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Abgtract. The aim of this paper is to introduce a new cldssets called r*g* closed sets
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1. Introduction

Levine introduced generalized closed sets in tapolb- open sets have been introduced
and investigated by Andrijevic. Veerakumar introgldigg* closed sets and studied its
properties. The aim of this paper is toradtice r*g* closed sets and investigate
some fundamental properties and the relatiatistive predefined sets like g* closed,

regular closedq g-closed, , gt -closed, gsp-closed ,gs-closed etc.

2. Preliminaries

Definition 2.1. A subset A of a spacéX, 1) is called

(1) a generalized closed (briefly g-closed) set if cl (A) I U whenever ALIU and
U is open in (X%); the compdment of a g-closed set is called a g-open set.

(2) a generalized semi-closed (briefly gs- closed)fsati(A) L1U whenever ALl U and
U is open in (Xy). ; the compment of a gs-closed set is called a gs-open set

(3) a semi-generalized closed (briefly sg- closed)isstl(A) U and ALl U and U is
semi-open in (X,1); the complement of sg-closed set A is called a sg-open set.

(4) a W -closed set if scl(A)JU whenever ALIU and U issg-open in (X,1). ; the
compkment of aW -closed set is called & -open set

(5) a a -generalized closed set (briefly g- closed) if a cl(A) LU whenever ALl U
and U is open in (Xy); the comptment of a a g-closed sets called aa g-
open set.

(6) a generalized - closed set (briefly g - closed) if a cl(A) U whenever AJ] U

and U isa - open in (X7). ; the compément of a @ -closed set is called aog-
open set.
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(7) a generalized pre-closed set (briefly gp- closégxl(A) LU whenever ALl U and
U is open in (Xy). ; the compment of a gp-closed set is called a gp-open set.

(8) a generalized semi- prelosed set (briefly gsp- closed) if spcl(8)J whenever A
[0 U and U is open in (%). ; the compiment of a gsp closed set is called a gsp-
open set.

(9) a g*-closed set if cl(A)JU whenever All U and U is g open in (X); the

complement of a g*-closed set is called a g*-opsn s
(10) a gp*-closed set if cl (AY] U whenever ALl U and U is gp-open in (X%); the
compkment of agp*-closed setis called a gp*-open set.

Definition 2.2. rcl (A) is defined as the intersection of all resyutlosed setsontaining
A.

3. r* g*-closed sets and their properties

Definition 3.1. A subset A of a space #,is called a r* g*closed set if rcl(A)JU
whenever A1U and U is g-open.

Example 3.2. Let X = {a, b, ¢} andt ={o, X, {a}, {b}, {a,b} }.

Regular open sets =¢, X {a}, {b}, }, Regular closed sets arep{ X, {a,c}, {b,c}}
g-closed sets =d, X, {c},{b,c}, {a,c}}, g -open sets =¢, X, {a,b}, {a}, {b}}. Then
r*g*-closed sets arep{ X, {c}, {b,c}, {a,c}}.

Theorem 3.3.1f A is regular closed then A is r*gé¢losed.
Proof: Let ALJU where U is g-open. TPT: A is r*eglosed.
Since A is Regular closed, rcl (A) =[AU.

= As r¥g*closed.

Note: Every open set is g-open. (D)

Theorem 3.4.1f A is r*g*-closed then A is g-closed.
Proof: Let AL1U where U is open.
Now cl (A) U rcl (A) O U Where U is g-open.

< ¢l (A) O U which implies that, A is g-closed.

Theorem 3.5.1f A is r*g* -closed then A is gtlosed. The converse is true whenever A
is regular closed.

Proof. Let ALJU where U is g-open.

To prove that, A is g'tlosed.

Now cl(A) O rcl(A) O U.

Hence cl(A) U which implies that A is gtlosed.

Conversely, suppose A is regular closed. By the@&nA is rg*-closed.

Theorem 3.6. If Ais r*g* -closed then A is g -closed.
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Proof: Let AL1U where U is g-open. Then rcl (A) U where U is g-open
W CI(A) Urcl(A) UU
. W ClA) O U
= Aisg* W -closed.

Theorem 3.7.1f A is r*g* -closed then A is gp-closed.
Proof: Let A O U where U is open.

Now pcl (A) U cl (A) U rcl (A) U

s pcl (A) O U where U is open.

<. Ais gpclosed.

Theorem 3.8.1f A is r*g*-closed then A is gsp-closed.
Proof: Let A [1 U where U is operilPT: A is gsp — closed.
Now spcl (A) O rcl (A) O U where U is eppen.

= spcl (A)U U where U is open By(1)

~. Ais gspclosed.

Theorem 3.9. If A'is r*g*-closed then A is gslosed.
Proof: Let A U where U is open.

Now scl (A) O cl (A) U rcl(A) O U
. scl(A) LI U where U is open.
< A is gs-closed.

Note: Regular open= g-open.

Theorem 3.10.If A is r*g* -closed then A is rg-closed.

Proof. Let A be r*g*closed. Then rcl (A1 U where U is gppen.
Let AL U where U isregular open.

But cl (A) U rcl (A) U U where U isregular open

= Ais rg-closed.

Theorem 3.11.If A is r*g* closed then A isa g-closed.
Proof: Let A LI U where U is open.

Now @ cl(A) U cl(A) U rcl(A) U U

sacl(A) U U where U is g-open by(1)

s~ Ais a g-closed.

Theorem 3.12.If A is r*g* -closed then A is gptlosed.
Proof: Follows from the fact that pcl(A)l cl(A).
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The converse of the above theorems need not beasuseen from the following
examples.

Example 3.13. X ={a, b, c} andt = {9, X, {a}, {a,c}}. Here {b} is g-closed but
not r*g*-closed.

Example 3.14Let X ={a, b, c} andt = {9,X,{a},{b}.{a,b}}. Here {a}is g* W -closed
but not r*g*closed.

Example 3.15.Let X = {a, b, ¢, d} and = {¢, X, {a}, {b}, {a,b}, {a,b,c}}. Here {c} is
gp-closed but not r*g*closed.

Example 3.16.Let X = {a, b, c} andt = {o, X, {a}, {a,b}}. Here A = {b} is gsp -closed
but not r*g*closed.

Example 3.17Let X ={a, b, c} andt = {9, X, {a}, {a,c}}. Here {b} is gs-closed but not
r*g* -closed.

Example 3.18.Let X = {a, b, c} andr = {¢, X, {a}, {b}, {a,b}}.
Let A = {a,b}. Here {a,b} is rgclosed but not r*g*closed.

Example 3.19.Let X = {a, b, c} andt = {o, X, {b}, {a,b}}. Here {a} is a g- closed but
not r*g*-closed.

Theorem 3.20.Let A and B be closed subsets of (X, 1), then
(i) If A isr* g*-closed then rcl(A)—A does not contain any nonempty eclosed set.
(i) IfAist* g* closed and A I B [ rcl(A) Then B is r* g* closed.

Theorem 3.21.1f A is g -open and r* g*-closed thenA is regular closed.
Proof: Since A is r*g*closed rdJA) [JU where A [J U, Uis g -open.
Taking U=A, rckA) L A.
But A [ rcl (A)

=A=rcl (A)
Ais regular closed.

Theorem 3.22 If A is regular open and r* g* -closed then A is regular closed and regular
open.

Proof: Since A is regular open it is g —open. By the above theorem A is regular closed.
HenceA is both regular open and regular closed.

Theorem 3.23 If A is r*g*-closed and B is regular closed then A n B is r*g*-closed.
Proof: Since A isr*g*-closed rcl(A) U, whenever ALJ U ,U g — openLet B be such

thatA n B [J U where U is g —open.
Now rcl (A n B) Orcl(A) n rcl(B) JUNB OU
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=An Bisrg* closed.

Theorem 3.24 Let A be r*g*closed and regular closed then A is midly g —closed
Proof: We have rcl(A)L] U where U is g —open

Also A = cl(int(A))

Let A [1 U where U is g —open

scl(iint(A)) DU
= A is midly g —closed.

Theorem 3.25 If A [0 Y [ X and suppose A is r*gclosed set in X then A is r*g
closed set relative to Y.

Proof: ALY X and A is r*g-closed. To prove that A is r*gclosed set relative to Y.
Assume AU where U is gopen Since A is r*g- closed rcl (A) JU when ALJU

Y rcl (A) O YN U which is g-openin Y

= rcly (A) O YU = Ais r*g*- closed se relative to Y.

4. r*g* open sets
Definition 4.1. A set A L1 X is said to be r*g?open if its complement is r*gtlosed
set

Definition 4.2. rint(A) is defined as the union of all regular ofgs contained in A.

Theorem 4.3 A subset ALl X is g*-open iff there exists aglosed set F such that
F O rint (A) where FJ A.

Proof: Let A be r*g*-open Let F be regular closed and FA.
Now X — A is rsg*closed rcl (X -A) U U where U is g —open
LetU=X-Frcl(X-A) U X-F

Butrcl (X—A)=X—rint(A)J X—-F=F O rint (A)
Converselysuppose B rint A where H1 A

TPT: Ais r*g*-open

Let X—A 0 Uwhere Uis g — open set

X—-U U Aand X—U is gclosed

By our assumptionX — U 0 rint (A)

=X-rint(A) J U

But X —rint (A) = rcl (X-A)

=rcl(X-A) OO U

= X-Ais r*g* -closed

= Ais rxg*-open

Theorem 4.4 If rint (A) LIBLA and if A is r*g*-open then B is r*gfopen
Proof: BLIA = X-AL X-B

rint (A) LI B = X—=B LI X—rint (A)

X-A [0 X-B [ rcl (X-A)
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Since X —A is r*g*closed by theorem 3.20X — B is r*g*-closed
= B is r*g*-open

Theorem 4.5 A set A is r*\g*closed iff rcl(A) — A is r*g*xopen.

Proof: Let A be r*g*closed. Let F be a-gosed set such thatF rcl(A) — A
then F = ¢ (by theorem 3.20).

Converselysuppose rcl(A) — A is r‘gfopen

TPT: Ais r*g*-closed

Let A O U where U is gopen.
TPT: rcl(A) O U
If not, rcl (A) (1 U°# o then
rcl (A) () U° O rcl (A) ) A°
=rcl (A) —A
By theorem (3.20), rcl (AJ] U¢ O rint (rcl (A) — A) =¢
~rel (A) O U
= Ais r*g*-closed.

Theorem 4.6 Let A, B [0 X. If B is regular open and rint (B)] A then AN\ B is r*g*-
open.

Proof: Now rint (B) L1 A and also rint( B)] B

rint(8) J ANB O B

By theorem(4.4)A()B is r‘g*-open

Defnition 4.7. For every set Al X we define r*g*closure of A to be the intersection of
all r*g*-closed sets that contains A and is denoted by-ct(%) and r*g*interior of A to
be the union of all r*gfopen sets contained in A and is denoted by-ifyfA).

Definition 4.8. If a subset A of (%) is rg*-closed then A = r*gcl(A).

Theorem 4.9 For an element XX, xLI r*g*-cl (A) iff there exists arg-open seU
containing x such that UN A Z ¢

Proof: Let x r*g*-cl (A). Let U bean r*g*-open set comining x. Suppose U)A=¢
then AJU. . AL U Since U is an r*g*-closed set containing,Awe have rg*

cl(A) LU
= x[rcl(A) which is a contradiction.
= UNAZo.

Conversely suppose (NA £ ¢
TPT: xUJ r*g*-cl(A)
Supposex r*g*cl(A), there exists an r*gtlosed set F contid@ng A
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such that x[1 F

= x[JF° and Eis r*g*-open set
Now F'(1 A = ¢ which i a contradiction to the hypothesis.
. X r*g*-cl(A).

Theorem4.10
i. [rg*-int(A)]¢ = r*g*-cl(A°
i. [reg*-cl(A)]° = r*g*-int(A°)
Proof: i. Let x O [r*g* -int(A)]° then »Jr*g* -int(A).
By definition of r* g*- interior, x [levery r* g*-open set L] A
If U is an r*g*open set containg X then U(1A°# ¢.

By the above theorenx L] r*g*-cl(A°)
= [rg*-int(A)]° O r*g*-cl(A° (1)
Converselylet x LIr*g* -cl(A°) then by above therem U() A # ¢ for every r*g*=open set

U containing x. That jevery r*g*open set U containing X sach that U [1A
= xOrxg*-int(A) = x U [ r*g*-int(A)]°
rg*-cl(A°) U [ r*g* -int(A)] ()
From (1) and (2)
[ r*g*-int(A)]° = r*g*-cl(A°)
Similarly, we can prove (ii).
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