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1. Introduction

The idea of intuitionistic fuzzy sets (IFSs) wasegi by [1, 2] to generalize the notion of

fuzzy sets (FSs). Intuitionistic fuzzy modal operatvas defined by Atanassov in [3].

The modal operators have been known to be imporatg for IFSs where the operators
are defined on the contrary to the FSs. Intuiticmisizzy operators and some properties
of these operators were examined by several aufd@$]. Recently modal operators in

intuitionistic fuzzy matrices has been studied Tih Here in this paper, we study the

impact of modal operator,gon intuitionistic fuzzy groups.

2. Preliminaries
Here we recall some definitions and results whidhbe used later.

Definition 2.1. [3] Let X be a fixed non-empty sé&n intuitionistic fuzzy set (IFS) A of
X is an object of the following form A = { < Xya(X) , va(X) > : x OX}, whereu: X 2>
[0,1] and va: X > [0, 1] define the degree of membership and degfe@on-
membership of the elemenflX respectively and for any XIX, we have QOua(x) +
vaX) 1.

Remark 2.2. (i) Whenpa(x) + Va(X) = 1, i.e. whenva(x) = 1 -pa(X) = pa‘(x) . Then A'is
calledfuzzy set.

(ii) For convenience, we write the IFS A = { <pa(X) , va(X) > : xOX} by A= (Mda , Va).
(iii) The set of all IFS’s of X is denoted by IFS(X

Definition 2.3. [3] Let A = (ua ,va) and B =iz, vg) be any two IFS’s of X , then
() A OB ifandonly ifua(x) sps(X) and va(x) =ve(x) for all xaOX
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(i) A=B ifandonlyif pa(X) =us(x) andva(x) =ve(X) for all XOX
(i) An B=(Mans,vans), where

(Hane)(X) = Min{pa(x) , pe(x)} and  Pane)(x) = Max{ va(x) , ve(x) }
(iv) AOB= @Walds,vals), where

(MaOps )(X) = Max{pa(x) , ps(xX)} and @alvs )(x) = Min{ va(X) , ve(X) }

Definition 2.4. [3] For any IFS A= {< Xua(X), Va(X) > : x(OX} of X, if
T(X) = 1-na(X) - va(X) , for all xaOX.
Thenma(x) is called the degree of indeterminacy of x in A

Definition 2.5. [3] For any IFS A={< X,ua(X), va(X) > : XOX} of X and aJ[0,1] the
operatorsl: IFS(X)2>IFS(X), ¢: IFS(X)2>IFS(X) and I: IFS(X)>IFS(X) are defined as
() LA ={<X, Ha(X), 1-pua(x) > : XxOX} is called Necessity Operator

(i) QA ={< X, 1-va(X), va(x) > : XX} is called Possibility Operator

(i) Dgo(A) ={< X, pa(X) + ama(X), va(X) + (1-0)Ta(X) >: xOX}is called a-Modal
operator.

Remark 2.6. (i) Clearly, JA OAOOA and the equality hold, when A is a fuzzy seti) (
Notice that Q(A) =LA and R(A) = OA. Thusa-modal operator [{A) is an extension
of necessary operatoA and possibility operataFA.

Definition 2.7. [3] For any IFS A= {< xua(X), Va(X) > : XOX} of X and for anya , B
[0,1] such thatt + < 1, the €, B)-modal operator Fyg: IFS(X)> IFS(X) is defined as
Fap(A) = {< X, Pa(X) +ama(X), Va(X) +BT(X)> : XTX}, where Ti(X) = 1-pa(X) - Va(X)
for all xOX. Therefore, we can write,5(A) as F, ;(A(X) = ﬁfpﬁ(A)(X) Ve Lm ()] , wher

'uFa,;s(A) ) =,UA(X)+O’JTA(X) andVFaﬁ(A) k )=VA K )",BHA K.
Remark 2.8. (i) Clearly, R 1(A) =CA , R (A) =0A and R 14(A) = Dy(A).

Definition 2.9. [8] Let A be Intuitionistic fuzzy set of a universd ¥e Then (a , B )-cut
of A is a crisp subset (Cg(A) of the IFS A is given by
Cq g(A) ={ x : x OX such thatpa(x) =a , va(x) <B }, wherea, B0O[0,1] with a + B<1.

Definition 2.10. [3] Let A = { < X, Ua(X), Va(X) > : xOX} be an IFS of a universe set X,
then support of A is denoted tupp, (A ) and is defined

SJpr(A):{XDXI H\(X)>0 andv, X K }1

Remark 2.11. Clearly,
Supp, A= C,, @): forale B0 (0,1] such tharla +8<}
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Definition 2.12. [8] An IFS A ={ < x,la(X), va(X) > : x[OG} of a group G is said to be
intuitionistic fuzzy subgroup of G (in short IFS&)G if
Ha(xy™) 2 Min {pa(x), Ha(y)} and va(xy™) < Max {va(x) , va(y)} , for all x , y OG

Definition 2.13. [8] An IFSG A = { < X,Ma(X), va(X) > : xOG} of a group G said to be
intuitionistic fuzzy normal subgroup of G (in sh&fFNSG) of G if

Ha(Xy) =Ha(yx) and va(xy) =va(yx) , forallx, yoG
Or equivalently, pa(xyx™ ) = paly) and va(xyx™*) =valy), forall x,ydG

Definition 2.14. [10,11] An IFSG A of a group G is called an intuitionistiuzzy
abelian subgroup (IFASG) of G if and only 8upp; (A ) is abelian subgroup of G.

Definition 2.15.[10,1] An IFSG A of a group G is called an intuitionisticzzy cyclic
subgroup (IFCSG) of G if and only Supp; (A ) is cyclic subgroup of G.

Proposition 2.16. [8] If A be IFSG of a group G and e be the identigne¢nt of G, then

(i) Ha(X) = pa(X) and va(x™h) =va(x) for all xOG
(i) Ma(e)=pa(X) and va(e) sva(x) for all xOG
(iif) Ha(xy™) = Ha(€) andVa(xy™) = va(e) thenua(X) = Ha(y) andva(x) =va(y).

Definition 2.17. [ 9] Let X and Y be two non-empty sets arfd; X = Y be a mapping.
Let A and B be IFS’s of X and Y respectively . Thba image of A under the méps

denoted by f (A) and is defined asf (A)(y) = ( ,uf(A)(y) , I/f(A)(y)) , Where

. -1

O (X :x O f 2 (y) | H v ix Oy}
/'If(A)(y) = ) ~ and Vf(A)(y)_ .

0 ; otherwise 1 ; otherwis

Also the pre-image of B unddris denoted byf *( B) and is defined as
F(B)(X) = (Mo 0) Vg &) = (st (F &) v € &) 0 X3 X
Remark (2.18) Note thaty, x(s),uf(A) f(x()) anwv, x eb'f(A)(f(x)) ; O xOX,
however eqality hold when the miap is bijective.
3. Modal operator Fqgin intuitionistic fuzzy groups
In this section, we study the relationship betwtenintuitionistic fuzzy subgroups and
the modal operator on these intuitionistic fuzzybgwups. We also establish a

relationship between the support of IFS A and tigpert of IFS under modal operator.
Theorem 3.1. If Ais IFSG of a group G, then,5(A) is also IFSG of G.

Proof. Letx ,y be any element of G et , (A)(xy‘l)z(,uw &y™t), Ve, s @y‘lj :
where £ & Fu &y o, ) and/g Xy Fua YL )
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Now, g (™) = a (Y )+ a7 () = a0 )+ a [l 4y (9 )—Va Gy )]

g+ (@) N v )
za + (& Minf X Yy X aMax i, X ),Va YD

a BEMax U X )va XN+ (I IMinfs, & )ua(Y)}

g Nlin &v, X ), Wy MOOH+ (Ir M 20(X), 1a(Y)}

g . Minftv, X ), v, Vi H2-a)Min{ (3, pf 9}

=Minfr .@va X B Xea)un(X) , a.@=v, ()1 (Lo u, §)}
=My X Fa @Ha X VA X)) Ua(Y)+a @ (y)-Va(y))
=Minfu, &)+a ., &) uy § Yo m, § )}

~Minge, )44, ¥}

Thus, f& (v ) zMin{e (X, te (W)}

Smiliarly, we can show thaxFM Xy Max{cm X( )”Faﬂ y(

Hence F, ;(A) is IFSG of G.

Remark 3.2. The converse of the above theorem need not be true

Example 3.3. Let G be the Klein 4-group { e, a, b, ab}, wher= b’ = e and ab = ba.
Define A={<e,0.1,0.1>,<a,0.21,0.39«b,0.3,0.4>,<ab, 0.2,0.1 >} be IFS
in G. It can be easily verified that A is not IF86G, for

U, (ab) =0.2< Min{0.21,0.3}= Min{u, (a), 1, )}

Now takea = 0.2 ,B = 0.2, then it can be checked that

Faﬁ(A)= {<e,0.26,0.26>,<a,0.29,0.47 >, <1036, 0.46 >, <ab, 0.34,0.24 >}
Clearly, we have

M, , (ab) =0.34= Min{0.29,0.36F Min {uFM (a),,uFM ©0)} and

Ve , (ab) =0.24< Max{0.47,0.46= Max {/FM (a),vFM ©)}.

Therefore,F,, , (A) is IFSG of G.

Theorem 3.4. If A'is IFSNG of a group G, then,(A) is also IFNSG of G.

Proof. Let X,y be any element of G, then
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ke, () = () + .73, (%) = 4 )+ a1 14, () V0 O )] =4y () + O [L 4, () =V (X)]

2, K yam ) W)
Smilarly, we can show thasz Xy :)VFM YK

Hence F, ;(A) is IFNSG of G.
Result 3.5. If A be IFSG of a group G and e be the identityradat of G, then
() s, (=1t () and v, € FVe k)
(i) M, , (e)z,uFM (x) and Ve é )SI/FM ), forakdG
Proof .() Now, & 6 Wam, 1) 5, K2 Fa [Ep, K2 yv, k)
X 60l x EX (0] = 4,00 + (0
(%)
Similarly, we can show thaatpaﬂ x( =)vFM x()
(i) Now, s, €)= 4 , ()2 Min{us,  (X), fh, , ()} = 44, (%) [using ()]
Similarly, v, €)=V, ()< Max{ve (%), Ve, (xh} =ve (X) [using (i)
Proposition 3.6. Letf : X Y be a mapping and [AFS(X) and BIIFS(Y). Then
() T7(F(B)=F,(f7(B)) (i) fE,yANOF,(F®)
Pract ) Now, £ B, BIK{Hse o) ) Ve o0 X )= ) W 1X )
But 1 e (f ()= 14 (F () +a7g (f ()= 14 (F () +a.[0- 14 (F K))-vg (F X))
sy CI LA €1V, €Uy QP 6

A @) x()
Smilarly, Wecanshowthat/Fw(B) f(x(3) VFa,ﬂ(f‘l(B» x()

Ths f7(F, , (B))(x)=( M e ® s Ve e (x)) =F,,(f*B)() , for everxIX

(i) Now, f €, 5 ANO)= (L0 0) Vi )

But ey (V)= Sup{te (¥ 0 £() =¥}
= Supl, x(Ha 7, x( ¥:x(Jy }
= Sug, XJ+all- 4, () -V, () =
=Supt  + @) x(rv, x(JXE v}
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< @ + (T XIaVvi W} [using (1..)]
Hrm V(DA T V()
Bt M)
Thus Hi e, ,(m) ()< ,uFa‘ﬂ(f(A»(y) ,forallydly
Snilarly, we can showthat/f(FavB(A» y(z)vFM(f(A» y( ), forallyy Y

Thus f 6,5 D6 (Kie,pom §) Vi ¥ ) Ot cim §) Ve ciom ¥)=Fap € RN

Hence proved.
Corollary 3.7. Letf: X Y be a bijective mapping. Theh(F, ,(A)) = F, ;(f (A))

Proposition 3.8. [10] Let f: X > Y be a mappingand A, B are IFS of Xand Y
respectively. Then the following results hold

(i) f(Suppg A)J Suppf( A )) and equalitgithwhen the map is bijectiv
(i) f7(Supp B)F Supp (" & ))

Proof .¢) Let y_If (Supp A )) be any element. Efere,[1's X] Supp A ) such tiiak €Yy
As xOSupp Ay 4, >0 anat, (X)<1.

But 24, (< 44  (X) andr, (G 1 () ; forall 0 X

Oty E()>0 andvy { (x 1=y (X) Suppf(A( )

Hence f (SuppA )) Suppf (A( )). The second part folloRdayark(2.18)

(i) Let xOf ™ (Supp B )) beanyelement f x ) Sufp ()

o F(x)>0 andy, f{ (Xx 1= His, () >0nd Vi N<le XISupp B )
Hence 7 (Supp B )F Supp (™ & ).

Lemma 3.9. If A be any IFS of the universe set X, th&8amp, (F, ,(A))=3um (A)

Proof. Since Supp, (F, ,(A)) ={x0X: M, , (X)>0 and Ve, (X)<1}
But [ | (X) = UA(X) +a.71,(X) = UA(X) + L= 15 (X) =V A(X)]
T+ (1au,x)-av, )
andve  (X) = VA(X) + B, (X) = VA(X) + B = 1 (X) =V A (X)]
L~ Bun(X) + (1= B a(X)

Now, va(X) <1 < -ava(X)>-a .Also, Ha(X) >0 = (1-a)ua(x) >0
Thus, a + (1-a)u,(X)—av,(X)>a-a=0
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Le. fe (X) > 0. Similarly, we can show thg® — Bu, (X) + (1- B, (X)<li.e.
Ve, (X) <1.Therefore,Supp, (F, ;(A)) = Supp, (A).

By using the Lemma (3.9) and therig€in (2.14) and (2.15), we have the
following theorem.

Theorem 3.10. If A is IFSG of a group G, then A is IFASG of Gaifd only if i g(A) is
IFASG of G.

Theorem 3.11. If A is IFSG of a group G, then A is IFCSG of Gaifid only if i g(A) is
IFCSG of G.

4. Homomor phisms of modal operator in intuitionistic fuzzy groups
Theorem 4.1. Letf : G;> G, be a group homomorphism angstB) is IFSG of G.

Then f(F, ,(B))is IFSG of G.
Proof. Let F,5(B) is IFSG of G. By Proposition (3.6)(i), it is enough to showttha
F, ;(f *(B))is IFSG of G.

Let x, y OG, be any element, then
He, (@) 0Y™) =t ) (FOY7))

=ty e TOCKA D))

2Min A o UX) 4 g TX N}

=ML )9 0 ) V)
TUS, 2L, ey O ) MINE 2 000 Ay (V)
Smilarly, we can show that, .., 9 MaX, (s XD oY gy W
ThusF, , (f* B)) ad hencd ™ E, ;, B )) is IFSG of G .

Theorem 4.2. Letf : G, G, be a group homomorphism angstB) is IFNSG of G.
Then f™(F, ;(B))is IFNSG of G.

Proof. Let F,3(B) is IFNSG of G. By Proposition (3.6)(i), it is enough to showttha
F, ;(f(B))is IFNSG of G.

Let x, y OG, be any element, then
Hie 1) O9) = ey (FON) = ey (F OO F 9D = ey (F D FO9) = ey (FOP) = 411 )N
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V) 0=V 5 (FOMN =1 5 (FRTM)=1 5 (FTED=V, (F(OX)= Vel ) %
ThusF, , ¢ 8)) and hende' F(; B())isIMNSGgfG.
Theorem 4.3. Letf : G, G, be a group isomorphism anggfA) is IFSG of G. Then
f(F, 5(A)is IFSG of G.
Prodf Let %, ,y LG, beanyelements. As s bijectiveetdds unique x , yOG,
suchthatf (xF x ad (y5 .y
f(Fa,ﬁ(A))(XZyZ_l):(luf Fop (A))(XZy 2_1) Vi, @))(Xzy 2 1))
BU L o (Y, )= @ Where f ((F xy' =T (xJ (f Ff (XY Jnplies t=xy
B Xy 97 (XY )
=N pﬂj’ +)0’ 'E»UA {X& _)/A (X1_§7)]
g + @'/J) 1(){3/ _pVA' 1(){3/ )
2q +(&' )MM\ (X )UA y( )}aMa)“'{A Q(’)VA(VD}
& gMax iy (X)Va Yo M (e )Minfu, (%) £a (Y2}
aMin v, X)W, y( # (@ M, 3 L)}
=Min { (h‘ HA @"'a-(l_VA(xi))l (1G¥IA 6/1)+a-(]-_VA 6’1 ))}
= MinL[A (1)(‘)‘0' '6‘/’1A(X1)_VA(X1))’ :UA(yl)+a-(1_,UA (yl)_VA (yl))}
=Minf, X¥am, X)H Y Ham, % )}
= MiniJFaﬁ(A) X )/r’;:w(A) % )}
:Minilf(Faﬂ(A)) f( (1X))/7[f(Faﬂ(A)) flw N}
= Min{uf(Faﬂ(A)) % K (Fa s (A) 9
e Hik, ,m) (% 3’2_1 )2 Min{ 4, (Faﬂ(A))(XZ) HiE, 0 (v,)}
Smilarly, we can show that, . ), X,y 9 Maxy, Eoy X6 Wi, ay YE
Hence f (F, ;(A)) isalFSG of G .

Theorem 4.4. Letf : Gi=> G, be a group isomorphism andgdtA) is IFSNG of
Gi. Then f (F, ,(A))is IFNSG of G.

Proof Let x, ,y, 0G, beanyelements. As s bijective lesdTs unique x , yOG,
suchthatf (x¥ ¥ anfl (y3 y . Nowf F, ACRY ) =(Kie, X ¥ Vie, Xy )
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BU 44

a,

o Y=, @) wheref t(F xy=f (x§ (y¥f (xy)plies t=y,
B {xy)am (xy)
By {xyhr iy, (Y v O
g +@u) (Xypv. (1y)
g +@u) (Yyxpy, (Yx)
g+ TPV LX)
@ (T hy O &XPav, 1 of) X))
824 +ﬁ'ﬂf)(A) z()ﬁx'pvf(A) {BX)
290 £y2X+)a]ZI;(A) fyx)
e, o ¥%)
Smilarly, we can show that, . ) £XYIVie ay €Y X

Hence f (F, ;(A)) is IFNSG of G .

Theorem 4.5. Letf : G, G, be a group homomorphism angstB) is IFASG of G.
Then f(F, ;(B))is IFASG of G.

Proof. Let Fyp(B) is IFASG of G = Supp;, (F, ;(B )) is abelian subgroup ofA by

definition (2.14)]
= 3Uppg, (B ) is abelian subgroup of G by Lemma(3.9)]

=f*( Suppg, (B )) is abelian subgroup of,G

= SuppGl (f*(B)) is abelian subgroup of,Gby Proposition (3.8)(ii)]
= SuppGl (Fap(f'(B)) is abelian subgroup of;G by Lemma (3.9)]

= SuppGl (f'(Fup(B)) is abelian subgroup of,d by Proposition (3.6)]
= f‘l(Faﬁ(B))is IFASG of G [ by definition (2.14)]

Theorem 4.6. Letf : G, G, be a group homomorphism angtB) is IFCSG of G.
Then f(F, ;(B))is IFCSG of G.
Proof. Follow similar to the proof of Theorem (4.5)

Theorem 4.7. Letf : G, G, be a group isomorphism anggfA) is IFSAG of G. Then
f(F, s(A))is IFASG of G.

Proof. Since Fg(A) is IFASG of G= SuppGl (Fap(A)) is abelian subgroup of & by
definition (2.14)]
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=f (SuppGl (Fap(A))) is abelian subgroup of G
= SuppGZ (f(Fa,g(A))) is abelian subgroup of G by proposition (3.8)(i)]
=f(Fup(A)) is IFASG of G.

Theorem 4.8. Letf : G, G, be a group isomorphism angdgdfA) is IFCSG of G. Then
f(F, s(A))is IFCSG of G.

Proof. Since F(A) is IFCAG of G= SuppGl (Fap(A)) is cyclic subgroup of & by

definition (2.15)]
=f (SuppGl (Fap(A))) is cyclic subgroup of &

= SuppGZ (f(Fap(A))) is cyclic subgroup of &[ by proposition (3.8)(i)]
=f (Fap(A)) is IFCSG of G.

5. Conclusion

In this paper, we have studied the impact of magerator Egon intuitionistic fuzzy
groups and proved that many properties of intuision fuzzy subgroups like normality,
commutatively (abelian-ness) and cyclic groups #amavariant under the modal
operator. We have also obtained the impact of thgseator under homomorphism. A
similar type of impact of modal operator can bdized on other algebraic structure like
intuitionistic fuzzy subring, intuitionistic fuzzgubmodules etc. and this work is under
progress and will be published shortly
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