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1. Introduction

Atanassov’s intuitionistic fuzzy sets[1,2] are itittely straightforward extension of
Zadeh’'s[12] fuzzy sets; while a fuzzy set gives diegree of membership of an element
in a given set, an Atanassov’s intuitionistic fuzat gives both a degree of membership
and a degree of non-membership. Kuroki[3, 4, 3s @e pioneer of fuzzy ideal theory of
semigroups. The idea of fuzzy subsemigroup wasiatsaduced by Kuroki[3, 4]. In [4],
Kuroki characterized several classes of semigraupsrms of fuzzy left, fuzzy right and
fuzzy bi-ideals. The notion of B -semigroup was introduced by Sen and Saha[10] as a
generalization of semigroups and ternary semigro8g§. Majumder and M. Mandal[7]
studied fuzzy generalized bi-ideals linsemigroups. We have initiated the studyl of
semigroups in terms of Atanassov’s intuitionisticdy subsets[8, 9]. The purpose of this
paper is as mentioned in the abstract.

2. Preliminaries
Definition 2.1. [1] Let X be a nonempty set. A mappity= (L,,V,): X - | x| is

called an intuitionistic fuzzy set iX if f,(X)+Vv,(X) <1 for eachxd X, where the
mappingsi,: X - | andv,: X — | denote respectively the degree of membership
and the degree of non-membership of eachX toA, I is the unit interval [0,1].
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In this paper we shall use the symidE (1,,V,) for the intuitionistic fuzzy
subsetA={< X, t,(X),V,(X) >: xO X} of X.

Definition 2.2. [10] Let S={X,y,z..} andl' ={a,[,y,..} be two non-empty sets.
Then S is called al” -semigroup if there exists a mappi@x[ XS - S(images to be
denoted byaab) satisfying (1) xyyOS Ox,ydS, yUr, (2) (x8y)yz=xB(yyz),
0x,y,zOS, OB,y 0Or.

Definition 2.3. [8] A non-empty intuitionistic fuzzy subsemigroud= (/,,v,) of arl -
semigroupS is called an intuitionistic fuzzy bi-ideal & if it satisfies:

(1) a(xayBz) = min{ 1, (X), (2} Ox,y,20S andOa, AOT,

(2) v (xayfz) < maxV,(X),VA(2)} Ox,y,zOS andOa, 0T

For further preliminaries we refer the readerstalfl].

3. Intuitionistic fuzzy generalized bi-ideal
Definition 3.1. [7] Let S be al -semigroup. A non-empty subsktof S is called a
generalized bi-ideal oS if TS| 1.

Definition 3.2. A non-empty intuitionistic fuzzy subseék = (,,V,) of al” -semigroup
S is called an intuitionistic fuzzy generalized teal of S if it satisfies:

(1) pa(xayfz) =2 min{ 4, (X), 4a(2)} Ox,y,z0S, Oa, pUT,

(2) va(xayPBz) cmaxy,(X),V,(2)} Ox,y,zOS, Oa,p0OT.

Remark 1. It is clear that every intuitionistic fuzzy bi-ideof S is an intuitionistic
fuzzy generalized bi-ideal db. But in general the converse does not hold whidhbei
clear from the following example. For a restricteshverse we refer to Proposition 3.1.

Example 1. Let S={x,y,zr} and I ={)}, where y is defined onS with the
following cayley table:

y X y z r
X X X X X
y X X X X
z X X y X
r X X y y

Then S is al” -semigroup. We define an intuitionistic fuzzy subfe= (1,,v,) of S
as U,(X)=0.5, u,(y)=0, u(2=0.2, y,(r)=0. and v,(x) =0.4, v,(y) =1,
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Va(2) =0.7,v,(r) =1.Then A= (u,,v,) is an intuitionistic fuzzy generalized bi-ideal
of S but A=(u,,v,) is not an intuitionistic fuzzy bi-ideal db.

Definition 3.3. [8] For anyt[1[0,1] and a fuzzy subsett of S, the set

U(st) ={xOS: u(x) 2t}(respL(u;t) ={xOS: u(x) <t})
is called an uppdiresp. lowe) t-level cut of L.

We omit the proofs of the following theorerbscause it is a matter of routine
verification.

Theorem 3.1.SupposeA = (1,,V,) is an intuitionistic fuzzy generalized bi-ideal &f
" -semigroupS. Then the upper and lower level cuts(y/,;t) and L(u,;t) are
generalized bi-ideals dB, for everyt OIm(u,) n Im(v,).

Theorem 3.2.SupposeA = (u,,V,) is an intuitionistic fuzzy subset ofla-semigroup
S such that the setd (1/,;t) and L(v,;t) are generalized bi-ideals & whenever
t J[0,1] and the sets are nonempty. Then the intuitionfatizy subsetA = (i,,V,) is
an intuitionistic fuzzy generalized bi-ideal &

Theorem 3.3.If a non-empty subsdt of a " -semigroupS is a generalized bi-ideal of
S then()x,, x) is an intuitionistic fuzzy generalized bi-ideal 8f where y, is the
characteristic function of.

Definition 3.4[10] A I -semigroupS is called regular if for each elemexilS, there
exist y[(0S anda, SOOI such thatx = xaypSx.

Proposition 3.1. Let S be a regulad” -semigroup. Then every intuitionistic fuzzy
generalized bi-ideal 08 is intuitionistic fuzzy bi-ideal ofS.

Proof. Let A=(u,,V,) be an intuitionistic fuzzy generalized bi-ideal & Let
a,bdS. Since S is regular, there exisk[JS and a, S0l such thatb = baxgb.
Then for anyy (T,

Ha(ayb) =2 min{,(3), 1D} and - v, (ayb) < max{y,(a),v, (b)}-

Hence A= (u,,V,) is an intuitionistic fuzzy subsemigroup & and consequently
A=(u,,v,) is an intuitionistic fuzzy bi-ideal o&.

Remark 2. In view of above proposition and Remark 1 we cantbhat in a regulaF -

semigroup the concepts of intuitionistic fuzzy gatieed bi-ideal and intuitionistic fuzzy
bi-ideal coincide.
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Definition 3.5. Let S be al” -semigroup. LetA= (y,,V,) and B = (4;,V;) be two
intuitionistic fuzzy subsets of B -semigroupS. Then the produco B = (/,.5,Vaz)
of A andB is defined as

sup[min{u, ), us V)}:u,vOS; yOT]

(Unp)(X) = i
0,if foranyu vOS and for any Ol x# upv and

inf [max{v,(u),vg(V)}: uvOS yOr]

(Vap)(X) =47
1,if for anyu vOS and for any Ol x# upw

Lemma 3.1.Let S be al” -semigroup andA = (4/,,V,) be a non-empty intuitionistic
fuzzy subset ofS. Then A= (u,,V,) is an intuitionistic fuzzy generalized bi-ideal of
S if and only if AcSo Al A, where S=(xs,xs) and Y is the characteristic

function of S
Proof: Let A= (u,,V,) be an intuitionistic fuzzy generalized bi-ideal &f Then for

all x,y,p,qUS and forall g,y 0T,

HA(pBAYy) 2 min{ 1, (P), 1 (Y)} and v, (pBAay) < maxv,(p).Va(Y)}-
Hence forallS if there existx,yOS,yO with a=x)y and x= pfq for some

p,qO0S and for someB 0T, then (i, o X5 o 1,)(@) < 1, (a) (by Lemma 1[7]) and
(Vaoxseva)(@ = inf [ma{(v, o xs)(X¥).Va(Y)}]
#nf [ma{ inf {max{v,,(p), xs(@} va(V}
nf [max{ inf {max{v,(p).01} va(Y)}]
3nf [max{v,,(p).Va (V)

= VA (PBAW) = VA (X)) = V(3.
If for aldS no such xvy,p,q0S and y,A0OC exist then
(Hpo XsoHp)(@) =0< ,(a) and (Va0 Xsov, (@) =12zv,(a). Hence
AoSo AD A Conversely, let AcSocADA Then p,oxsou,du, and
Vao XsoV, OV, Hence forx,y,zOS, and B, yOI", we deduce by repeated use of
Definition 3.5 w1, (xByyz) 2 min{ 1, (x), ,(2)} (by Lemma 1[7]) and
Va(XBYy2) < (Vpo Xs oV )(XBY)z)  <[max{(v,e xs)(XBY).v, (2)}]

sma{maxv,(x),0}Lva(2)] =maxv,(X),Va(2)}-

Hence A= (u,,Vv,) is an intuitionistic fuzzy generalized bi-ideal 8f

In view of the above lemma we obtain the followthgorem by routine verification.
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Theorem 3.4. The product of any two intuitionistic fuzzy genlized bi-ideals of d -
semigroupS is an intuitionistic fuzzy generalized bi-ideal 8f

Theorem 3.5.A I -semigroup$S is regular if and only if for every intuitionistituzzy
generalized bi-idealA = (4/,,V,) of S, Ao So A= A whereS = (X5, Xs)-

Proof: SupposeS is regular. Then for an intuitionistic fuzzy gealed bi-ideal
A=(u,,v,) of S andalds, there existxUJS anda, S0 such thata = aaxfa.

Hence , o x50 U, = U, (by Theorem 3[7])
Again (Va0 XsoV,)(@) < max{(V, o xs)(@ax),v, (@)} cf.Definition 3.5)
< ma{maxv,(a), xS ()}, v, (a)]
=maxV,(a), xs(X),V.(a)}
=maxv,(a),0v,(a)} =v.(a).
So v,0OV,oxsoV,. By Lemma 3.1 v,ojxsov,0v, Consequently,
Vao XsoVa =V, HenceAoSo A=A
Conversely suppose the given condition holds. Rebe a generalized bi-ideal @.
Then by Theorem 3.3 ¥, Xr) iS an intuitionistic fuzzy generalized bi-ideal 8f

Hence by given conditiofys © X5 ° Xr = Xr @nd Xg° Xs° Xr = Xr- Let alJR Then
Xr(@) =1. and xs(a) =0. Hence sugmin{ sup xx(p), Xzr(c)}] =1.(By Theorem
a=bjc b=pdy

3[7])
Also
(XreXs°Xr)(@) =0
e, inf [max(xg ° Xs)(0), X= (O} =0
e, inf [max{inf max(xs(p). x$(a)}, X5(ON =0
e, inf [max inf max x=(p),0} x=(c)}] =0
a=byc b=pd&
e, inf [ma{ inf_x&(p), X(0)}] =0.
a=bjc b=pday
Thus we getp,cOS such thata=byc andb= pdg with yz(p) = xz(c) =1 and

Xa(pP) = xz(c) =0 whence p,cdR. So a=byc= pdgc RS R Consequently,
RORCTS R Since R is a generalized bi-ideal oS so RFS RO R Hence

R=RICS R and soS is regular.
Using Lemma 3.1, Theorem 3.16[8] and TheoBBmwe can have the following
theorem.
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Theorem 3.6.A I -semigroupS is regular if and only if for each intuitionistfazzy
generalized bi-ideaA = (/,,V,) of S and each intuitionistic fuzzy ided8 = (L/5,V3)
of S, AnB=AcBo A

To conclude the paper we obtain the follgwasult that characterizes regular-
semigroups in terms of intutionistic fuzzy generadl bi-ideals.

Theorem 3.7. Let S be al” -semigroup. then the following are equivalent:

(1) S is regular,

(2) An B Ao B for each intuitionistic fuzzy bi-idealh = (4/,,v,) of S and
for each intuitionistic fuzzy left ideaB = (445,Vg) of S,

(3) AnBUAoB for each intuitionistic fuzzy generalized bi-ideal
A= (u,,v,) of S and for each intuitionistic fuzzy left ide&@ = (£4,V;) of S,

(4) Cn AnBLOCo Ao B for each intuitionistic fuzzy bi-ideal = (L/,,V,)
of S, for each intuitionistic fuzzy left ideaB = (1;,V;) of S, and for each
intuitionistic fuzzy right idealC = (4. ,V.) of S,

(5) Cn AnBUOCoAoB for each intuitionistic fuzzy generalized bi-ideal
A=(u,,v,) of S, for each intuitionistic fuzzy left idedB = (1/;,V) of S, and for
each intuitionistic fuzzy right idedl = (4 ,V.) of S.

Proof: (1)= (2): Let S be regular, A= (u,,V,) be an intuitionistic fuzzy bi-ideal of
S and B = (14;,V;) be an intuitionistic fuzzy left ideal ob. Let alJS. Then there
exist xOS and a,B0r such that a=aaxfBa=aaxfaaxfBa. Then

Myo Uy U, n g (cf. Theorem 6[7]). Again since A is a intuitiotiéssfuzzy bi-ideal
and B is a intuitionistic fuzzy left ideal,

(Vaovs)(@) = inf [max{v,(y).ve(2}]
< maxv,(aaxpa),v; (xfa)}(asa = aaxBaaxfa)

smaxv,(a),vg(a)} =V, Ovg)(a).
Sov,ovg Ov, UV, HenceAn B Ao B.

Similarly we can prove thatl) implies (3).

(2)= (1): Let (2) hold. Let A be an intuitionistic fuzzy right ideal arid be
an intuitionistic fuzzy left ideal ofS. Then since every intuitionistic fuzzy right idez
S is intuitionistic fuzzy quasi ideal db and every intuitionistic fuzzy quasi ideal &f
is intuitionistic fuzzy bi-ideal ofS, so A is an intuitionistic fuzzy bi-ideal 06. Hence
by (2), An B AoB. Also AcB[ An B always holds. Hencé&-B = An B and
consequently, by Theorem 3.20 [&, is regular.

(3)= (1): Supposg3) holds. LetT be a generalized bi-ideal &, L be a
left ideal of S andallT n L. ThenalT andallL. SinceT is a generalized bi-ideal
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of S, so by Theorem 3.3 x;, X7) is an intuitionistic fuzzy generalized bi-ideal 8f
By Corollary 3.13 [8],(x,, X) is an intuitionistic fuzzy left ideal o6. Hence by (3),
Xe 0 X O Xp ey, and x7 O x¢ O x7 e xi. Then

X e x )@ =2 (xr n x)(@) =minl x; (a), x (@)} =1.

and (x7 » x{)(@) < (X7 O x{)(a) = max{x7 (a), x;: (@)} = 0.

Hence x;.. () =1 and x;., (a) = 0.

Hence in view of Definition 3.5, there exiftcOS and O such that
a=bcdc and x;(b) = x,(c) =1 and x;(b) = x;(c) =0, whence,bOT and cOIL.
Hencea=bdcOTIL. ThusT n L 0TI L. Hence by Theorem 5[7F is regular.

(1)= (4): Let S be regular. LetA=(u,,V,) be an intuitionistic fuzzy bi-
ideal, B=(t;,Vz) be an intuitionistic fuzzy left ideal an@ = (4 ,v.) be an
intuitionistic fuzzy right ideal ofS respectively. Le@[]S. Then there exisk[1S and
a,fOr  such that a=aaxfa=aaxfaaxfa=aaxfaaxfaaxfa. Then
He 0 Uy N g O fhe o i, ol (cf. Theorem 6[7]). Again

(Ve oVaovg)(@) s maxy (aax), (V, o Vg )(aaxfaaxfa)}
smaxv.(a),(v, o Vg )(aaxfaaxpsa)}
(sinCds an intuitionistic fuzzy right ideal @)

< maxV, (a), maxv,(aaxfa), v, (x5a)}]

< mav{ve (a), max{v (@), ()]
(sinceAis an intuitionistic fuzzy bi-ideal ddandB is an intuitionistic fuzzy left ideal)

<smaxv.(a),v,(a),vy(a)} = (vC U v, 0 VB)(a).
Hencev. v, Ovg OV, oV, ov,. HenceCn AnBOCo AoB.

Similarly we can prove thatl) implies (5).

(4)= (1): Let (4) hold. Let B=(;,v;) and C=(.,V.) be any
intuitionistic fuzzy left ideal and intuitionisticfuzzy right ideal of S. Since
S=(Xs Xs) itself is an intuitionistic fuzzy bi-ideal ofS, by (4), we have
CnB=CnSnBUOC-.SoBUCoB. Also CoBUCNB. Therefore

CoB=Cn B. Hence by Theorem 3.20 [8§ is regular.
(5)= (1): Supposeg5) holds. LetT be a generalized bi-ideal &, L be a

left ideal of S, R be a right ideal ofS andallRNnT n L. ThenalR, allA and
alJL. SinceT is a generalized bi-ideal o, so by Theorem 3.3(x;, x7) is an
intuitionistic fuzzy generalized bi-ideal db, by Theorem 3.13 [8](x,,X.) is an
intuitionistic fuzzy left ideal ofS and (X, X¥g) is an intuitionistic fuzzy right ideal of
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Hence by(5).Xg N Xa N XL O XroXac X, and YO Xx OX O Xgo Xaco Xt

Then (XR ° Xt OXL)(a) 2 (XR nXxr N XL)(a) = min{XR(a)lXT (a)!XL(a)} =1.
and (g o X7 ° X0)(@) < (xg O xr O x0)(@) = max xz(a), xr (), xi(a)} = 0.
Hence X g.r).. (@) =1 and X(z.r).. (@) = 0.

a=

Hence in view of Definition 3.5, there existcOS and 00 such that
b and (Xgox:)B)=X,(€)=1 and (x&ox2)(b) = x°(c)=0. Hence by

applying similar argument as above we see thaetbgistd,e]1S and 800" such that

b=

dée and xz(d)= x;(€) =1 and x;(d)= x;(e)=0. Thus cOOL , dOR and

edT, with a=boc=dGd ORI TTL. Hence RN T n L O RITIL. Consequently,
by Theorem 5 [7],S is regular.
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