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Abstract. We apply Green function techniques for solving mmmbgeneous differential

equations. The advection diffusion equation of ieats in the porous ground water is
nonhomogeneous partial differential equation can dmved by reducing the

nonhomogeneous advection diffusion equation witisstution to diffusion equation with

nonhomogeneous part and then general solutionrisedeby using Greens function
method in infinite domain with initial condition. solve advection diffusion equation in
both form in cartesian and radial coordinate system
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1. Introduction
The model Barber Nye and Tinker given an equatosrcbncentration of nutrient in the
porous water which is of the form see [5,7]

2 (¢c) + V. (cu) = V.[pDVc] — d. (1.1)
where ¢ porosity of the wateru is a Darcy flux of pore water) is a diffusion
coefficient of nutrients in pore wated, is the interfacial ion transport, which is noneer

if the liquid is below saturation. Now let Darcyufl u is given byu =V¢ in three
dimension. Then above equation becomes see [1]

2 (¢pc) + V. (cV) = V.[pDVc] — d. (1.2)
For the constant velocity equation(1.2) become
$ 2+ $VVe = pDV2c — d, (1.3)

with reduces in following form
dy

Oc — pv2,_ %
at+VVc-DVc

=, (1.4)

2. Reduction of advection diffusion equation by substitution

v V2
We substitute in the equation (1.4)= welzp*+¥*+2 =355t
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Then it become see [4]

3V

] ds v

a—V:— szw—ze[wt (x+y+z)] (2.1)
and

1w oo ds B Loty +a)]

S =V 08 0 P . (2.2)
For the solution of equation (2.2) consider thembgeneous part

1 6W

= V2w (2.3)
Consider the equatlon (2. 3) with the boundary @@t as

;Z‘:—Vzw —o<x<o0, —o<y<owand —o<z<oo, t>0,
(2.4)
w=f(xyx), t=0. (2.5)
Solution of equation (2.4) with boundary conditi@5) is as see [2]
—[e=xn 2+ -yN?+(z-zn%
w=——=[" T fy' 2)e 4Dt dx'dy'dz'.  (2.6)
(4nDt)2
The solution (2.3) in terms of Green'’s function is
wey,2) = fo e Gy, 2.t Y, 2, D)l
SOy Z2N)dx'dy'dz’. (2.7)
Comparing equation (2.6) and (2.7) we have a Gsdanction
1 —[G—xn)?+(y-yN2+(z-21)?]
G(x,y,ztlx',y', 2", 1) ;20 = —.€ 4Dt . (2.8)
(4mDt)2

The desired Green’s function is obtained by stuigig (¢t — 7) in the place oft in
equation (2.8) see [3]

1 —[(x=xD2+@y-yN?+(z-21?]
G(x,y,ztlx,y, 2, 1) = ———.e D) . (2.9)
(4mD(t-1))2
Then solution of (2.1) by application of Greenimétion method is given by
w =
fxo’o=—°° fyo;—oo fzolo=—oo Gy, 2, tlx" y" zZ, 7) |‘L'=0f(x,: y’: Z')dx'dy’dz’

+ lf: . dt fxo:)__oo fyolo__oo fzolo__oo .G(x,y,2, t|x" y" z, T)d,

e[4D 2D(x+y+z) dx’ dy dz'.
Using the value of Green’s function in (2.10)

w =
o) ) —[(x=xN?+(y-yN2+(z—zn?]
- ! ! ! ! 12 ]
“ Dt); fx,—_oo fyl——oo fzr—_oo e 4D(t-7) fix',y', zdx'dy'dz
T
—[(x=xD?+y—yN?+(z-2?]  3V?
+lfr deoo foo foo ;e[ 4D(t-7) t2ot —(x+3’+2)]
¢ =0 x1=—00 Jyr=—oo Jzr=—o0 3
(4Dm(t-71))2
ddx'dy'dz’

Now ¢ = w. e[ZD(x+y+Z) _t]
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Hence the general solution of (2.1) is
Cc =
—[Ge=xn?+(y=yn?+(z=21)?]

[( 1 ); fxo,oz_oo fyo,:—oo fz"loz_ooe 4D(t-T) f(x’, y/’ Z')dx'dy’dz’
4ntDt)2

[l x?+(y-yN2+(z-zN?]  3v?

1 p7T o o o 1 t
— _— D(t— D
+¢f'[=0 dT fxl:—oo fyl:—oo fz/=—oo Ee * ( T) *
(4D1T(t—‘r))2

——(x+y+z)]

dodx'dy'dz']. e+ =55 5t
If the interfacial ion transpord is zero when the liquid is saturated. Then equgfol)
becomes

2 () + V. (cV) = V. [¢DVc], (2.10)
then equation (2 13) by substitution= welap® )= 3pt] reduces to
2 = DV?w. (2.11)
Equation (2.14) is a the diffusion equation whk boundary conditions as
;f;:—vzw —0<x<0, —0<y<owand —0<z<w, t>0, (2.12)
w=f(xy1x), t=0. (2.13)

Solution of equation (2.15) with boundary conditi¢2.16) is workout by similar

procedure as
—[(e=x))?+(y=yn?+(z=21)*]
f f f e fx'y',2")
(47TDt)2 x!=—00 Jyr=—oo Jzr=—oo

dx'dy’ dz']e%(“y”)‘ﬁ”.

3. Nonhomogeneous Advection diffusion equation in cylindrical form
Consider the nonhomogeneous advection diffusiomatemuin radial form[3][6]

a2 10 .
a_rg+_“ grt) == —‘; in0<r<o,t>0, (3.1)
c=F(), fort=0. (3.2)

Considering the homogenous part of the above mousgparating the variables, solution

for time variable ise(-P8*®), wherep is separation variable.
The space-variable functioR, (83, r) is the solution of the equation see [3]

2
e Tt 2R, =0, in 0<7 < . (3.3)
The solution of equation (3.3), which is finiterat 0, is
Ro(B,1) = Jo (BT). (3.4)
Then the complete solution of homogenous parivisngby ¥ (r, t) is given by
o) _npR2
Y(r,t) = [, k(B)e PP o (Br)dp. (3.5)

The application of the initial condition (3.2) éguation (3.5)
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F(r) = f;‘;o k(B)],(Br)dB, in 0 <r < oo. (3.6)
This is an expansion of an arbitrary functiB(r) defined in the interval
0 <r < o interms of/,(B,) functions. Therefore we obtain

F(r) = f; Blo(BrYdp [ Jo(BrYF(rdr')dr',in 0 <1 < oo, (3.7)
Comparing the equation (3.6) and (3.7) we get
k(B) =B J,r_o T'o(BrF (r)dr. (3.8)

Then the complete integral is given by
Y, t) = [y e PRI, (BB [ o (BrYF(rYAr,  (3.9)
by changing the order of integration see [3] asel of integrals we have
. , 124712 ,
Jio € PP Bl (BP0 (BrYdp = o5zet ™0t 1, (0. (3.10)
The complete integral of homogeneous part equéBd) is
Y(r,t) _ﬁ Y r'e(apt )F(r Mo(Go)dr. (3.11)

The solution of the homogenous part of equatldl)(B] terms of Green’s function is
given by see [3]
Y(r,t) = fr, _o TGt D)= F(r)dr’ (3.12)
wherer’ is the Sturm-Liouville weight function.Comparisohequation (3.11) and (3.12)
yield

rr!

_r2+r'2> ,
G, t|r',T)|rzo = $e< e, (%) (3.13)
The desired Green'’s function is obtained by réptac¢ by (¢t — ) in equation (3.13)

r2+r12
G(r t|r', 1) =$e( 201 (ZDZ’_T)), (3.14)
Then the solution of the nonhomogeneous probled) (8 terms of the above Green's
function is given as
c(r,t) =
fT, o TG0 tr, D)o F(r)dr' + - f dt f:;o r'G(r, tir', g (', T)dr'
D[, Ir '%]r_o.f(r)dr.
Introducing the the Green’s function in equati8rib) we have the complete integral as
follows
c(r t) =
2+1'12
rr!

o) o GEIF (r)dr' + f dr . r’ﬁe[‘—zo(t—r)]

1 co

m =0 2 2
T , , T 6[—e( r‘*Drt, )Io(r_r’)]
IO(ZD(t_T))g(r,T)dr -D[_, [r—22 b1 _o. f(T)dr.

orr

4. Conclusion

The Green’s functions method discussed above ftutiso of advection diffusion
equation in an infinite domain. The Green’s funatie used to find the solution of an
inhomogeneous differential equation and/or boundanditions from the solution of the
homogenous part of advection diffusion equation.
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