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Abstract. An integer additive set-indexer (IASI) is defined an injective function
f:V(G) — 2No such that the induced functigit: E(G) — 2No defined byf*(uv) =
f) + f(v) is also injective. An IASIf is said to bea weak IASI iff*(uv)| =
max(|f (W], |f(v)]) for allu,v € V(G). A graph which admits a weak IASI may be
called a weak IASI graph. The sparing number ofaplyG is the minimum number of
edges, with the singleton set-label, requiredsfoéo admit a weak IASI. In this paper, we
study about the sparing number of certain graplcstres.
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1. Introduction

For all terms and definitions, not defined speaificin this paper, we refer to [8]. Unless
mentioned otherwise, all graphs considered heresiample, finite and have no isolated
vertices.

Let N, denote the set of all non-negative integers. Hat,® < N, the sumset
of these sets is denoted Ay B and is defined by + B ={a + b:a € A,b € B}.

An integer additive set-indexer (IASI, in short) is defined as an injective furacti
f:V(G) — 2No such that the induced functigit:E(G) — 2No defined byf*(uv) =
f() + f(v) is also injective. The cardinality of the labelisgt of an element (vertex or
edge) of a graph is called theset-indexing number of that element.

Lemma 1. [7] Let A and B be two non-empty finite subsets &f, . Then
max(|A|,|B|) < |A + B| < |A|.|B|. Therefore, for an integer additive set-indegexf a
graphG , we havemax(|f Wl If@)) < If " @v)| = If@) + f@)| < IfFWIIf @),
whereu,v € V(G).

An IASI f is called aweak IAS if |f*(uv)| = max(|f ()|, |f(v)|) for all
u,v € V(G). A graph which admits a weak IASI may be calledremk 1AS graph. A
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weak IASIf is said to beweakly k-uniform IAS if |f*(uv)| = k, for allu,v € V(G)
and for some positive integkr

An element (a vertex or an edge) of graph whichthaset-indexing number 1 is
called amono-indexed element of that graph. Theparing number of a graplt is defined
to be the minimum number of mono-indexed edgesiredjdor G to admita weak IASI
and is denoted by (G).

Theorem 2. [11] If a graphG is a weak IASI graph, then any subgrdpbf G is also a
weak IASI graph or equivalently. & is a graph which has no weak IASI, then any
supergraph off does not have a weak IASI.

Theorem 3. [11] All bipartite graphs admit a weak IASI. Henall paths, trees and even
cycles admit a weak IASI. We also, observe thasgi@ing number of bipartite graphs is
0.

Theorem 4. [11] If a connected graph admits a weak IASI, thefi is bipartite oG has
at least one mono-indexed edge.

Theorem 5. [11] An odd cycleC,, has a weak IASI if and only if it has at least one
mono-indexed edge. That is, the sparing numben afda cycle idl.

Theorem 6. [11] The complete grapki, admits a weak IASI if and only if the number
of edges oK, that have set-indexing number ]%'(S”L —1D(n - 2).

Theorem 7. [11] LetC,, be a cycle of length which admits a weak IASI, for a positive
integen. Then,C,, has an odd number of mono-indexed edges whenaih isdd cycle
and has even number of mono-indexed edges, wligariteven cycle.

Theorem 8. [12] LetG; andG, be two weak IASI graphs. Thep(G, U G,) = ¢(G;) +
9 (G2) — (G N Gy).

2. Sparing number of certain structures

2.1. Sparing number of graph unions
In this paper, we discuss about the sparing numbeifferent graph operations. All sets
under consideration in this paper are subselg, of

Lemma 1. LetP, andP, be two paths. Then, the sparing humbep,pb B, is either0
or 1.

Proof: If B,, andP, have exactly one common end vertex, tAgnu B, is also a path.
Hence, by Theorem 3, the sparing numbe®, o0 P, is 0. If both the end vertices &,
andp, are the same, théh), U B, is a cycle.Therefore, we have the following siiuras.

Case-1: LetP, andP, are of same parity. TheR,, U P, is an even cycle. Hence, by
Theorem 3, the sparing numberRyf U B, is 0.
Case-2: LetB,, andP, are of different parity. The®,, U B, is an odd cycle. Hence, by
Theorem 7, the sparing numberRyf U B, is 1.

O

Lemma 2. LetC, be a cycle that has a weak IASI a@)dbe a path. Then, the sparing
number ofC,, U P,, is0 or 1.
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Proof: LetC, andP, have one point in common.d§, is an even cycle, thew(C,,) = 0
ande(B,,) = 0. Hence, by Theorem &,(C, U B,) = 0. Next, assume that both the end
points ofPB,, lie on the cycle,. Letu andv be the end vertices &fwhich lie on the
cycleC,,. LetC' andC" the two sections of the cydk, which have the common end
pointsu andv. Now we have the following cases.

Case-1: LetC,, andP,, are of even length. Clearlg, andC' are simultaneously odd or
simultaneously even. First, assume thaandC’ be of even length. Then, the cycles
C'UP, andC"" UP,, are even cycles and have the sparing nunfbei herefore,
@(C, U PB,) =0. Next, assume that’ andC"” be of odd length. Then, the cycles
C'UP, andC" U B,, are odd cycles and have the sparing nurhb&inceC,, is even,
the sectiong’ andC"’ need not have any mono-indexed edges. Héhbas the required
mono-indexed edge. Thereforg(C U P) = 1.

Case-2: LetC,, be an odd cycle arl, is a path of even length. Then, eit@érorC" is

odd and the other is even. Without loss of gengrdli is odd and’”' is even. Then,

C' U P, is an odd cycle anf"” U B,, is an even cycle. Therefore, the sparing number of
C' VU P, is1 and that of"" U B,, is0. Therefore, the sectiafl has a mono-indexed edge.
Hencep(C, U B,) = 1.

Case-3: Let G, is an even cycle aml, is a path of odd length. First, assume tHaand

C" be of odd length. Then, the cyclésu B,, andC’’ U P,, are even cycles and have the
sparing numbéx. Thereforep(C,, U B,,) = 0. Next, assume that andC” be of even
length. Then, the cycle§’' U P,, andC"” U P,, are odd cycles and have the sparing
numberl. SinceC, is even, the sectiond andC'" need not have any mono-indexed
edges. Hence’, has the required mono-indexed edge. Therefot€, U B,,) = 1.

Case-4: LetC, andP,, are of odd length. Then, eithét or C"' is odd and the other is
even. Without loss of generalit¢, is odd andC” is even. Then;' U B, is even and
C" U P, is odd. Then, there is no number of mono-indexagee inC' U B,, and the
number of mono-indexed edgedfi U B,, is 1. Therefore, the sectiaty’ has one mono-

indexed edge. Hence(C,, UPR,) = 1. O

Theorem 3. LetC,, andC, be two cycles which admit a weak IASI. Then, tpargg
number ofC,,, U C,, is either0, 1 or 2.

Proof: We consider the following cases.

Case-1: Let(,, andC, be even cycles. By Theorem 3, the sparing humbéxothC,,
andc, is 0. Hence, by Theorem &,(C,, U C,,) = 0.

Case-2: Without loss of generality, l&t,, be an odd cycle ang, be an even cycle.
Then, by Theorem 7, the sparing numigris 1 and sparing number 6f is zero. Label
the end vertices of an edge, sayf C,, that is not common t6, by distinct singleton
sets so that is mono-indexed and label the succeeding verbgedistinct non-singleton
sets and distinct singleton sets alternately. Alabel the vertices df, alternately by
distinct singleton sets and non-singleton setsaiGle this labeling is a weak IASI
for C,, U C,,. Hencep(C,,) = 1,9¢(C,) = 0 andp(C,, N C,) = 0. Then, by Theorem 8,
P(CpruUCy) =1,

Case-3: Let C,,, andC,, be odd cycles with some edges in common. TheidHaprem 7,
C,, andc, have sparing numbér Label the end vertices of an edge,esahat is not
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common to botlt,, andC,, by distinct singleton sets so theis mono-indexed and label
the succeeding vertices by distinct non-singletats sand distinct singleton sets
alternately. This labeling is a weak IASI 16, U C,,. Hencegp(C,,) = 1 andp(C,) =1
ande(C,, N C,) = 1. Then, by Theorem &(C,, U C,,)) = 1.

Case-4: Let C,, and(,, be edge disjoint odd cycles. Then, by Theorey,7andC,, have
sparing numbet . Hence,¢(C,,) =1 and ¢(C,) =1 ande(C,, N C,) = 0. Then,
p(CnVUCy) =2.

O

In the following discussions in this section, thramhsG that are finite union of
cycles are only considered.

Let the graph has edge disjoint odd cycles. d.et C,,, U Gy, U Gy, U ..U
Cm, - Without loss of generality, let,, ,Cp,,..,Cyn, be the odd cycles and
Cmyyyr Cmyyyr 0 Cm,, D€ the even cycles . We proceed to find the sparing number in
several cases as follows.

Suppose that all the cyclesGnare edge disjoint. We know that an odd cycle has
the sparing numbdr and an even cycle has the sparing nutbler view of these facts,
recall the following theorem on Eulerian graphs.

Theorem 4. [4] A graphé is an Eulerian graph if and only if it can be depwsed into a
finite number of edge disjoint cycles.

The following theorem is a consequence of Theorem 4

Theorem 5. An Eulerian graplé has a weak IASI if and only if at leastnono-indexed
edges ofs, wherer is the number of odd cycles ¢h

Proof: Let G be an Eulerian graph. Sin¢kis Eulerian, by Theorem 4; can be
decomposed into edge disjoint cycles. Lgt, Cp,,, Cp,, ..., C, b€ the edge disjoint
cycles irz. Without loss of generality, Ielml,sz,Cmy ey C. be the odd cycles and
Cmyyyr Cmyyyr 0 Cm,, D€ the even cycles . Now, assume that admits a weak IASI,
each cycle irc must have a weak IASI, s¢y wheref; is the restriction of to the cycle
Cm;- Even cycles, which admit weak IASI, do not neaeshave a mono-indexed edge.
By Theorem 5, each odd cyclés which admits a weak IASI, s&y, must have at least
one edge of set-indexing numterTherefores has at least mono-indexed edges.
Conversely, assume th@thasr mono-indexed edges. Label the vertice§ @i such a
way that one edge each in every odd cygld <i <r is mono-indexed. Then, by
Theorem 5, each odd cydlg,,1 <i <r has a weak IASI, sgf. Also, we note that
every even cyclém}_,r +1<j<mcan have a weak IASI, sgy. Definef onV(G)
by
fi(v) if v is in the odd cycle Cp,,

fv) = {g]- (v) if v is in the even cycle Cm].

Clearly, f is a weak IASI of;. O

From the above theorem, we observe that the spatntper of an Eulerian graghisr,
wherer is the number of odd cycles th
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Figure 1 depicts a weak IASI for an Eulerian grdgalving three edge disjoint
odd cycles.

{1,2,3}

{7.8,9}

19,10} {3.4}

Figure 1. An Eulerian graph with a weak IASI defined on it.

In the following section, we focus on the graphsolvthave cycles having some edges in
common.

2.2. Sparing number of conjoined graphs

Definition 6. If a set of cycles in a graghhas the same common edge (or path), then
that set of cycles is callembnjoined structure of cycles inG. If G itself is a conjoined
structure of cycles, then it is calledanjoined graph.

If all cycles in a conjoined graph are odd cycles, thef is called anodd-
conjoined graph and if all cycles in a conjoined graghis are even cycles, thé&his
called areven-conjoined graph.

Figure 2a depicts an even conjoined graph and &idllr depicts an odd
conjoined graph.

Figure2a: Even-Conjoined Graph. Figure 2b:0dd-Conjoined Graph.

Theorem 7. The sparing number of an odd-conjoined graph dsd that of an even-
conjoined graph i8.

Proof: LetG = UL, Cp, be an odd conjoined graph. Then, eéghis an odd cycle and
hence by Theorem T,,,, must have at least one mono-indexed edge. Labeldttices
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of G in such a way that a common edge of all cyclemao-indexed. Clearly, this
labeling is a weak IASI of. Therefore, the sparing number 6fis 1. If G is an even-
conjoined graph, then each, is even. Hence, by Theorem 3, e&gh has the sparing

number0. Therefore, sparing number &fis 0. O

Remark 8. We note that an odd-conjoined graph is analogowsitodd cycle, since the
sparing numbers of both graphs arand both graphs contain odd number of mono-
indexed edges.

Theorem 9. Let the graplt: containg odd cycles andleven cycles all of them have a
common path. Then, the sparing numbeg @ given by

_(r ifr <1
"’(G)_{zﬂ ifl <r

Proof: Let G be the given graph with all cycles in it have anowon path. Assume thét
admits a weak IASI. Then, every cycledralso admits a weak IASI. All odd cycles@n
must have at least one mono-indexed edge.

Case-1: Letr < I. Then, with respect to the functibnlabel the vertices af by distinct
singleton sets and distinct non-singleton setsurhsa way that one edge in each odd
cycle, not common to any other cycle, is mono-iktkeand no edge of even cycles is
mono-indexed. Then, the sparing numbeg o r.

Case-2:Letl < r. Then, with respect to the functign label the vertices af by distinct
singleton sets and distinct non-singleton setsuithsa way that one edge in the path
common to all cycles is mono-indexed. Now, all tud cycles have a mono-indexed
edge. But, since even cycles have even number nbsimiexed edges, every even cycle
contains another mono-indexed edge urfdeiThereforeG has at least+ 1 mono-
indexed edges. Hence, the sparing number & is I[+1

O

2.3.Sparing number of entwined graphs
Definition 10. Let every path off appears in at most two cycles and every cycle is
attached to at most two cycles. Then exactly twoesyhave a common path. Such a
graphé is calledentwined graph of cyclesin G. If G itself is a entwined graph of cycles,
then it is called aentwined graph.

A entwined graph that contains only odd cyclesalted anodd-entwined graph
and a entwined graph that contains only even cyslealled areven-entwined graph.
Figure 3a depicts an odd-entwined graph with evember of cycles and Figure 3b
depicts an odd-entwined graph with odd humber ofexsy

=2 4
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Figure 3a: An odc-entwined graph witl  Figure 3b: An odc-entwined graph with od
even number of cycles. number of cycles.

Theorem 11. LetG be an odd-entwined graph. Théhadmits a weak IASI if and only

if it has at Ieas[@] mono-indexed edges.

Proof: Forl <j < [(n;rl)J, label the vertices of the cyclé,%zj_1 andezj with distinct

singleton sets and distinct non-singleton setsrradtely, so that a common edge of
C andezj is mono-indexed. Here, @& contains even number of cycles, then

maj—1
must have:— mono-indexed edges andGifcontains odd number of cycles, themust

havenT+1 mono-indexed edges. Hence, the sparing numben ofid-entwined graph on
(n+1)
T2

We observe that i is an even-entwined graph, then its sparing nuner
The sparing number of entwined graphs, in whichlesy®f different parities share
common edges, is discussed in Theorem 12.

Theorem 12. LetG be an entwined graph such that all odd cyclgs @me edge disjoint.
Then,G admits a weak IASI if and only if it has at leashono-indexed edges, where
is the number of odd cycles ¢h

Proof: LetG be an entwined graph in which the odd cydgs, Cy,,, ..., G, are edge
disjoint. If two cycles inG have a common edge, then they are of differentypar both

of them are even cycles. Assume tfias a weak IASI graph. Then, ea€l), is a weak
IASI graph. By Theorem, each odd cydsg, has at least one mono-indexed edge.
ThereforeG has at least mono-indexed edges.

Conversely, assume thatcan have (at least)mono-indexed edges. Label the vertices
of the odd cycleg,,,, 1 < i < r alternately by distinct singleton sets and digtinan-
singleton sets so that at least one edge of eatttydeC,,, is mono-indexed. Clearly,
this labeling is a set-indexer and hence is a a8k for G.

O

n cycles ig ]. O

Remark 13. The sparing number of an entwined gré&ptvith edge disjoint odd cycles is
the number of odd cycles (h

2.4. Sparing number of floral graphs
All finite union of cycles need not have entwinddustures. Some cycles may have
common edges with more than two cycles. We cah sustructure aoral graphs.

Definition 14. Let G be a graph in which some or all of whose edges ofcleC,, are
common to some other distinct cycles. Such a gsaipltture is called #Horal structure
of cycles irg. If G itself is a floral structure of cycles, then itcislled afloral graph.

Let G be a floral graph in whiclf, be the cycle, some of whose edges are
common tCy, , G, Cmys -+, G- Then, eacltyy,, is called apetal of G andCy is called
the nucleusofG. If the petals of a floral graph have no common edges in between them,
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such a graph is known asdatached floral graph. If the petals of a floral graph have
some common edges in between them, such a gr&pbva as aattached floral graph.

Figures 4a illustrates a detached floral graph &iglres 4b illustrates an
attached floral graph.

Figure 4a: A detached floral grap Figure 4b: An attached floral grap

Definition 15. If all petals in a floral grapfi are of same parity, thehis called dike-
petal graph and if petals are of different parities, theis called amixed-petal graph. If
the petals in a mixed floral graghare alternately odd and even, thers called
alternating-petal graph. If the nucleus and petals of a floral graphare of same parity,
theng is called aconnatural graph. All connatural graphs are like-petal graphs, b,
converse need not be true.

Figure 5a illustrates a connatural floral grapheskn cycles and Figure 5b
illustrates a connatural floral graph of odd cycles

Figure 5a: A connatural graph of eve Figure 5b: A connatural graph of oc
cycles. cycles.

Next, we discuss about the sparing number ofaflgraphs. The floral grapt
mentioned in this section is like-petal, unless tiamed otherwise. If the nucleus and all

petals ofG are even cycles, then the sparing nuntber C; U (U}-; Cp,) is 0. Hence
assume that all cycles 6fare not even. Let length 6f bek. Thenk > L.

Case-1: Let nucleus and petals be all odd. Then] all1 cycles must have at least one

odd cycle.
Assume that is a detached floral graph.llfs odd, then label the vertices ®f
in such a way that the vertices (and hence thespdif€ that are common to the cycles
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Cmp1 < i<l are mono-indexed and the vertices of eggh1 < i < [ not common to
C, have distinct non-singleton sets and distinct Isiog sets (which are not used for
labeling the vertices of any other cycles) as tketrlabels. Then, the number of mono-
indexed edges i under this labeling i&

If L is even, theh< r. Label the vertices df as above such that the edge& of
that are common to the cycl€g , 1 < i < [ are mono-indexed and no other edgg is
mono-indexed. Sinckis even, at least one more edge&pimust mono-indexed. Then,
the number of mono-indexed edge&jinunder this labeling is+ 1.

If G is an attached floral graph, Then, thgh, Cm, is an entwined graph. Ifis

odd, then forl <i < (l;—l) label the vertices af in such a way that the edge common to
Cm,,;_, andCy,,. and the edge common € andcC,,, are mono-indexed. Therefore, the

minimum number of mono-indexed verticesGiris(l;—l)+ 1= (l;—l) If [ is even, then

l < k. As mentioned above, far<i < é label the vertices af in such a way that the
edge common t6,,,. , andC,,,, and the edge common €oandC,,, and one edge @,

that is not common to any petal ®f are mono-indexed. Hence, the minimum number of
mono-indexed edges isé +1= (122).

Case-2: Let(y be an even cycle and &ll,,1 < i <[ be odd. Then;, need not have
any mono-indexed edge and ed@gf) must have (at least) one mono-indexed edge. If

is an attached floral graph, ther_, Cm, forms an entwined graph. Then by Theorem 11,

G has[”71j mono-indexed edges. fis a detached floral graph, then at least one efige
eachCmi, 1 < i <[ must be mono-indexed. Therefoéehasl mono-indexed edges.

Case-3: Let(y be an odd cycle and dl},,,1 < i < [ are even. Ther;, must have (at
least) one mono-indexed edge andCpp need to have a mono-indexed edge.<fk,
then label the vertices 6fin such a way that an edge@f, that is not common to any
C;, is mono-indexed. Hencé, has at least one mono-indexed edgek=fk, then label
the vertices off in such a way that an edge@fis mono-indexed. This edge is common
to an even cycle, sy Since an even cycle must have even number of fimmiexed

edges,ij must have one more mono-indexed edge. Heahdeas at leask mono-
indexed edges.

3. Conclusion

The admissibility of weak IASI and the correspomdsparing numbers of various other
graph structures and graph classes are still ddere properties and characteristics of
weak and strong IASIs, both uniform and non-unifpare yet to be investigated. We
have formulated some conditions for some graphsekato admit weak and strong IASIs.
The problems of establishing the necessary andciuff conditions for various graphs
and graph classes to have certain IASIs are open.
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