Annals of Pure and Applied Mathematics Annals of
Vol. 7, No. 1, 2014, 71-76 nnas o

|SSN: 2279-087X (P), 2279-0888(online) Pure and Applied
Published on 9 September 2014

www.researchmathsci.org Mathematics

The 2-Tuple Domination Problem on Trapezoid Graphs
Angshu Kumar Sinha', Akul Rana” and Anita Pal®

! Department of Mathematics, NSHM Knowledge Campusgapur -713212, India
e-mail: angshusinha20@gmail.com

’Department of Mathematics, Narajole Raj Collegeraitde
Paschim Medinipur- 721211, India, e-maitnrc79@gmail.com

*Department of Mathematics, National Institute oéfieology, Durgapur-713209, India
e-mail: anita.buie@gmail.com

Received 25 July 2014; accepted 22 August 2014

Abstract. Given a simple grap@ = (V, E) and a fixed positive integé&r In a graph Ga
vertexis said to dominate itself and all of its neighbdksset D< V is called ak-tuple
dominating set ikvery vertex in V is dominated by at le&stertices of D.The k-tuple
domination problem is to find a minimum cardinalikytuple dominating set. This
problem is NP-complete for general graphs. In fiaiper, the same problem restricted to
a class of graphs called trapezoid graphs is cereid In particular, we presented an
O(n?)-time algorithm to solve the 2-tuple dominatiowlplem on trapezoid graphs.

Keywords: Design of algorithms, analysis of algorithmsp#&aoid graphs, domination, 2-
tuple domination.
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1. Introduction

Trapezoid graphs are intersection graphs of theokdtapezoids lying between two
horizontal lines and are a class of co-compargbiitaphs containing both interval
graphs and Permutation graphs as a subclass. Aztmbgraph G=(V, E)is a set of
trapezoids corresponding to the verticed/ and there exists edgg))= E if and only if
the trapezoids andj intersect with each other. Each trapezolts four corner points
top left a{), bottom left bi), top right c{), bottom right df. It is assumed that no two
trapezoids share common end point.

Let T ={1, 2, 3,...,n}, denote the set of trapezoids in the trapezomgdim for a
trapezoid graph G =(V, E)with \fz For trapezoid, a()< c(i)and b{)< d()holds. The
points on each harizontal line of the trapezoidychan are labeled with distinct integers
from 1 to 2 in increasing order from left to right. The termertex and trapezoid are
interchangeable. In this paper, it is assume thaagezoid diagram is given and the
trapezoids are labeled in increasing order of ttegirright corner point, i.a.< j if and
only if c(i)<c().
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Figure 1 : A trapezoid graph and its trapezoid representation

1.1. Review of previouswork

Trapezoid graphs were introduced by Dagan et hlIT}® fastest algorithm for trapezoid
order recognition was proposed by Ma and Spinrhavih a running time of Q). The
recognition problem for trapezoid graphs was shdwnMertzios and Corneil [9] to
succeed in @m+n)) time. Haynes et al. give detail ideas on the idation problem in
graph theory in their two books [6] and [7]. A \eettis said to dominate itself and all its
neighbors. A dominating set is a subset D of V dheth every vertex in V is dominated
by some vertex in D. A set @ V is called &-tuple dominating set if every vertex in V
is dominated by at least k vertices of D whkris a fixed positive integer. Thetuple
domination numbey(G)is the minimum cardinality of ltuple dominating set of G. If
k=2, then the domination problem is called the 2e¢ufpmination. In 2-tuple domination
problem, every vertex in V is dominated by at-leastertex of the dominating set D.
Double domination was introduced by Harary and Ha\’]. In [10], Pramanik, Mondal
and Pal solved 2-tuple domination problem on irgkgraphs using @f) time. Barman,
Mondal and Pal solved 2-tuple domination problempenmutation graphs [1]. Other
works on trapezoidal graphs are available on [1]1-13

1.2. Main result

To the best of our knowledge, no algorithm is alad# to solve 2-tuple domination
problem on trapezoid graph. In this paper, we d®rsR-tuple domination problem on
trapezoid graph and an B)time algorithm is designed to solve the problem.

1.3. Organization of the paper

The rest of this paper is organized as followstiBe establishes basic notations and
some properties of trapezoid graphs. In Sectiors@ne lemma and theorem are
established. In Section 4, an rf){ime algorithm is designed for solving 2-tuple
domination problem on a trapezoid graphs and afprboorrectness of the algorithm is
provided. The time complexity is also calculatedtlis section. Finally, Section 5
contains some conclusions.
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2. Notationsand preliminaries

This section presents the preliminaries on which tesired algorithm depends. A
trapezoidi is left to the trapezoig if and only ifi <j. Similarly, a trapezoid is right to
the trapezoidgl if and only ifi>j.

Let L(i)is farthest left trapezoid intersecting trapezo#hd less than L(i)=i, if
such trapezoid does not exist. Similarly,i)R( farthest right trapezoid intersecting
trapezoid and greater thenR(i)=i, if such trapezoid does not exist. The collectiball
farthest left trapezoids forms the set FL and wiiection of all farthest right trapezoids
is the set FR. Thatis, FL ={){i €V} and FR ={R() :ie V}. Let T ={i:ieFLn FR}.

For example, in Figure 1, L(1)=1, L(2)=1, L(3)=2(4)=3, L(5)=4, L(6)=4, L(7)=6,
L(8)=6, L(9)=6 and R(1)=2, R(2)=3, R(3)=4, R(4)#8(5)=6, R(6)=8, R(7)=9, R(8)=9,
R(9)=9. FL ={1, 2, 3, 4, 6}, FR ={2, 3, 4, 6, 8, @hd T =FInFR ={2, 3, 4, 6}.

In a graph G =(V, E), NJis the collection of all adjacent vertices of thetexi, i.e., N(i)
={je V:(i, j)eE}. The closed neighborhood bis N[i] ={i} n N(i).

The left diagonal of the trapezaidis the line segment joining top left point)a(
and the bottom right point ij(and is denoted by LJ( Similarly, the right diagonal of
the trapezoid is the line segment joining top right point)afd bottom left point band
is denoted by Rl

Let a(i)is the total number of members of the dominatiey B which are
intersected by Ldjandp(i)is the total number of members of the dominatietgswhich

are intersected by Rig( Let M(i)=max@(i), B(i)), i.e. maximum number of members of
the dominating set D which are intersected byi)ashd Rdi).

3. Someresults
The following lemma plays an important role.

Lemmal. If i<k <j and R{)=k, L(j)=k thenkis a member of the 2-tuple dominating set.
Proof: Since L{)=k, i.e, kis farthest left trapezoid ¢fintersecting the trapezojdHence

k is adjacent to the trapezdidAgain, since RJ=k, i.e, k is farthest right trapezoid of
intersecting trapezoid, thereforek is adjacent td. Sok is adjacent to bothandj wherei
<k <. Hence the trapezokdis a member of the 2-tuple dominating set.

Now, if there exists a finite number of trapezolistweeni and j, then the
trapezoidk is the longest trapezoid intersecting trapezoaislj, therefore the trapezoid
k must intersect all the trapezoids betweandj. Obviously,k is adjacent td andj and
all trapezoids betweenand]j. Hencek is a member of the 2-tuple dominating set.

Lemma 2. Every member of the set T &{sFLn FR}, are the member of the 2-tuple

dominating set.

Proof: The vertexk e T, implies L{)=k=R(j)for somei, j € V. That is both the trapezoid
and trapezoigl intersect the trapezold So, the trapezoil dominates both the trapezoid

i and j. It is obvious that the trapezoiddominates at least three trapezoids including
because there may be more than one left as weljlasadjacent to the trapezadidlt is
easy to verify that the vertdkx dominates maximum number of vertices including the
vertexi and verteyq. Since the aim is to find a minimum cardinalityndoating setk
must be a member of the 2-tuple dominatingrset.
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Lemma 3. If N [i] | =2 then all the members of N pelongs to the 2-tuple dominating
set.

Proof: If |N [i]|=2 theni has exactly one adjacent vertex, N [i] =N(i) v{i}. Obviously,

i represent a pendent vertex.

Therefore to cover the vertéxby the two member of the dominating set, the
vertexi and its one adjacent vertex must be the membedt-tuple dominating set.
Hence if [N [] |=2 then the vertekand its one adjacent vertex are the members d-the
tuple dominating set Dx

Lemma 4. If |N[i]| =3 then two adjacent trapezoidsiaire the members of the 2-tuple
dominating set.

Proof: Since |N[]| =3 then the three cases may arise.

Case 1 : NiJ=LN(i)u{i} uRN(), here trapezoid have right as well as left adjacent
trapezoids intersecting trapezaithis implies L{)is the only member of LN)Jand R{)is
the only member RN, Hence right adjacent Bénd left adjacent lifof i dominates.

Case 2: Ni =LN(i)u{i}. Here trapezoid have two left adjacent trapezoids. This two left
adjacent vertices dominates the veiitex

Case 3: Ni] ={i}u RN(). Here also trapezoidhave two right adjacent trapezoids. So
this two right adjacent vertices dominates theesdart

Hence in all the above three caseis dominated by its two adjacent trapezoids. Thus
two adjacent trapezoids are the members of thel2-tiominating set Do

Lemmab. If i e V\ D and M{)=max((i), 2(1))=1 then the trapezoidis the member of
the 2-tuple dominating set.

Proof: Since M{)=max(i), 5(1))) =1, wherd € V \D, then any one of the member of the
dominating set D intersect by Li)ifr Rd{). That meansis covered by only one member
of the dominating set. Hence by the definition g@fiple dominationj must be a member
of the 2-tuple dominating set D.

Lemma 6. If M(i)=max(i), 8(i))> 2 and M(N{))> 2, whereie V, then the trapezoid
does not belong to the 2-tuple dominating set.

Proof: If M(i)==max(i), 2(i))>2 and M(N{))> 2, wherdeV then at least three members
of the dominating set D are covered the veiteklso all the adjacent vertices of the
vertexi are also covered by at least three vertices ofdtmainating set D. So if the
vertexi belongs to the dominating set then to get the minin2-tuple dominating set,
we eliminate the vertexfrom the dominating set. Hencés not a member of the 2-tuple
dominating set if Mij=max((i), 8(i))> 2 and M(N{)) > 2, wherd V. o

4. Description of algorithm

The strategy of the proposed algorithm is as fallow

For all i € V, we have to compute farthest left as well aghfst right trapezoids
intersecting each trapezaidAll the farthest left trapezoids intersecting ledi@pezoid
forms the set FL and similarly all the fartheshtitrapezoids intersecting each trapezoid
i forms the set FR.Next, we construct the sets T «=FR. Initially, T is taken as 2 tuple
dominating set D. To select the next members ofdbminating set D, we have to
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compute the value of |N[ for all iV \ D. Next we compute M), for alli<V \ D.
There are two cases which may arise.

Case 1: If M{)=0 then verteXx and one of its adjacent vertex are the membetbef
dominating set.

Case 2: If M{)=1 then the vertekis a member of the dominating set D. At the endusf
algorithm we again compute Mor alli V. If both M(i))> 2 and M(N{))> 2 then to get
minimum 2-tuple dominating set D, we eliminatefrom D, otherwise D remains
unaltered.

4.1. Thealgorithm
A formal description of the algorithm is given belo
Algorithm 2TDP
Input: A trapezoid graph G =(V, E).
Output: A minimum cardinality 2-tuple dominating set of G.
Step 1: Compute Li)and R{)for each vertexe V. Compute FL and FR.
Step 2:  Construct the set T =[RER. Initialize D =T.
Step 3: Compute Nifl, N(i), LN(i), RN()for each vertexi e V \D
Step 4: If |N[i] | =2 then D =T N[i] [By Lemma 3]
Step 5: If |NJ[i] | =3 then D =2 N(i) [By Lemma 4]
Step 6: Computex(i), #(i), and M{)for each vertexe V \ D.
Step 7: If M(i)=0 for each < V\D.
then D =D{i}u L(i) or D =D {{i} uR(i).
else if M)=1 for each vertekeV \ D then D =[{i} [By Lemma 5]
else if M2 for each vertekeV \ D
Computgi), 5(i), and M() for each vertexe V
if M{> 2 and M(N{()))> 2 then D =D \{} [By Lamma 6]
endif.

Lemma 9. The set D is a minimum cardinality 2-tuple domingtset.

Proof: Let my, m,, mg, ....,me are the members of the dominating set D obtainethé®
algorithm 2-TDP. We have to prove that D is minim2#suple dominating set.

If possible, let, there exist’l D such that Dis a 2-tuple dominating set. Sincé£D,
there must exists at least one member of Dnsasuch thame D'

Case 1: If Mfn)=2 wheremeD, thenm is covered by itself and one of the adjacent
vertices ofm. Now sinceme D', therefore Mfn)=1 with respect to the dominating set D
Here the vertexm is covered by only its adjacent vertex, a conttia.
Case 2: If M(n)> 2 whereme D, then there may exist at least one vertex say, such
that M(m)=2. Now sincaneD’, the value of Mfy) is 1 with respect to the dominating set
D'. This is also a contradiction. Hence the resulo¥es.o

Theorem 1. Algorithm 2-TDP finds a 2-tuple dominating set aapezoid graphs in
o()time.

Proof: The time complexity of algorithm 2-TDP is causedimty by the computation of
L(i), R(), N@)and M(). For each eV, calculation of L{)and R{)requires O(Atime
where n is the total number of trapezoids. Caltutadf FL and FR takes O(n)time each.
For each = V, calculation of Nijtakes O(n)times. This is repeated for n times.rétoee
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the total time to compute Nis O(f). M(i)can be calculated in Ofime. In the last
step, calculation of M(N))requires O(n)time. Thus the overall time compigis O(rf)+

O()+ O(n)+ O(n)+ O(A)+ O(rf)+ O(n)=0(rf).c

5. Concluding remarks

In this paper, we developed an algorithm that solfee minimum cardinality 2-tuple
domination problem on trapezoid graphs usingfi(ne. The same algorithm can be
applied to a subset of trapezoid graphs known tesvial graphs and permutation graphs
and the time complexity remains unchanged. A fustugly can investigate to design a
polynomial time algorithm to solvktuple domination problem on trapezoid graphs for
k> 2.
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