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Abstract. A set S of vertices in a grapls is a neighborhood set ofs if
G= UvDs<N[V]>’ where (N[V]) is the subgraph o6 induced byv and all vertices

adjcent tov. The neighborhood numbem,(G) of G is the minimum number of
vertices in a neighborhood db Let C; be the family of neighborhood sets of a cycle
C, with cardinality i . In this paper we construct family of neighborheads of cycles
C! and obtain a recursive formula foy,(C,,i) =|C; |. In this paper, we obtain some

properties of neighborhood sets and polynomialSyafies.
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1. Introduction
Let G be the simple graph with vertex saf :{Vl,vz,...,v} and edge set

n
E={e.e, ...} . A neighborhood setSOV is a neighborhood set oG if
G= UVmS<N[v]> , where (N[V]) is induced subgraph d& . The neighborhood number
N, (G) .Let C; be the family of neighborhood sets ofacyc(é#with cardinality i and let
n,(C,,i)=|C! | and The polynomials areN,(C,,i) :Z:in:(gwno(Cn,i)xi the
polynomials of cycle.

In the next section we construct the families ofghkorhood sets ofC, with
cardinality i by the families of neighborhood sets 6f_, and C,_, with cardinality
i —1and also we investigate the neighborhood polynoaofiaicle.

45



J.Joseline Manorand |.Paulraj Jayasimman

Definition 1.1. [3] Let N(G,i) be the family of neighborhood sets of a grdphwith
cardinality i and let n(G,i) =[N (G,i)|. Then the neighborhood sets polynomial

N(G,x) of G is defined as N(G,i)=Z::\if§)h(6,i)xi where n,(G) is the
neighborhood number of .

Theorem 1.2. [3] If a graph G consist of m componentsG,G2,...Gm then
N(G, ) = |‘|le G, ,x).

Theorem 1.3. [3] Let G, and G, be connected graphs of ordgp, and p,
respectively. ThenN(G, 0G,) = (1+Xx)* = 1)(1+x)2 =1+ N G, X * N G, X ).

2. Main results
2.1. Neighbor hood sets of cycles

Let C,n=3 be the cycle with n vertices V(C)=n and
E(C)={(1,2),(2,3),....6-1,n), (n,1)}. Let CL be the neighborhood sets &, with

cardinality i . We investigate neighborhood sets of cycles. Evigle C, consist a
simple path. We need the following lemma to prouernain results in this section:

Lemma 2.1. The following properties hold for cycles

- _rh
(i) no(cn)—FZW

(i) C\ =g ifandonlyifi>| ori <F21.

(iii) If a graph G contains a simple pathe of lengk —1, then every neighborhood
set of G must contain at leask vertices of the path.

To find a dominating set o€, with cardinality i, we do not need to consider the
neighborhood sets o€, _; and C,_, with cardinality i —1. Therefore, we need to

consider C;; and C!”,. The families of these neighborhood sets can bptyerr
otherwise. Thus, we have four combinations of wéethe two families are empty or not.
The following two combinations are not possiblé);=¢ then C!,=¢ and

- . . . ) n . L
Cl2=Cl =@ thenC =g, sincei = r§—|. Thus we consider two combinations or

cases.

Lemma 22. If YOC); and there exist xO[n] such that YO{x}OC, then
YOc .
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Proof: Suppose thaty 0C!% since YOC!, Y contains at least one vertex labled

n-3 or n-4.If n=30Y,then YOC,~;, acontradiction. Hence=40Y but then
in this caseY 0 xOC/ for every x([n] also a contradiction.

Example 2.3. consider C! =CJ, Let Y ={1,2,4}0C; then

YO{%={1,2,4,6} OC; x0O[7] then YOC?. Suppose YOC? ,since YOC; If
Y ={1,2,3} atleast onevertex labled n—4 (or) n—3 itimply that {1,2,4}0C; it
isa contradiction. Inthiscase Y O{% OC; .

Lemma24. (i) If Ci=¢then C =g
(iIf C3=CL=¢thenC =g

Lemma 2.5. Supposethat C| # @, then we have

() C.o=¢ thenC S # ¢ ifand only if i = rg—| or n=2k andi=k for some
kON

(iy CL=¢ andc™n-1# g ifandonlyif i =n

(i) C5#@ thenCL#g ifandonlyif n=2k+1andi=k+1

Proof. (i) Since Crﬂj =@ by lemma 2.1(ii) we havé—-1>n-1 or i—1<r_n;11_ If
i-=1>n-1 then i >n by lemma 2.1(ii), C. =@ a contradiction. So we have

i< rn7—1—| +1 and sinceC! # @, together we hav$21 <i< rn_;ﬁ +1 which gives
is n=2k andi=k for somekON sowe haveC!” = ¢ and CJ, # ¢.
(O) If n=2k andi=k for some KON then by Lemma 2.1 (ii), we have

Cl=gp thenCZ 2 ¢.

(i) Since C,i=¢ by lemma2.1(i) i-1>n-2 or i‘1<rn;2 -

i—1<rn;221 then i _1<rn7—1—| and henceC'™ = ¢ a contradiction, so we must

have i >n-1. Since C!} # ¢ we havei —1< n-1. Therefore we havé =n.

(O) If i=n thenbylemma 2.1 (i)C!", =¢ and C] # ¢.

(iii) Suppose Cri'n_—]J-.:CD by lemma we havei-1>n-1 or i—1<r.n;1 O f

i-1 —
n-1 "~

i=1>n-1theni-1>n-2 bylemma 2.1(ii)C C!") = @ acontradiction. So we
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have i < rn7_1-| +1 also we have < rn;22-| +1 becauseC!} # @. Hence we have

r—n;21+1si <r—”;11+1 therefore n=2k+1 and i :k+l:r%+1—| for some

KON . If n=2k+1 and i=k+1 for some KOON then by lemma 2.1(ii)
Cr:]]: = C:I2(k+l 7 ¢

The following theorem construct the families of doating sets ofC, .
Theorem 2.6. For every Nn=4 and i > rg-|

(i) If C% =@ and C'™} # ¢ then C! ={(1,3,5,..n- 1)(2,4,6,.n ).

(i)if Ci#@ andC 5 #@ andC,, =ClZ. ThenC, ={[rd - X x i} .

(on C,={ X, X ¥ X,0CH{ X,0 iy X,0CZ, C}

(i) If CI2#¢@ and C.2 =@, thenC| =[n].

(iv) If C'T#¢ and C, # @ then

Co={{ X, (¥ X, 0CH{ X,0 myL OX, X{Ih 0K,
Proof. () C'2=¢ and C',#¢. By lemma 2.4 (i),n=2k for some KON
therefore, C' =C/ "' ={{1,3,5,....n-1},{2,4,6,..n}}.

(i) CiJ#@ and C, = @. By lemma 2.4 (i) = n, thereforeC! = C" =[n] .

(iii) By lemma 2.4 (iii), i =n—1. ThereforeC! =C"™ ={[l - X x[ 1} .

(iv) Since C!”* # @, CI”\ # @. Suppose thatX, OC!™, then X, O0{r} OC].

Let Y, ={X,0{y XOC} OC, . Let X,0C7 , we denote
{X,Qhit OX,{ X, g if OX, byY,.ByLemma2.1/ii), atleastone
of the vertices labledn—2 or 1 is in X,, If 10X, then X,O0{n-1}0C; ,

otherwise X, 0{r} OC,. ThereforeY, OY . Hence we have prove¥, JY, 0 C;.

Example 2.7. Consider C, with V(C,) =[6] . We use the theorem to construct C; for
3<i<6.
Since C!t =C2 = ¢ and C? ={{1,3,5}{2,4,6}} By theorem 2.7 (i)

C; ={[5]}, C;= ¢ . we get,C; ={[6]} Cg={[6] { ¥ x[6]} =
{1,2,3,4,6},{1,2,3,5,6},{1,3,4,5,6},{2,34,5,6},{1,2,4,5,6},{1,2,3,4,5 and
for the construction ofC; by the theorem 2.6 (iv) C! #¢@ and C”, # ¢ and
n-2#i-1 then C\ = X, O{H/ X,0C X,0{ n4}1 OX, X,{ ¥l 0OX,

Therefore CJ ={{1,2,4},{1,3,4H1,3,5}{2,3,5}{2,4,5}} .
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C>={{1,2,3},{1,2,4}1,3,4H2,3,4}}
Y, = X, O0{¥/ X,0C%= {1,2,4,6},{1,3,4,6},{1,3,5,6},{2,3,5,6}{2,4,5,6}
Y, =X, 0{n-1}10X, X,0C3 ={1,2,3,5},{1,2,4,5},{1,3,4,5}
Y, =X,0{r{/1 00X, X,0C = {2,3,4,6}
Finally, C; = {1,2,4,6},{1,3,4,6},{1,3,5,6},{2,3,5,6}{2,4,5, 6}
{1,2,3,5},{1,2,4,5},{1,3,4,5},{2,3,4,6}

3. Neighbor hood polynomial of cycle
In this section we introduce and investigate thighitmrhood polynomial of cycles.

Definition 3.1. Let C; be the family of neighborhood sets of a cycle C with cardinality
i and let n,(C,,i)=|C/ |. Then the neighborhood polynomial N(C,,x) of C, is
definedas N(C,,X) =" nn(C,.i)x .

2

Theorem 3.2. (i) If CL is the family of neighborhood set with cardinality i of C_ then
G, IFIC 1+ G
(i) Foreveryn=4, N(C,,x) =X[N(C,_,x)+N(C, ,,X)]with the intial values
N(C,,X) =x,N(C,,x) =x*+ 2 ,N C, x) =X+ X*+ X.

Proof. (i) It follows from the theorem 2.6.
(ii) It follows from the (i) and definition.

We obtain the coefficientsof N(C_,x) for 1<n<12 inthetablel.

Let n(C,, j) =|C! |. There are relationships between the numb¥e, , j)(g <j<n)

in the table 1.
nNnj|l1L 2 3 4 5 6 7 8 9 10 11 12
1|1
2 12 1
313 3 1
4 |0 2 4 1
5|0 0 5 5 1
6 |0 0 2 9 6 1
710 0 O 7 14 7 1
8 |0 O O 2 16 20 8 1
9|0 0 0O O 9 30 27 9 1
10| 0 0O O O 2 25 50 35 10 1
11|/0 0 0 0O O 11 55 77 44 11 1
120 0 0 0O 0O 2 36 105 112 54 12 1
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In the following theorem, we obtain some properties(C , j):
Theorem 3.3. The following properties hold for coeficientsof N(C,, X):
(i) ForeverynON,n(C,,,n) = 2.

(i) For every n> 4 zrglno(cn,j)=n0(cn_l,j ~1y+n,C._,.j - 1)

(i) For every nOON,n, (C,,,,,n+1) =n+1
(iv) For everynON,n,(C,,,,,n+1)=2

(v) For everynON,n,(C,,n) =1

(vi) For everynON,n,(C,,n—1) =n

(vii) For every n[OIN,n,(C,,n-2) :@
(viii) For every nON,n,(C,,n-3) :W

(x) Forevery j >2,%" ', (C.j) =20 Tny € i - 1,
xIf S = ZTzrDWno(Cn' j) then for everyn=6,
2

S =S, +S,, withthe intial values§ =1,S, =3,S, =75, =7 and § =11.
Proof. (i) Since CJ :{{2,4,6,8...2}{ 1,3,5,7.. }}1 we get the result
n,(C,,,n) = 2.

(i) |C.|=IC2 |+ [ICI2 from this we get the result > 4 2r2—| ,

N(Cor 1) =ng(Coy | -1+, C 2 - 1)
(i) By induction on n , the result is true of n=1, we get
(o4 :{{1,2} {1.3{ 2,}3} This is true for all natural numbers less thanand we prove
it for n by (i)(ii) and the induction we have,
Ny (ConeryN+1) =Ny (C,, ,n)+ Ny (C 4o ,n)= 2n+1.
(iv) By induction on n. Since C; ={(1,3),(2,4) . So ny(C,,2) = 2. This result is
true for all natural number§l and we prove it fom by (i), (ii) and (iii).
Ny (ConizN+1) =N, (Cy. 1 ,n)+NG(C 5 0)=2.
(v) For any graph withn vertices, n,(G, n) =1, then we have the result.
(vi) For any graph withn vertices, n,(G,n—1) =n, then we have the result.

(vii) By induction on n. This result is true fon =5, Since n,(C;,3) = 5. Suppose

that the result is true for all natural numbers lf®n n, and we prove it fan. By parts
(ii),(vi),(v) and induction hypothesis we have,
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n(C,,n-2)=n,C,_,,n-3)+n,C,.,.n— 3]
_(n-1)(n-4) _n(n-3)
= ==
(viii) By induction on n. This result is true fom= 6, Sincen,(C;,3) = 2. Suppose
the result true for all natural numbers less thanand prove it forn. By parts
(ii),(iv),(vii) and induction hypothesis we have,
nO(Cn’ n_3) =N, (Cn—11n_ 4)+ N, (Cn—z n-= 4)
_(n-1)(n-5)(n- 6)+ h-20-5) _n(n-4)(n-5)
6 2 6
(ix) By induction on j . Suppose thatj = 2. Then

+(n-2)

Z;nO(CI ,3)=12= ZZitznO C .2, Now suppose that the result is true for every
j <k, and we prove forj =k

Zuzzkkno (C' ! k) = Ziz:kkno (Ci-l’ k- 1)+ Zizzkkno (Ci— 2 K= 1)

=2) i Cak=2+ 2 T €, k- 2= 2) T (G k1)
(x) By the theorem 3.2C! |=|CZ |+ |C? , we have

n-1 n-1 7

S = X b Cor 1) =X o o Consrf =14 X Gy i = 1)
=2 b Cra i)+ X oGz =1)
S, =S.+S...
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