete bipartite graphs; are some classe¥-@pen distance
pattern colorable graphs.

In this paper, as an analogue of Mropen distance pattern colorable graph, we
define M —Open Distance Pattern Edge Coloring of a graplolisafs.

Definition 2. We call fj7 an M-Open Distance Pattern Coloring of G, an M-Open
Distance Pattern edge Coloring @f if no two incident edges have sarfi® , where
f,\fa = fiy(w) @ fiy (v) for everyuv € E(G); and if such arM exists thenG is called
an M- Open Distance Pattern Edge Colorable Graph (odpaph). The minimum
cardinality of such amM, if it exists, is theM-Open Distance Pattern Edge Coloring
number ofG denoted byyz (G).

Complete graph¥,,,vn =1, C,,; n=3,5,7 are notM-odpec.

An example ofM-open distance pattern edge colorable graph is patFor, let
V(Ps) be {vq,v,,v3,v4,v5}. ThenM = {v,,v,,v5} iS an M-odpec set since the incident
edges receive non-identicf® .

However, not allM-odpc graphs ard/-Open Distance Pattern Edge Colorable.
For example considek; ,,. K; ,, is M-odpc whenM is chosen as any two vertices in the
spokes ofK; ,, and this is the only choice &f. for K1,n to be odpec. With this choice of
M, no two adjacent vertices have saﬁ,ﬁ,’ewhereasf,\gB of all the edges receives the
labeling namely{1,2}. Hencek, ,, is M-odpc, but notV-odpec.

Lemma 3. M-open distance pattern edge coloring number ofphoé€, is greater tharz.
Proof: We have|M| = 2 for an M-odpc graph [8]. Hence it is enough to show that
|[M| # 2. If possible,|M| = 2. sayM = {u, v}.
Case 1: uv € E(G). This is not possible sincgg(w) = fi2(v) = {1}.
Case2: uv ¢ E(G). There exists a« — v path sayu = v;v, ...v, = v of lengthn — 1.
Subcase 1: n is even. Then, for the two middle most vertieesvn, . of theu — v path

2

—+1
o _ ‘o _ nn 2
fia@n) = fion) = G5 = 1
Subcase 2: n is odd.
fire) = f0m,) = {GLE1 =20 A7 @ _yve) = A7 @ppe,g) = 5] -
51 [F1+1 212 M 51-17131 M [S1751+1 2

2,51~ 1,150

It is interesting to note that odpc number of gfres always less than or equal to

odpec number. Also odpc number of any graph isydwggeater thar2. Trees, complete
bipartite graphs, even cycles have odpc number 2.

Proposition 4. An open distance pattern colorable grdplis Open Distance Pattern
Edge Colorable if and only if there exists no vertg € V(G) such thath@)(ij) =
£ wi); J, k= 1,2,...,d(vy), whereM, is the odpec set df.

Proof: Let G be the odpc graph with odpc dét Letfy; (vi ;) = fi7(visx) for somey, k.
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Then fiu(v) @ (i) = () @ fuu(Wisk), which implies f, (vivy) = A2 (vivi)
a contradiction to the definition gf%.

Conversely, let for no vertex; € V(G) there existsv;,j, v, € V(G) such
that, fi7(vi+;) = fm(viek). That is, for every jk=12,...,d(v), fi1(visj) #
fri1Wisr). This in turn implies that for everﬁ,\?(vivj) * fl\?(vivk). That is, no two
incident edges have the same open distance pattathence: is an odpec grapho

Some Classes of M —odpec graphs

Theorem 5. PathP, is Open Distance Pattern Edge Colorable if angl ibnh > 4.
Proof: Let G be a graph isomorphic t8,, n > 4. Let v,,v,,...,v, be the vertices of
P,.In [8] we proved thaP, is M-Open Distance Pattern Colorable.
ChooseM = {v,,v,, v,}.

fi@w) = (LA} fi(ws) ={1,d(G) -1} fif (v2) ={d(6),d(G) -1}
o) ={i—2,i-1,dG)—(i—-1)}; fori=34,..,n
f,\fa (Wiviy) ={i,i —2,d(G) —i,d(G) — (i—1)}; fori=2,34,..,n—1.
One may easily verify that no two adjacent vertibagse samef;; and no two incident
edges have sanﬁﬂ@ .So the pathp,, n > 4, is an open distance pattern edge colorable
graph.
Conversely, assume < 4.

Cael:n=4
Let P,: v;v,v5v, be path with soméf —odpec set sayM. By Lemma 3|M| > 2.
Hence the different possibilities for the choicésvb are

Subcase 1: [M| =3

My = {v1, v, v3}fi7(v1) = i3(vs) = {12}, fif(w2) = {1}, fil (wav2) =
f,ﬁa (v,v3) = {2}which is not possible. Similar is the case whén= {v;, v,, v,}

Subcase2: |[M| =4
M = {v1,v,,v3,14}. Then fij(vy) = fi3(v3) = {1,2}, a contradiction.

Case2: n=3.

The only possibility isM = {v,v,,v3}, since by Lemma 3M| > 2. When M =
102,03} fif 1) = i3 (0s) = (1,2}, fi§(w2) = {1}, fil 1v2) = fit (vv3) =
{2}. A contradiction. Hencé,; n < 4 is not M-odpec. o

[2] Given a graphG we denote byG* the graph obtained fronG by
augmenting a new vertex' for each vertew of G and augmenting a new edge’. In
particular, B, is called a comb.

Theorem 6. CombG = B, is M-odpec if and only if diameter &t is greater than 3.
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Proof: Consider the comiéd = B of 2n vertices; with diameter is greater thanLet
vy, Vs, Vs, ..., U, b€ the vertices of its ste®, andu,,u,,us,...,u, the pendant vertices.

ChooseM = {vy,uy, up}. frr(w1) = {1, d(G)}. fy(vy) = {1, d(6) —1}. fy(v) ={i -
Lid6) =i} ) =0 i+1,dG) —-(-1} i=12..,n £2 (vu)=
{d6), d(6) =1} £ (wu)={i-1i+1d6)—i, dG)—(+D} i=
L2..n—1 2 wu)={-1,i+1,dG)—i dG)— (-1} i=23,..,n
Therefore,f,&B is distinct for incident edges.

Conversely, assume comb is odpec for diameterthess4.0nly possibility is
comb with diameteB, since cardinality of an odpec-set is greater thahet v;, v, be

the vertices of its stem ang, u, be the pendant vertices. Th&ii is isomorphic to path
P,,which is not odpec by Theorem5. Hence, the comh diimeter greater thah is an
open distance pattern edge colorable graph wittG) = 3 sincenz(G) > 2 by Lemma

3.0

[10] An olivetree is a rooted tree consisting af branches, where thé" branch
is a path of length.

Theorem 7. Olive treeT is open distance pattern edge colorable if angt dnh > 2,
wheren is the number of branches of the olive tree.

Proof: Assumen > 2.
Let the Olive treel’ be formed by joining?;, i = 1,2,...,n paths joined at, where P;
has lengthi. Olive treeT have verticew;y, vi1, Vi3, ..., V;; Wherel <i <n, andv;, is
identified asv. Let M = {v S ISisn the pendant vertices &'si = 1,2,...,n, of
the olive tree.fy;(v) = {1,2,...,n} and f,3(v;;) donotcontain +1 fori=1,2,..,n.
Hence allf® (vv;) is distinct fori =1,2,..,n.fig(vi)) =+ 1,j+2,.,j+n—
1,i—j} 1<i<n; 1<j<i Forany vertex in the olive tree & 2), all the vertices
adjacent to the vertex;; have distinctfy. Therefore,fM(“9 is distinct for all incident
edges.

Conversely, assuma < 2. Whenn=2, T=P,; and whenn=1; T =K,
which are not odpea

Theorem 8. The cycleC,, is an open distance pattern edge colorable if @iy if
n = 8.

Proof: Assume cycleC, is open distance pattern edge colorable. V€C,) =
{vi,v3,...,v,}. ChooseM = {v;,v,, vs}.

Casel: n is odd. Letn > 9.
ChooseM = {v;, v, vs}.

fidw) = (L4} fis() = {13} fitws) = {12} fiz(va) = {1,2,3},
f4) ={i~1,i—2,i~5} fori =5,6,...,[2],

fiw) ={n—(-1,G-2),i=5) fori=[5]+1,
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fi@) =m—(-1Dn—(-2),i-5horf+2<i<[5]+4
fi@w)=fn—-(-Dn-(-2)n-({-5}forf]+5< i< n,
fil i) ={, -2 i=5i-4)}, fori=56,..,[5] - 1,

® n—-3 n—7 n—-9 ® n—9 n—-5
fM (v[%]v[ng):{ 2 ' 2 ' 2 } fM (v[%]+4v[%]+5)= {T' 2 }

il @) =n—(-1,n=-(-2),n-(-5,n-@-4} for i=[]+
5..,n—-1,
flﬁa (v,v1) =1{2, 4, 5, }. No two incident edges have sarf)? .

Case2: n is even and> 8.

) ={1,45 fuw) ={1,3}% fir(vs) ={1,2} T{ﬁ(m) ={1,2,3}

faw)={i-1i-2i-5;5<i< -+1,
n n
fa@)=Mm-@G-Dn-(-2),i-5% ;+1<is5+4,
n
) =n->G{-D,n—-({—-2),n—({—-5} §+4< i<n,

W () = (3,45 i (nvs) = {235 fiY (awa) = (3% fiy (mavs) ={1,2.4},
W Wivien) ={, i—2,i—4,i-5}, fori=56,..,5,
W Wivie) =5 —4, 2=3}fori=2+1,
W Vi) ={n—in—(i-2), (—4), (-5}for+2<i<+3,
. vi) =G—4 5-2,2-1, Hfori =2 +4,

W i) =(n—in—(-2,n—-(-4,n-(-5} fori=>+5.,n-

P () =12, 4, 5),

Hence, no two incident edges have identf;%l , and hence, cycl€,,n = 8 is
an open distance pattern edge colorable.

Conversely, assume < 8 is M-odpec. In [8] we proved that,; n= 3,5, 7
is not odpc and hence not odpec. Hence, we canéidand Cg.Let C4: vyv,v3v, be a

cycle with open distance pattern edge colorabléséd | = 3. The different possibilities
for the choice of\f are

Casel: |M| =3.
M = {vy,v;5,v3} (O {v5,v3, 14} OF {v3,04,v1} OF {v4,vy,v,}.) Then, fi3(vy) =
fi(ws) = (2}, fiz(wz) = (1} But ;2 (v1v2) = £ (vov3) = {2).

Case2: |M| = 4.

Then, M = {vy,v,,v3,1,} and fyr(v1) = fy(v2) = fu(vz) = fu(va) = {1,2}.
ConsiderCq: v1v,v3v,V5v, be a cycle with open distance pattern edge cderaét
M.|M| = 3. The different possibilities for the choice Mf are
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Case1:|M| = 3.
Choose M; = {vy,v,,v3} (Or {v,,v3,v,} oOr {v3,v,,vs} OF {v,,vs,v6} OF
{vs, vg, v }JOr {v6, V1, ,}). Then

fi, () = fig,w3) = (L2}, fig,02) = {1}; fir, (niv2) = fi) (vav3) = {2}.
Next, choose M, = {v,,v,,v,}. Or( {vy,v3,v5} OF {v3,v,,Vs} OF {v,,vs,v1} OF
{vs, vg,v,} OF {vg,v4,v3}). Then,
fu, W2) = far,w3) = {1,2}, M3 = {vy,v3, V5301 ({v2, Vs, Ve).

i3, 1) = fig, (v3) = {2}, fil,(v2) = (L3} i (01v2) = fog (v2v3) = {1,2,3}.

Cae2:|M| = 4.

ChooseM; = {vq, vy, V3, U4 }( O{v,, V3,04, U5} OF {V3,V,, Vs, U6} OF {V4, Vs, Vg, 1} OF
{vs, V6, v1,V2} OF {v6,v1,v2,v3}). Then, g (v2) = fig, (v3) = {1,2}.

Again, choose M, = {v,v,,v3,U5} (Or {vy,V3,04,6} OF {v3,1,,vs,v1} OF
{va, s, V6, 2} OF {Vs,V6, 01,03} OF {v,v1,V2,v4} .) Then, fii (v1) = fig,(v3) =
(L2} fig,(2) = {13} fip (niv;) = fig (vv3) = {23} .

Now, chooseMs = {vy, v, vy, Us}(0r{v, V3, Vs, U} OF {v3, 4, V6, v1}). Thenfyg (v,) =
£, (vs) = {1,23).

Case3:|M| =5.
Choose M = {v;,V5,V3,04,05} (OF {Vy,V3,0,,Vs5,V6} OF {U3,V4,Vs,V6,V1} OF
{va, Vs, V6, v1,V2}  OF {Us5,V6,V1,V5, 03} OF {Vs,V1,V2,V3,1}. )Then, fy(v,) =
fu(v2) = {1,2,3}.

Case4:|M| = 6.
Choose M = {v;,v,,v3,1,, 5,6} SO that fi7(vy) = fi7(v2) = {1,2,3}. Hence, no
choice of M admit anM-odpec. Hence(,,; n < 8 is not M-odpec. O
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