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1. Introduction

In most of cases in our life, the data obtaineddferision making are only approximately
known. In 1965, Zadeh [10] introduced the cona&pfuzzy set theory to meet those
problems. In 1978, Dubois and Prade [1,2] defineg @f the fuzzy numbers as a fuzzy
subset of the real line. Fuzzy numbers allow usnake, the mathematical model of
linguistic variables or fuzzy environment. A fuzaymber is a quantity, whose value is
imprecise, rather than exact as in the case wittlifiary’(single-valued) numbers. Any
fuzzy number can be thought of, as a function whiiseain is a specified set. In many
respects, fuzzy numbers depict the physical wortdenrealistically than single-valued
numbers. The fuzzy numbers and fuzzy values areelyidised in engineering
applications (especially communications) and expenital sciences because of their
suitability for representing uncertain informatidn. this paper, we will make a brief
survey on fuzzy numbers and their arithmetic argeladaic properties. Further, we
consider the set of fuzzy numbers, as defined by &uwd Ralescu [5,6] define an
equivalence relation therein and consider the edgice classes as “the fuzzy numbers”.

2. Fuzzy number

Definition 2.1. A fuzzy set A in R (real line) is defined to be a set of ordered air
A={(x, 4,(x))/xOR}  where u,(x) is called the membership function for the
fuzzy set.

Definition 2.2. The a-cut of @ -level set of fuzzy setA is a set consisting of those
elements of the univers¥ whose membership values exceed the thresholel ¢ey

Thatis A, ={x0X/ u,(x)=a}
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Definition 2.3. A fuzzy set A is called normal, if there is at least one poit[1R
with z, (x) =1

Definition 2.4. A fuzzy set A on R is convey, if for any x, yOR and anyA D[O,l]
we havel, (A, + (1= A)y) = min{u, (%), 2, ()}

Definition 2.5. A fuzzy number is a fuzzy set on the real line that satisfies the
conditions of normality and convexity.

A fuzzy number which is normal and convex is reddrto as anormal convex
fuzzy number.

Definition 2.6. If a fuzzy set is convex and normalized and itsmimership function is

defined inR and piecewise continuous, it is called figzZzy number”.
Fuzzy number represents a real number whose bouisdfarzzy.

Definition 2.7. [4] A fuzzy number A is called positive, denoted byA>0, if its
membership functionu , (x) satisfies z,(x) =0, L x<0

Definition 2.8. [4] A fuzzy numberA is callednon-negative, denoted byA>0, if its
membership functionu, (x) satisfies z,(x) =0, U x<0

3. Properties of fuzzy numbers
Definition 3.1. Let A and B be fuzzy numbers il and let C denote any of the four
basic arithmetic operations. Then we define a fieetyonR, AL B by the equation

(ADB)(2)= Sup min[A(X), B(y)] , forall zOR
Z=x0y

More specifically, we define for alt 1 R
(A+B)(2)= Sup min[A(x), B(y)] .

Z=x+y

(A-B)(2)= Sup min[A(x),B(y)] .

Z=x-y

(AB)(2) = Sp min[A(X), B(y)] ,

(A/B)(2)= Sup min[A(x), B(y)] .

Z=xly
Theorem 3.2. Let DD{+,—,D/}, and letA, B denote continuous fuzzy numbers. Then,
the fuzzy setA L B defined by3.1. is a continuous fuzzy number.

Theorem 3.3. If A and B are convex fuzzy numbers in the real liRe then A+ B,
A-B, AIB are also convex fuzzy numbers.
Proof : For each0 < a <1, thea-level setsA, and B, of convex fuzzy number#&\ and

B are convex sets(or intervals) R. Thus, for anya, and a, with 0<a, <a, <1

91



Avinash J.Kamble and T.Venkatesh
A, UA, and B, OB, Therefore we haveA, +B, UA, +B, and
A, [B, OA,[B, which leads to (A+B), O(A+B), and
(A[ B)D,2 U (A[ B) Further(A+ B)D,i and (A[ B)ai are intervals (or convex sets) for

eacha, (i = l2). Thus, fuzzy number#\+ B and A[B are shown to be convex fuzzy

numbers. Next we shall prove the convexity/of B.
Let — B be defined by0 - B, then the membership function ef B will be

expressed agi/_; (X) = g (—x), XOR and - B can be easily shown to be convex,

if B is convex.
Thus, A— B is proved to be convex, sind®— B is expressed aé + (—B).

a

Remark:
1. It should be noted that, for discrete fuzzy numpirs convexity ofA + B,
A-B and AIB does not hold in general.

2. If Bis a zero convex fuzzy number, theéq (= 1+ B) is not a convex fuzzy

number.

Theorem 3.4. If A is a convex fuzzy number arf8l is a positive ( or negative) convex
fuzzy number, therA+ B is a convex fuzzy number.

Proof : It will be sufficient to prove that— is convex, ifB is positive convex.

[

Since A+ B can be represented aLSX(—). Let x,Yy,z be real numbers such that,

w

ls sl holds. Thus, we can have
z X

O<x<gy<z then 0<

< |k

,L(B(lj > :Us(lj O ,L(B(lj in virtue of the convexity ofB.Therefore we can write
y X

Z
,u}/B(y) > ,u}/B(z) D,uyB(x) which leads to the convexity ofé
Theorem 3.5. If A and B are normal fuzzy numbers, theh+ B, A-B, A[B and
A+ Bare also normal.

Remark: For two fuzzy numbersA and B, if the one is convex and the other is non-
convex , then the execution resultsfand B under+, —, 1. and+ may be convex

or non-convex.

Theorem 3.6. For any fuzzy numbersA, B andC, we have
i) (A+B)+C=A+(B+C)
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(A [B) (C= A[ﬂB [(D) (Associative laws)

i) A+B=B+A
AIB=BIlA (Commutative laws)
i) A+0=A

All=A (Identity laws)
where 0 and 1 are zero and unity, respectiwelthe ordinary sense.

Theorem 3.7. For any fuzzy numbe®, there exist no inverse fuzzy numbe#s and
A'under+  andi, respectively, such thaA+ A'=0, A[A"=1

Theorem 3.8. For the positive convex fuzzy numbeks B and C, the distributive
laws holds i.e A[(B+C) =(AIB) +(AIC)
Proof: Let o-level sets of positive convex fuzzy numberd, B and C be
A, :[ai,az], B, :[bl,bz] and C, :[Cl,Cz], respectively, then each level set is an
interval in R and0<a, <a,, 0<Db <b,, and 0<c, <c,,hold. Thus for each
O<a<]
[adB+C)l, = A, B, +C,)
Ha,,a,] by, b, ] +[c,.c, )
da,(b, +¢)a,(b,+c,) L (i)
Now consider,[(AEB)+ (A[C)]a =(A, B,)+(A, T,)
= (a3, b, ,]) + (a8, ] +[c,.c.)
= [ab, +a,c, &b, +ayc, ]
fu(b +c).2, (b, +,)
[AgB+C), (ii)
Therefore, we havéA[(B +C) = (AIB) + (AIC)
Note that, whem-level set is an empty set , the following holds,

A +to=9 A p=9.

4. Equivalencerelation between two fuzzy numbers
Definition 4.1.[5,6] A fuzzy subsetA of R is called a fuzzy number, if it satisfies the
following conditions,

i) A is an upper semi continuous map
i) A{a] is non- empty for alh,

iii) Aq is a bounded subset &

iv) A is convex.

Definition 4.2.[5,6] : Let A and B be two fuzzy numbers, then we defide~ B, if
(A-B)(c)=1 c=0and(A-B)(c)=(A-B)-c), c#0.
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Theorem 4.3. The above relation ~ is an equivalence relation.

Proof: 1.Reflexivity (A~A)

To prove that, (A- A)c) =1, if c=0 and (A- A)c) = (A- A)-c), if c#O0.
(A-A)O =sup(A(a) DA(b))

0=a-b

Sup(A() DA(b)
=SupA(a) =1

Now to prove that{ A— A)(c) = (A- A)(-c), if c#0.
(A= A)(-c) = (A+~-A)(-c) = Sup (A(a) O-A(b))

—-c=atb

= Sup(A(-a) DA(b))

c=atb

= bp(A(—b) 0A())

c=b+a

= Sup(A(a) O-A(b))

= (A- A
2.Symmetry (A~B = B~A)
To prove that(A-B)(0) =1 and (A-B)(c) = (A-B)(-c), c#0
= (B-A)(0)=1and(B-A)(c)=(B-A)-c), cZ0
(A-B)(0) =1= Sup(A(a) U-B(b))

O=a+b

Sup(A(a) D-B(-h))

0=a-b

Sup(A(a) LB(b))

O=a-b

Sup(A(b) 1B(a)), by symmetry

O=b-a

Sup(B(a) O-A(-b))

0=a-b

Sup(B(a) U-A(b))

8- "))

Giventhat,(A-B)(c) = (A-B)(-¢c), (i)
(A-B)(-¢)=-(A-B)(c)=(B-A)(c) ... (i)
(A-B)(c)=-(A-B)(-c)=(B-A)(-¢c) ... (iii)

From (i), (i), and (i), it follows that(B — A)(c) = (B- A)(-c), c#0

3. Trangitivity To prove thatA~B andB~C = A-~C
First we will prove (A-C)(0) =1
We have Sup(A(a) IB(c)) =1 and Sup(B(c) C(b)) =1

O0=a-c 0=c-b
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Sup(A(2) UC(b)) = Sup  (A(a) OC(b))
0=a-b 0=(a—c)+(c-b)

> Sup (A(@) OB(c) OB(c) IC(b)

0=(a—c)+(c-b)

> Sup (A(a) OB(c) OB(c) IC(b)

Sup[ A@) 0B(c)] O Sp[B(0) DC()]
=1

Next to prove that(A—C)(c) =(A-C)(-c), c#0
(A=C)(c) = Sup(Aa) UC(b))
Sup (A(@OC(b) ; tOR

c=(a-t)+(t-b)

Sup [A(a) OB())] O[B(t) OC(b)]

c=(a-t)+(t-b)

< ci{ﬂ I( fﬁft A2) DB(D) D (Sup[B(t) LC(b)]
f;e[A— B)(c,) D(B—C)(E:Z)
:ci{é [A-B)(-c,) O(B-C)(-c,)
:cifé [A-B)(c,) O(B-C)(c,)
:.Stjﬁ:[‘\‘ B)(c,) O(B-C)(c,)
< (A-C)(-c)

(A=C)(c) = (A-C)(-0),
Similarly we can prove th&éA— C)(-c) < (A-C)(c),

From (iv) and (v), it follows thagA—C)(c) = (A-C)(-c), c#0

Definition 4.4. The fuzzy numberQO is defined by0(0) =1, 0(c) =0(-c), O ¢

Remark; A~B if andonly if, A~B~0.
Definition 4.5. Let A and B be two fuzzy numbers.

If the mid-point ofA{a] < mid-point of B[a] , then we say thatA < B

Definition 4.6. A fuzzy numberA is called non-negative, if the mid-point oﬁa] =0,

Oa>0
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Proposition 4.7. Addition is compatible with equivalence ~ ief A~B, and

A,~B,, then A +A,~B, +B,.

Proposition 4.8. If A, B and C are non-negative fuzzy numbers, then multiplicato
compatible with equivalence ~ i.&~B,then AC~BC

Proposition 4.9. If A, A,, B, and B, are non-negative fuzzy numbers, then
multiplication is compatible with equivalence ~ .
ie.If A~B, andA,~B,, then AA~BB, .
Proof: Since A -B,~0 and A,—-B,~0.
AA,-BB, = AA, -BA, +BA, -BB,
=(A -B,)A, +(A, - B,)B,
~ B,+0B
~ 0

ie. AA, ~BB,
Proposition 4.10. If A is a non-negative fuzzy number, th&3 > 0

Notation 4.11. The set of equivalence classes of fuzzy humbedei®ted byﬁ and

the set of equivalence classes of all non-negdtizzy numbers is denoted bR" .
The equivalence class containing fuzzy numBeris denoted b)[A]. The equivalence

class containing fuzzy number 0 is denoted(y where 0 is defined by,
0(0) =1, 0(c) =0(-c), Uc

Therefore, we have the following,

[A]=[B] ifand onlyif, [A]-[B]=0

5. Conclusion

In this paper, we have made a brief survey on Fuzagbers with their properties. We
have considered the definition of fuzzy number gity Puri and Ralescu to determine
the equivalence relation between two fuzzy numizerg finally made an attempt to
denote equivalence classes as the fuzzy numbers.
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