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Abstract. In this paper we have characterized the epimorghisnthe full subcategory
FTS, of Hausdoff fuzzy topological spaces (introduced by Srivastatval.[10]) of the
categoryFTS of fuzzy topological spaces and fuzzy continuouscfions using the
Salbany- type closure operator.
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1. Introduction

Salbany introduced a special type of closure opeiiat[9]. Alderton and Castellini [2]
had used Salbany-type closure operator to charaeteéhe epimorphisms in three
categories of separated fuzzy topological spaces the categorie§TS, of 0"~ T,
fuzzy topological spaces (introduced by Wuyts amavén [12]) and fuzzy continuous
functions, FTS; of FT,—fuzzy topological spaces (introduced by Ghanimsr&eand
Mashhour [5]) and fuzzy continuous functions aRfiS,, of oT,—fuzzy topological
spaces (introduced by Rodabaugh [8]) and fuzzyimoots functions. All these three
categoriesFTS, , FTS,,FTS,, are full subcategories of the categdfyS of fuzzy
topological spaces and fuzzy continuous functiémshis paper, we have used Salbany-
type closure operator to characterize the epimempiin the full subcatego§yTs, of
Hausdoff fuzzy topological spaces (introduced by Srivasetval.[10]), ofFTS

2. Preliminaries

Definition 1. [13] A fuzzy sef in a non empty se{ is a function fronX to the closed
unit interval [0, 1] i.e.A: X— [0, 1]. Now we define some basic fuzzy set operatis
follows:

Let A andB be fuzzy sets iiX. Then

(1)A=Bif A(X) = B(x), VX € X.

(2)AcBif AX< B(x), VXE X.

(3) AU B) (X) = max {A(X), B(X)}, V x € X.

(4) AN B) (X) = min {A(X), B(X)}, VX € X.

(5) A¢(X) = 1 - A(X), V X € X ( here A°denotes the complement AY.
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Definition 2. [7] LetQ be an index set andi{: ie (1} be a family of fuzzy sets iX.
Then their uniory;, g 4; and intersectiof;. o A; are defined respectively as follows:
(1) (UieaAi)(x) = sup {4; (x): ie O}, Vx € X.

2) (N x) =inf{ A; (x):ie Q}, Vx € X.

Definition 3. [7] A fuzzy topological spade a pair(X, t) consisting of a non empty set
Xand a familyr of fuzzy sets irX satisfying the following conditions:

DoXeT

(2) IfA,Be 1,thenANBE 13

(3) If A; € 1,V ie Q, whereQ is an index set, thed;c g 4; € 7.

Here ¢, X respectively denote the constant fuzzy sebdétaking values 0 and I is
called a fuzzy topology ox and members of are calledd —open fuzzy sets. A fuzzy
setAin X is calledr —closed ifA€ € t.

Definition 4.[13] Letf: X — Y be a function ant), V be fuzzy sets iX andY
respectively. Therf(U) andf~1(V) are fuzzy sets il¥ andX respectively, defined as
follows:
f(U)(y) — {Supxef_l(y)u(x)l if f_l(y) * ¢
0, otherwise
and AV (X=V (f(X), Yx€X.

Definition 5. [4] Let (X,7) and (Y, o) be fuzzy topological spaces. Then a function
f:(X,7) - (Y, 0) is said to béuzzy continuoud f~1(V) € T wheneveV € o.

The category of fuzzy topological spacesfaady continuous functions will be
denoted byTS

Definition 6. [1] Let f,g: A — B be a pair of morphisms. A morphisﬁ’ni Ais called
anequalizerprovided that the following conditions hold:

QD foe=goe;

(2) For any morphisma’: E' — A with f o e’ = g 0 e’, there exists a unique morphism
e:E' — E such thate’ = e oe.

Remark 7. [2] In FTS the equalizer between a pair of fuzzy continuous
functionsf, g: (X,7) — (Y, 0) can be identified with the sgff,g] = {x € X| f(x) =
g(x)}.

Definition 8. [9] Let (X, 7) be a fuzzy topological space anthe a class dFTSobjects.
Then theSalbany-type closuref a subseM of X with respect t@\, denoted byM],, is
the intersection of all the equalizers betweeniagiduzzy continuous functions from
(X, 1) to someA-object(Y, o) that agrees oNl i.e,

[MIA=N{KI[f, g1l K[f,g] > M where f, g : (X,7)— (Y,0), (¥,0) € A}.
The above closure operator is idempotent whiclréady proved in [9].

Definition 9. [11] Afuzzy point; (0 <A < 1)inX, is a fuzzy set iiX given by
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i (x') = {/’L ifx' =x
0, otherwise
Herex andA are respectively called tlseipportandvalueof x; . The fuzzy point; in X
is said tdbelong toa fuzzy sefd in X if 1 < A(x) (cf.[10]).
Two fuzzy pointst,. andy; are said to bdistinctif x = y.

Definition 10.[7] A fuzzy singletom; (0 <A < 1) inX, is a fuzzy set iX given by
i (x') = {A, ifx' =x
0, otherwise
Herex and/ are respectively called tiseipportandvalueof x, . The fuzzy singleton
x, in X is said tdbelong toa fuzzy set A in X ifv < A(X).

Definition 11.[7] A fuzzy singletonx, in X is said to bejuasi-coincidenwith a fuzzy
setAin X if A>A°(X)orl+ A(X)> 1.

Definition 12. [7] Let A andB be fuzzy sets iX. ThenA is said to be quasi-coincident
with B, denoted byAgB if there existsc € X such thatd(x) > B°(x) or A(x) + B(x) >
1. In this casé\ andB are said to be quasi-coincident (with each otaex)

Definition 13. [7] Let (X, ) be a fuzzy topological space afadbe a fuzzy set iX. Then
A'is said to be a Q-neighborhoodxgfif there exists BE t such thair,qB<S A.

Proposition 14. [7] A < B iff AandB€ are not quasi-coincident.

3. Epimorphisms in the category of Hausdorff fuzzyopological spaces
We first state the following theorem given in [2hieh is a special case of Theorem 1.11
of [3]. This theorem will be used in proving theimeesult of this paper.

Theorem 1.Let A be a subcategory &fTSand(X, 1) Z> (Y,0) be a morphism iA. Then
fis an epimorphism ia iff [f(X)]p, =Y.

Definition 2. [7] Let (X,2) be a fuzzy topological space awdoe a fuzzy set iX. Then
the intersection of all the-closed fuzzy sets containihg is called theclosureof M,
denoted byM.

M ist—-closed ff M=M.

Theorem 3. [7] A fuzzy singletonx, €M iff each Q-neighborhood &j is quasi-
coincident withM.

Definition 4. [7] A fuzzy singletorx; in X is called aradherence poinof a fuzzy seM
in X if every Q-neighborhood of; is quasi-coincident witi.

Corollary 5. [7] M is the union of all adherence points\i.e., M =U {x;: U €

7,U(x) > 1 — 1 = there existsa € X such that U(a) + M(a) > 1}
From Corollary 5, we get the following proposition:
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Proposition 6. If M is a crisp subset &. ThenM is t—closed iffY x € X — M, there
exists U € z such thatJ(x) >1 - 2 andU (a) =0,V a€ M.

Proof: M € X ist —closed ifM=M =uU {x;: U€1,U(x) >1— 1 = there exists
a € X suchthatU(a) + M(a) > 1}. Now ifx € X — M, then M(x) = 0,

therefore x, ¢ M and hence; ¢ M implying that there existd € T such that/(x) >
1—-2AandU(a) + M(a) <1,Va € X.NowM(a) =1,Va € M,hence U(a) = 0,Va €
M.

Definition 7. [10] A fuzzy topological spaceX(z) is said to be Hausdorff éiT, if for
every distinct pair of fuzzy points., y, in X, there exist U, V € t such thatk,. € U, y, €
VandU NV =g.

From now onwards, the full subcategoryrdfSconsisting of alFT, fuzzy
topological spaces will be denoted BFS,,.

Proposition 8.[10] Let f, g: (X;7) — (Y o) be fuzzy continuous functions, wheh&d)
€ FTS,. Then the set{e X | f(X) =g(X)} is t—closed inX.

Proposition 9. Arbitrary intersections of —closed sets are—closed.
The proof follows from the condition (3) of defimiti 3 (Section 2).

Proposition 10. Let (X,2) be aFT,space antil € X. ThenMg[M]FTSZ.

Proof. From Propositions 8 and 9, we obtain i, is t-closed andM< [M]prs, .
So we havé! S [M]grs,.

For the following definition and result, we refer({2], [6])

Definition 11. [2] Let{(X;, t;)}q, WhereQ is an index set, be a family of fuzzy
topological spaces and for edehQ, we have a functioi; £l> X. Then the fuzzy

topology overX which is final with respect to the fami¢X;, t;) Zi X}q is given byr =
{(AX—>I|fY(A) e, Vie Q)
In particular, let Y o) be a fuzzy topological space. Then the fuzzy lapp
o U o onYUY, the usual disjoint union, which is final with pext to the family of
injections {(Y, o) Byu Y, (Y,0) Zvyu Y } is given by
ocuUoc={A:YUY —1I| ui*(A) € o and p;'(A) € g}
guv:.u, VvV eay,
where U UV is defined by
. Uly), ifi=1
Wun,H = {V(y), ifi =2
Next, we define a quotient fuzzy topological spabétvwill be needed in the next
proposition.
Let (Y o) be a fuzzy topological space add<Y . Define a relation oW LY by
XD~ )ex)=)orx=yeM.
Clearly, the above relation is an equivalence imtatletQ be the quotient set ofLIY
with respect to the above equivalence relationtewing the fuzzy topolog§ which is
final with respect to the quotient map
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(YuvY,ouo) A Q
whereq is given by
(i) = { {(x,1),(x,2)}, ifxeM
’ {(x,1)}, ifxegM
Hence,
(={A:Q > I|q (A Ecua}
{4:Q — I | Aoq = V; UV, for someV,,V, € g}

Lemma 12. [2] Let U, andU,be arbitrary functions froni to I. Thenq‘l(q(U1 u
U,)) = Uy U U, iff Uy(3) =U,(a), va€e M.
We now give the following proposition, the proofwafich is on similar lines as in [2].

Proposition 13. For eachFT, space Y ¢) and each—closed seM of Y, there exists a
FT, space Z.x) and fuzzy continuous functiofisg : (Y ) — (Zx) such thaM = {ye Y
| (Y) = 9)}-
Proof: Let (Zx) be the quotient spac®{’) defined above. First we show th@t{)
€ FTS,. To show this, suppose thatx, i), andq(y, j), are two distinct fuzzy points in
(Q, ). Then consider the following cases:
Case l:x#Yy.
Since {f o) is aFT,spaceaU, V € ¢ such that
xr€U,y;eVandUNV=¢
=>r<U(x),s<V(y)andU NV =¢. @

SetU; =qUuU)and Uy, =q(V uV).
ThenU; and U, both belong td, by Lemma 12. Further, using equation (1), we have

Ui(a(x, D) = qU U )(q(x, ) =U(x) >,

U2(a. ) =av un)(@m.)) =vQ©) >s.
Also, by using equation (1),

(U1 nU3)(a(z,1) = min{U;(q(z,1)), U1 (q(z, )}
=min{U(z),V(2)} =0, Vq(z,i) €Q

showing that/; N U; = ¢.

Case Il: x=y (say,2)

. ~_ ({(x, 1), (x,2)}, ifxeM
Since  q(x) = {{(x, D}, ifx & M
andq(x,i) # q(y,j),soi # j andz & M.
Next, sinceM ist — closed, so&v z € Y — M, there exist¥/ € o such that/(z) > 1 —
A(=t,say)and) () =0,Va € M. SetU; =q(U U ¢)and U; = q(¢ UU). By
Lemma 12,U; andU, both belong t@ and

Ui(a(z 1) =qU ud)(q(z 1) =U(z) > 1= A(= 1),
Ui(q(z,2)) = q(@ uU)(q(z,2)) =U(z) > 1 - A(= ).
Also, we have ifl ¢ M,
W1 nU3)(q(d, ) = min {Uj(q(d, 1)), U3(q(d, 1))} = min{U(d), 0} = 0
and (U; n U3)(q(d, 2)) = min {U{(q(d, 2)),U5(q(d,2))} = min{ 0,U(d)} = 0.
Next, ifd € M, then
(U1 nU3)(q(d, ) = min {U;(q(d, 1)), U;(q(d, )}
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= min {max {U(d), 0}, max {OU (d)}}
=U (d) = 0.
Finally, if we setf = q o u; and g = q o u,. Then it is easy to verify thd =
yeYlf( =9}k

Corollary 14. Let(X,7) be aFT, space an#/ € X. Then[M]zrs, = M.

Proof: SinceM = M, so by previous theoreM is an equalizer between a pair of fuzzy
continuous functions iIRTS, and hence we hayé/]zrs, < M. Next, using this
containment and Proposition 10, we obtain {7, = M.

Now, by using Theorem 1 for the subcategbfis, of FTS we obtain a characterization
for the epimorphisms in the categdtys,as follows:

Theorem 15.A fuzzy continuous mafX, 1) £> (Y,0) in FTS, is an epimorphism iff

fX)=v.
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