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1. Introduction

Levine [11] introduced semi open sets in 1963 atgb devine [12] introduced
generalized closed sets in 1970. AbdEl-Monsef et[Hl introduced B-open sets.
Veerakumar[15] introducetty-closed sets in topological spaces. Kelley [7iiated the
study of bitopological spaces in 1963. A nonemjtly>s equipped with two topological
spacesi;andt, is called a bitopological space and is denotedXqyr; 12 ). Since then
several topologists generalized many of the resultspological spaces to bitopological
spaces. Fukutake [5] introduced generalized clss&lin bitopological spaces. Fukutake
[6] introduced semi open sets in bitopologicalsgaRao and Mariasingam [3] defined
and studied regular generalized closed sets impdiibgical settings. This paper is to
introduce a new class of sets callgdh — “g-closed sets in bitopological spaces and to
study about its properties.

2. Preliminaries

Definition 2.1. A subset A of a bitopological space {Xs.) is called a

1. tut-semi open if Ac 1.cl(tiint(A)) and it is calledit,-semi closed if, int(tiCI(A))
cA

T11-pre open if Ac int(t;cl(A)) andtyt-pre closed it cl(tiint(A)) < A.
T11-0-0pen if Ac tint(tcl(tiint(A))).

T1T2-Semi preopen if A ticl(taint(tiCI(A))).

tT-regular open if A =,int(tiCl(A)).

Tit-regular closed if A = Cl(tiint(A)).

ouakwnN

Definition 2.2. A subset A of a bitopological space @4, t,) is called a

1. t1-g-closed setrft,-generallized closed set)dfcl(A) c U, whenever Ac U, U is
1,-0pen.

2. 11,-Sg-closedqit-semi generallized closed setyifscl(A) c U , whenever Ac U,
U ist,-semi open.
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3. tt-gs-closedt,- generallized semi closed setxifscl(A) € U , whenever A U,
U is11-open.

4. 11-ag-closed {i1,-0- generallized closed set)tdfacl(A) € U, whenever A= U, U
is t;-open.

5. tu1-ga-closed €1t~ generallizedi-closed set) ift,.acl(A) € U, whenever A= U, U
is 11-0-open.

6. t1o-gp-closed {it>- generallized pre-closed set)ifpcl(A) € U , whenever Ac U,
U is1;-0pen.

7. t1-gsp-closedt,- generalized semi preclosed set),ispcl(A) c U , whenever A
c U,U isty-open.

8. mtt-gpr-closed {1, generallized pre regular closed set),ipcl(A) c U , whenever
A c U, U ist-regular open.

9. mr,-p-closed set ity cl(A) c U, whenever A- U, U ist;-ga*-open.

10. ty1-y-closed set i, scl(A) € U, whenever A U, U ist;-sg-open.

11. ty1-pre semi closed setif.spcl(A) c U, whenever A= U, U ist;-g-open.

12. 111,-g*-closed set if,.cl(A) c U, whenever A= U, U ist,-g-open.

13. 141,-g*-pre closed set ifr, pcl(A) € U , whenever A= U, U isty-g-open.

14. t1-g™-closed set if,.cl(A) c U, whenever A= U, U ist;-semi open.

15. 1y1,-*g-closed if t,cl(A) € U, whenever A U, U ist,-g*-open.

16. 111,-*g-semi closed ifto.scl(A) € U , whenever A U, U ist;-g”-open.

17. tit-o*g-closed if 1.acl(A) € U, whenever A= U, U ist,-g™-open.

18. 111-p-semi closedt,-p-closed) if 1,scl(A) € U , whenever Ac U, U is 1,-go*-
open.

19. ty1-p-pre  closedtt-pp-closed) if topcl(A) € U , whenever Ac U, U ist-ga*-
open.

20. 1yt-semip- closed if 1, scl(A) € U, whenever A U, U isty-go**-open.

21. 1y1,-"g-closed if t,cl(A) € U , whenever A= U, U ist,-*g-open.

3. Basic properties of 1,7,- “g-closed sets
Definition 3.1. A subset A of (Xg1,12) is called att; - #g—closed ifto- cl A c U,
whenever Ac U, U istq - *g-open in (Xgy).

Definition 3.2. The complement ofyt, - #g—closed set is callecdk;t, - #g—open set.

Example33.Let X ={a,b,c}, u={X, o¢,{a}} & ©={X, o, {a}, {a,b}}
1, - "g-closed sets={ Xg, {c}, {b,c} }.

Theorem 3.4. Everyt,-closed set is;t,- “g-closed.

Proof: Let A bet,- closed.Thetp - cl A=A

= 1,—Ccl Ac U, whenever A= U, where U ig;- *g-open.
= A is 111, -“g-closed.

Theorem 3.5. Every 1115 - #g - closed set ig;t- g-closed.
Proof: Let Ac U, U ist;- open. Then U is;-*g-open.
=1~ clAcU (v Aist,- "g-closed )

= A is 1415~ g-closed.
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Theorem 3.6. Every 1,1~ g -closed set is;t,- “g-closed.
Proof: Let AcU, U ist;- g-open.Then U is, -g-open.
=1,-cl A c U (By the assumption)

~ Ais 1,1, - "g-closed.

Theorem 3.7. Everyt,1,— §-closed istyt, - “g-closed.
Proof: Let AcU, U ist;- 'g-open.

U ist:- ‘g-open= U ist; - ag-open.

=1,-cl A c U [ by our assumption ]

~ Ais 1,1, - "g-closed.

Theorem 3.8. Everyt;t,- #g—closed set is;1,- gs-closed.
Proof: LetAcU, U isn; open.

Uist, - open= Uisty - g-open.

= 1,-Ccl A c U (By our assumption)

But 1~ scl Act,-cl A € U= Ais 111, - gs-closed.

Theorem 3.9. Everyt,1,- “g-closed set is;t,— ag-closed.
Proof: LetAcU , U is*rl— open.

U ist-open= U ist;- g-open.

=1~ ¢l A c U (By our assumption)

But t,-acl Act,-cl A € U=A is 111, - ag-closed.

Theorem 3.10. Everyt, 1,- “g-closed set is, 1,- gp-closed.
Proof: Assume that A is; t,- "g-closed.

To prove A ist; t,— gp-closed.

Let AcU, Uist-open.

U ist;-open= U isty- g-open

=1,-cl A c U ( by assumption )

But to-pcl Act,-cl AcU=A is 13 12- gp-closed.

Theorem 3.11. Everyt; 1,- #g—closed set is; 1o - gpr-closed.

Proof: Assume that A i$; 1,- #g—closed.To prove A ig; 1,- gpr-closed.
Let A cU, U ist, - regular open.

U ist, - regular opers U ist, - open= U ist; g-open.

=1,-¢cl A c U ( by assumption ) .But - pcl A ct- ¢l Ac U

=1~ pcl AcU , whenever A= U, U isty-regular open.

= A is 1y 12- gpr-closed.

Theorem 3.12. Everytit, - #g—closed set ig;1, — gsp-closed.
Proof: Assume that A i$11, - #g—closed.

To prove A istt, — gsp-closed.Let AU , U ist; —open.

1, - Open= 1, - g-oper> - ¢l A ¢ U ( by assumption )
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=1,- spcl Act,- ¢l Ac U= 131, — gsp-closed.

Theorem 3.13. The converses of the above theorems are not trgarabe seen by the
following examples.

Example3.14. Let X ={a, b, c }11={ X, o, {a}, {b,c} } & ©.={X, ¢, {a}}

1115~ "g-closed sets = { Xp, {b}, {c}, {a,b}, {a,c}, {b,c} }

Here {b}, {c}, {a,b}, {a,c} are 1, 1- “g-closed but they are netclosed.

71 1,— g -closed = { X,o, {b,c} }Here {b}, {c}, {b,c}, {a,b} are 1, 1,- “g-closed sets but
they are not,t,- g -closed. 1,1,- ¢-closed sets = { X¢, {b,c} }Here {b}, {c}, {b,c},
{a,b} aret; 1,- “g-closed sets but they are net,-g*-closed.

Example 3.15. Let X ={a, b, c }J; = { X, ¢, {a}}, .2 = { X, ¢, {a}, {a,b} } = 1, - "g-
closed sets = { Xg, {c}, {b,c}}

11 T2 - g-closed sets = { Xp, {b}, {c}, {a,b}, {b,c}, {a,c} }

Here {b}, {a,b}, {a,c} are 1,1,-g-closed sets but they are nat, - “g-closed.
T112-gs-closed= { X, {b}, {c}, {a,b}, {b,c}, {a,c}}

Here {b}, {a,b}, {a,c} are 1;1,-gs-closed sets but they are ngt, - “g-closed.
T1-0g-closed={ X,o, {b}, {c}, {a,b}, {b,c}, {a,c} }= tit-gp-closed=;t,-gsp-closed.
Here {b}, {a,b}, {a,c} are t11,-gs-closedz;t,-gp-closedzt-gsp-closed sets but they are
not 11, - "g-closed.

T11-gpr-closed sets= { Xp, {a}, {b}, {c}, {a,b}, {b,c}, {a,c}}

Here {a},{b},{a,b},{a,c} are t,1,-gpr-closed but they are nat,-"g-closed.

Theorem 3.16. rlrz—#g—closedness is independent aft,-aclosedness, 1i1,.semi
closedness;t,-semipreclosedness and, preclosedness
Proof: Itcanbe seen from the following examples.

Example3.17. Let X ={a, b, c }zr1 = { X, 9, {a{a c}}, 1. ={ X, o, {a}, {a,b}}

1172~ "g-closed sets = { Xp, {b}, {c}, {a,b}, {b,c} }

11-a-closed sets={ Xg, {b}, {c}, {b,c} }= 11, sSemiclosed sets H1, preclosed sets=
T1T-Ssemipreclosed sets.Here {a,b}ug, - #g—closed set but it is notw@r,-o-closed set,
T172.Semiclosed sett,. preclosed set;t,-semipreclosed set.

Example3.18. Let X ={a, b, c}mn={X, ¢, {a}}, = ={ X, ¢, {a}, {a,b} } 11 1> - 'g-
closed sets = { X¢, {c}, {b,c}}

11-a-closed sets={ Xg, {b}, {c}, {b,c} }= 11, sSemiclosed sets H1, preclosed sets=
T1,-semipreclosedset.Here {b} is nott@, - “g-closed set but it is at,-a-closed set,
117,.Semiclosed sety1,.preclosed set;t,-semipreclosed set.

Theorem 3.19. 1; 1, - "g-closedness is independent aft,. y closednessrt,. g
closedness;t,.sgclosedness;t,.-*gclosednessyit,.-*gsclosednesst,. a-*g closedness,
T1T2. 1 closedness;t, pus-closedness;t,.up-closedness.

Proof: It follows from the following example
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Example3.20. Let X = {a, b, c}n = { X, ¢, {a}}, = = { X, ¢, {a}, {a,b} } 71 1> - g-
closed sets = { X9, {c}, {b,c}}

1172y closed sets={ X, {bH c}, {b,c}}= 1 gu closed setsgr, sg closed sets. Here
{b} is a 111, ¥ closed setri1,. ga closed set;1,.5g closed set. But it is nottar, - #g—
closed sety1,-*g closed sets={ Xgp, {b}{ c}{ab}{ac}, {b,c}}= mt.-*gs closed
sets=r;1,. a-*g closed setsr1,. u closed setsat,.us-closed sets=r,.up-closedsets.Here
{bXa,b},{a,c} are not 1, 1, - “g-closed sets

Example 3.21. Let X ={a, b, ¢ }J;s = { X, o, {a}{b,.c}}, . = { X, o, {a}} = - “g-
closed sets = { Xo, {b} {c} {a,bH{a,c} {b,c}}

1172- ¥ closed sets={ X¢, {bH c}, {b,c}}= mitous-closed setazr, up-closedsetsz;rt, -
*gs closed setsm1,. a-*g closed sets.Here {a,b},{a,c} are; 1, - #g-closed sets. But
they are notyt, v closed sets, Tt us-closed setgyt, . pup-closedsetsyt,-*gs closed
sets,1it,. a-*g closed sets.

1172 1 closed sets={ XpHb.,c}}= 1112-*q closed sets. Here {b},{c}.{a,b}{{a,c} are

T1 T - #g—closed sets. But they are not,. p closed sets;t,-*g closed sets.

Example3.22. Let X ={a, b, c }z1 = { X, o, {a},{b}.{a,b}}, 1. ={ X, o, {a}{a,b}}

7,1, - "g-closed sets = { Xp, {c}{a,c}{b,c}}

117280 closed sets={ Xp,{b} {c} {b,c}}= 1. gu closed sets. Here {a,c}is a; 1, -
#g—closed set. But it is notwr,.sg closed set andr,. ga closed set. Also {b} is112S0
closed set andt,. go closed set. But it is notmat, - #g-closed set.

4. Properties of 1,1, -"g -closed sets and 1,1, -“g-open sets
Theorem 4.1. Union of twar;T, -“g closed set is,T, -“g closed.
Proof: Assume that A and B amgt, -g closed sets.

Let AUB O U, where U is;-*g -open.

Then AO U and BO U.

=T1,-cl(A) O U andt,-cl(B) O U

=T1,-cl(A)Ut,-cl(B) OU

But T-Cl(AUB) =1,-cl(A)UT,-cl(B) O U

= AUB is 1,1, -"g closed set.

Theorem 4.2. Intersection of twalrz—#g closed sets need not be, —#g -closed .
This can be seen from the following example.

Example4.3. Let X = {a,b,c}, .= {@.X,{a}.{b,c}}, T.={@X,{a}}.
1,1, g closed sets=§ X,{b},{c}.{a,b}.{a,c},{b,c}}.Here {a,b} {a,clare 1,1, -"g
closed, but their intersection is mot, --#g closed.

Theorem 4.4. Let A bet;1, -“g closed and A BOt,-cl(A), then B istiT,-’g -closed.
Proof: Let BOU , Where U is;-*g -open. Then Al B 00 U =1,-cl(A) OU.

Given BOt,-cl(A), butt,-cl(B) is the smallest closed set containing B.

0 B Ot,-¢cl(B) Ot.-cl(A) O=T,-¢cl(B) O U= B is1,1»-"g closed.
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Theorem 4.5. If A is 111, -“g -closed them,-cl (A) - A does not contain any non-empty
T1-*g - closed set.
Proof: Supposa,-cl(A) - A contains a non-emptyi*g -closed set F.That is Bt,-Cl(A)
-A
=F Ot,-cl(A) but FO A= FOA°
= A c F°, where Fis 1, *g -open=T,-cl(A) c F= F c (1,-cl(A))°

We have FET1,-cl(A) N(T,-cl(A))° = d.1,-cl(A) — A does not contain any non-empty
T,*g -closed set.

Theorem 4.6. Let A bet;1, #g -closed. Then A ig-closed if and only if,-cl(A) — A
isty*g - closed set.
Proof: Suppose that A isT, -’g - closed and,-closed. Them,-cl(A) = A.
=T1,-Cl(A) — A = ®, which ist;-*g -closed.

Conversely assume that Atis, -“g -closed and,-cl(A) — A is T;-*g - closed.
Since A ist;1, -“g -closedT,-cl(A) — A does not contain any non-empty-*g -closed
set=>1,-Cl(A) — A = d=T1,-cl(A) = A = Aist,-closed.

Theorem 4.7. If A is 1,1, -“g -closed and Ac B c1,-cl(A), thent,-cl(B) — B contains
no non-empty; -*g -closed set.
Proof: By theorem 4.4, the proof follows.

Theorem 4.8. For each xJ X, the singleton {x} is either;-*g -closed or its
complement {x§ist;T, -'g -closed.

Proof: Suppose {x} is not; -*g -closed, then {x} will not be1;-*g -open.
= X is the onlyt;-*g open set containing {X}

=T,-c{x} ‘c X = {x} ¢ is1,1, -"g -closed.

= {x}is 1:T, -'g - open set.

Theorem 4.9. Arbitrary union oft,1, -“g -closed sets {A i [ [} in a bitopological
space

(X, T1Ty) istyT, g -closed if the family {A (11} is locally finite on X.

Proof: Let {Ai/i (1 I} be locally finite in X and each /eT,1, -“g -closed in X.

To proveUA; is 14T, —#g -closed.LetUA; c U, where U is3-*g -open.

= Aic U, for every il I=1,-Cl(A;) c U for every id I=1, -cl(Ai) c U.
=Ut,-cl(Ai) cU.Since { A } is locally finite , To-cl(U A;) = UT,-Cl(A))
=T,-cl(UA) c U=U A istyT, -“g -closed.

Theorem 4.10. If A and B aret,t, -g —open sets in a bitopological space 1) then
theirintersectionisar, —#g —open set.

Proof: If A and B arer;1, -“g —open sets, then"And B aret,1, -'g —closedsets .
A°UBSistyT, -“g —closed by theorem 4.1. That is (8)° is 1,1, -"g —closed

= A B isT1,1, -"g —open set.

32



717, - "g Closed Sets in Bitopological Spaces

Theorem 4.11.The union of twar,T, —#g —open sets is need notthe —#g —open in X.
This can see from the following example.

Example4.12. Let X ={a,b,c}, .= {@X,{a},{b,c}}, .= {@X,{a}}.
1,T,-'g closed sets= X,{b}.{c},{a,b},{a,c}.{b,c}}.Here {b},{c}are 1,1, -"g open
but their union is not,T, --“g open.

Theorem 4.13. If T,-intA cBcA and A is1,T, -"g —open in X, then B is alsnt, -'g —
open in X.

Proof: Supposé,-intA cBcA and A isT,T, -'g —open in X.

Then AcBcX-T,-intA =T,-cl(X-A) =T,-clA®. Since X ist,1, -"g —closed by theorem 4.4
B®is 1.1, -'g —closed=> B is at,1, -"g —open set.

Theorem 4.14. A set A isT T —#g —open if and only if ET,-intA where F ist-*g —
closed and EA.

Proof: If Fct-intA, where F is;-*g —closed and EA.

=A°cF’=G where G ig;-*g —open and,-clA° c G

=A° ist;T, g closed ig;T, -g —open.

Conversely assume that Atg, -#g —open and EA, where F ist;-*g —closed.

Then AcF°’=1,-clA°c F° (Since Ais 1.1, -“g closed).

= FcX - Tg'CIAc = Tz'intA.
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