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Abstract. In this paper, we introduce the notion of interwalued bi-cubic vague
subgroups and related properties are investigMéal study the characterizations of a
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1. Introduction
We first recall some basic concepts which are tsguesent the paper.
An interval number on [0,1], sayis a closed subinterval of [0,1], (i@} [a~, a"]
where 0<a” <a* < 1.
For any interval numbers = [a—,a*] andb=[b~,b*] on [0,1], we define

()a< b ifandonlyif a< b andat <b*

(iYa= bifand onlyifa =bandat =b*

(ia+b=[a~+ b™,a" +b* ], whenevera+b < 1 anda* +b* <1
Let Xbe a set. A mapping A : X— [ 0,1] is called a fuzzy set in X. Let A be a fyzet
in X and al [0,1] . Define L(A :a ) as follows:
L(A: a) = {xOX/ A(x) < a}. Then L (A:a) is called the lower level cut of A.
Let X be a set. A mapping: X — D[0,1] is called on interval-valued fuzzy set {efiy
i-v fuzzy set) of X, where D[0,1] denotes the fayrilf all closed sub intervals of [0,1],
and A (x) = [A~(x), At (x)], V x€ X, whereA andA* are fuzzy sets in X.
For an i-v fuzzy seh of a set X andd,p) € D[ 0,1] define LA: [a,B]) as follows
L(a:[o, B] ) which is called the level sub set Af

2. Some Definitions
In this section, we recall some basic definitiomsthe sake of completeness.

133



R.Nagarajan and K.Balamurugan

Definition 2.1. [1] An interval valued fuzzy sét (over a basic set X) is specified by a
function

Ts: X— D([0,1]) , where D([0,1]) is the set of all intedtg within [0,1], i.e. for all >

X, T(X) is an interval fi;, u,] ,0< py < py <1.

Definition 2.2. [6] A vague se¥, in a basic set X, is characterized by a truth trenship
functionty , ty : X = [0,1] and a false membership functifp, f7 : X - [0,1]. If the
generic element of X is denoted fythen the lower bound on the membership grade of
x; derived from evidence for; is denoted by (x;) and the lower bound on the negation
of x; is denoted byfy(x;,) andfy(x;), both associate a real number in the interval [0,1
with each point in X, whergy(x;) +fy(x;) < 1.

When X is continuous, a vague $etan be written as

V= [, [ty(x), 1~ fy(x)] [xi, x; €X
When X is discrete a vague $etan be written as
V= Yialty (), 1 = fe (e xi, x; €X

Definition 2.3. [2] Let A =[a, a, ] and B=p; b, ] be two arbitrary intervals then the
minimum of A and B is represents by “MIN [A,B]” arisl defined by
MIN ([ay, a; ]; [by, b, ))=[min(ay, by) (az, b2 )]-

Definition 2.4. [2] The complement of an interval A a[ a, ] is denoted byl and is
defined byA= [1-a; 1- a; ].

The definition of interval valued vague set andirdébns related to interval
valued vague set are introduced here.

Definition 2.5. [17] An interval valued vague sBtover a basic set X is defined as an
object of the forn¥ =< [x; Ty (x); 1 — fy(x)] > x; EX , Where Ty : X — D[0,1]
andfy: X - D[0,1] are called “Truth membership function” anBalse membership
function” respectively and where D(]0,1]) is thet of all intervals within [0,1].

Definition 2.6. [8] Let G be a non empty set. A Q-fuzzy sulisen G is defined by
u: GxQ - [0,1] for all xe G.

Definition 2.7. [8] Letu be a fuzzy subset in a group G. Theis called a Q-fuzzy
subgroup of G if

() ulxy,q) = min{u(x,q),u(y,q)}foralx,yeG
(ii) u(x™1, q) = u(x,q) forallx € G.

Definition 2.8. [8] Let G be a set. An interval valued Q-fuzzy set Airdsl on G is given

by A = (x,u4(x,q), ut(x,q)) for allx € G. Briefly denote A by A3k, uf] whereu,
and u} are lower and upper fuzzy sets in G such tiiék, q) < uf(x,q) for allx € G.
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Definition 2.9. [17] Let G be a non empty set. An Interval Valued Biicubet (IVBS)
‘A’ in a set G is a structuré? = {( x, i (X), V4(X),),x€G}which is briefly denoted by
FA=<[iy,V,> wherefi,=[uy, ui]is an IVFS is G V,=[t, 1- f,] is an Interval Valued
Vague Set (IVVS) in G.

Definition 2.10. An IVBS 7 is said to be Interval Valued Bi-cubic Vague Group
(IVBVG) if

() AaCxy,q) =rmin{ f,(x, q), fa(v, 9)}

(W) A ) 2 faleq)

(iii) Va4 (xy,q) < rmax{V,(x,q),Va(y,q)}

(V)7 (x71,q) < V,(x, q), for all values ofx,y € X, q € Q.

3. Properties of interval valued bi-cubic vague groups

Proposition 3.1. Let & = {ji,,V,} be a IVBVG ‘A’ in a group G. Then
fa(x7Y,q) = fia(x,q) andV, (x~1,q) = V,(x,q) forall of x € G, q € Q.

Proof: For all of x € G, we have

Tale, @) =fia((x™ D7 q) = fax,q) = fialx,q) &

Vo o) =Va ()7Hq) <V (71 ) < V4 (%, 9).

Hencejis (x ™, q)= fia(x, @) & V4 (x71, @)=V, (x,q)

Proposition 3.2. An IVBS 7% = {ji,,V,} is IVBVG of G if and only if

() Aaxy™,q) zrmin{ f,(x,q),1a(v,9)} &
(i) VaCry™, @) <rmax{V,(x,q),Va(y, )} x,y € X, q €Q.
Proof: Assume that# = {ji,,V,} is a IVBVG of G and ofx, y € G.
Theni, (xy™,q) =rmin { Z,(x,q), Z,(y~,q)} (By definition)
= rmin {i,(x,q), fs(v,q)} (By Proposition 3.1)
Also V,(xy~1,q) <rmax{V,(x,q),V,(y~*,q)} (By definition)
=rmax {V,(x,q),V,(y,q)} (By Proposition 3.1)
Conversely, suppose (i) & (ii) are valid.
If we takey = x~1 in (i) & (i), then
fiaCe, )=fia(xx~", q) = rmin { fiy(x,q), fa(x~" @)}
amin { f4(x, q), fa(x,q)} (By Proposition 3.1)
e =g and
Va(e, @)=V, (xx",q) < rmax { Va(x,q), YA(X_l' Q)}
=rmax {V, (x,q),V4(x,q)} (By Proposition 3.1)
VA (e, Q) = VA (X, q)
It follows from (i) & (ii), that
a0~ q) = fialey™,q) 2rmin{ e, @), fa(y™" 0)}
> mmin{fis(e,q), fa(v,q)} (By Proposition 3.1)
_ AN = fav) _
AlsoVa(y~,q) = Valey™,q) < rmax {Vu(e, q), Va(y ™, q)}
< rmax{V; (e,q),V4(y,q)} (By Proposition 3.1)
B “VAG™h ) <V @)
ia(xy, @) =fia(x(y™) ™1, @) = rmin {{ia(x @), sy~ q) }
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N _ = rmin { fix(x,q), fia(y, q) }
Valxy, @) =Va(x(y™) ™ @) < rmax (Va (x,9), Vay™"q) }

B < rmax {Va(x, ), Va(y, @) }.
A @V, is IVBVG of G

Definition 3.1. Let 7 = {fi,,V,} be a IVBS ‘A’ in a group G.Letd,p] & [y.,5] €[0,1].
The sev {F#: [o.B], [v.0]}={X € G /fi,(x,q) =[a.B] &V,(x,q) <[v,8] }is called cubic
level set of 7

Proposition 3.3. Let#Z = {jis,V,} be an IVBVG of G, then the following conditionsi@
equivalent:

(i) 7 ={fis,V,} be a IVBVG of G,

(i) The non empty cubic level set ofZ = {ji,,V,} is a subgroup of G.

Proof: Assume that 5 = {ji,V,} is a IVBVG of G,

Let x,y € U{7%: [op], [y,0]} forall [a,p] & [y,5] € D[0,1]

Then fig(x,q) = [0], V4Cx, q) <[v,8]

s, @) 2Bl Valy, q) <[y.9]
It follows that

Aaley™h @) Zrmin{fyCe,q), B, @} = [0.p]

Valxy™, @) <rmax{V,(x,q),V4(y, )} < [v.9]

So thatxy™t €U {7 [o,B], [v,5]}

The non empty cubic level sef = {ji,,V,} is IVBVG of G.

Conversely, ¢.8] & [v,9] € D[0,1] such that

U (F: [oB], [y.0]) =0 & U (#: [oB], [y,5]) is a subgroup of G.

Suppose that Proposion 3. 2 (1) is not true & Psipo 3. 2 (ll) is valid. Then there exist
[@0,B0] € D [0,1] & a,be G. such that

ﬁﬁ(ab_l,q) < [ao,Bo] =rmin{f,(a q) da(b,q)}

Vatab™,q) = [yo,80] = rmax{Vy(a, q),Va(b,q)}

Proposition 3.4. Let f: G- G' is a homomorphism of groupsd# = {ji,,V,} is an

IVBVG of 6/, thens#' = { 1,/ 7’ }is IVBVG of G.
Proof:
0 Ay = 5y, @) = fa(f(xq), f (¥, 9)) [f is homo]
> rmin { ﬁA(f(x' q), ﬂA(f(y' Q))}
=min{ % (), .9}
@) Tl (xg) = ﬁA(ﬂx-,q))
> HA(f (x,9))
= T/ (x.q)
(i) 7. (y,q) = VA(f (. @) =Va(f(x,q), f(, ) [f is homo]
srmax {V,(f (x,q), T4a(f (v, )}
= rmax {7,/ (x, q), VAf(y' q)}
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@) 7 ) =T )
< Va(F (6, q)
= 7, (x.q)

Proposition 3.5. Let 5# be an IVBVG of G. And A(e)=1 is normal defined by
A*(x)= A(x) +1-A(e)¥ x, e€ G thenA* is IVBVG of G.
Proof: Let &% = {fis,V,} is IVBVG for x, y € G & e € G such thati*(e) =4 (e)+1-
A(e)=1
Now (i) fia*(xy,q) = fia(xy, q) +1+ia(e, q)
=rmin { ga(x, @), Ba(y, O3+ 1-is(e, @)
> rmin { ﬂA(x' CI) +1- ﬁA(e' CI)' ﬁA(yr q)+l_ﬁA(el q)}
= mmin {@," (x,9), i’ (v, O}
(i) Ta™(x7hq) = fa(x™, q) +1—fi4(e, @)
ﬁA (x, CI) +1_ﬁA (e, CI)
N TlA+ (x,q)
(i) V™ ey, @) = Va(xy, @) +1-V4(e, @) ~
< rmax {Va(x, q), ia(y, )} +1=Va(e, q) _
<rmax { VA(iC, q+1- L/A(e: q),Va(y, @) +1-V,(e, q)}
=rmmax{V, (xq), Va O}
W7 9) = TaL, ) +1-Va(e, q)
rmax {Va(y,q) +1=Va(e, q)
~ +
Vaw 0,q).

=
=

IAIA

Definition 3.2. Let# be a mapping from X to Y. If A & B are IVBVG's iX & Y
respectively, then the inverse image of B urddenoted by ~1(B) is defined by

671(B) =fip""(B) where s @& (x, q) = fz(0(x,q)) andfiy” '@ (x ", )=z (6 (x, q))
V xeY, qeqQ.

Proposition 3.6. The inverse image of an IVBVG is also IVBVG. B
Proof: Let G andG be two groups ané: G — G a homomorphism. LeR is IVBVG of ¢

We have to prove tha# ~1(B) is IVBVG of G.
Letx,ye G,q € Q.
() do '@y, @) = @z(6(xy,q)
=fiz(6()0 (), 9))
= rmin { fip(6(x), @), dp(0(¥),q) }
> rmin { fip ™ @) (%, ), e~ &) (¥, )}
(iNde " @(x 1 q) = fp(O(x™", q))
iz (0x7",q)
fiz(6x, q)
5 @ q)
(i) Vs @y, @) = Vs(6Cxy, )
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=Vs(60),0))
< rmax {VB(?EX), q),VB(H_(%/),Q) }
, < max{Vy @&V @}

V) Wo &™) =V(6(x"",q)

V&(6x~,q)
VEg?x,q)

Vs e q)

~071(B) is IVBVG of G.

Proposition 3.6. If { A;}i € A is a family of IVBVG's of G, them;cs 4; is IVBVG of
G, whereNies 4;= { ((x,0), fa,(x,q)) /x€G,qeQ}
Proof: Letx,y € G,q € Q.
(1) (Niea Ba,) @) = Niea Ha; (xy, @)
= Niearmin{ fig,(x,q), fa,(y,q) }
Fmin { Aiea Ba; (%, @), Niea fa; 9}
Fnin { ( Niea Ha;) @), (Niea Ba;) a9}
(il) (Niea fa) 71 @) = Aiea fia, x71,q)
> Niea fa, (x,q)
_ :ﬂ{eAﬁAi) @
(iii) ( Niea Va,) @) = Niea Va, (xy, @)
> Niearmin{ Vy,(x, @), Va,(y,q) }
Frmax { Aiea VA,- (x,q), Niea VAL- o}
Fmax { ( Niea I7,41-) (@), (Niea VAL-) 09}
(iv) (Niea Va) (71 q) = Aiea Va, ™% @)
> Aiea Va, (x,q)
lea I7,41-) (x,q)

Heng®c, 4; is IVBVG of G.
4. Conclusion
Group theory has vast and potential applicationsmiany core areas like physics,
chemistry, communication, coding theory, computgersce, etc. In this paper we have
studied interval valued bi-cubic vague groups duai tproperties. We have also proved a
result on classical groups with the help of intérvalued vague group theory. As
mentioned in [2], we too observe that the notio\MBVG” defined by Dimirci in [4] is
a completely different concept and not in the ceintedf vague set theory of Gau and
Buehrer [6].
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