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Abstract. In this paper the authors study the homomorphismslicected above meet
semilattices. Then they include homomorphism thmorfer meet semilattices.They
establish some results on homomorphic images oipsene ideals. They also show that

in a O-distributive semilattice, a maf :S - {{a} ~ :adS} is a semilattice

homomorphism if and only iff ({a}~ ) ={ f(a)}" . Finally some characterizations of
weakly complemented meet semilattices relativehavk been included.
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1. Introduction

Varlet [9] first introduced the concept of O-dibtitive lattices. Then many authors
including [1,2,3,5,6,7] studied them for latticesdasemilattices. A meet semilattice S
with 0 is called O-distributive if for alla,b,cdS withalCb=0=alc imply
alLd=0 for somed=hb,c[3]. The concept of semi prime ideals of a lattise

introduced in [8]. Recently, Begum and Noor [2] daaxtended the concept for meet
semilattices. An ideal of a meet semilattic& is called a semi prime ideal if for all

a,b,c0S with aCbOJ, aCclOJ, imply aCdJfor somed =Db,c. Hence a
meet semilattic& with 0 is called O-distributive if (0] is a semime ideal ofS. A meet
semi lattice S is calledirected above if for all a,bS, there existsc 0 S such that
c=a,b. We know that every modular and distributive sattite have the directed

above property. Moreover [3] have shown that ev@distributive meet semilattice is
directed above.

LetSandT be two meet semilattices. A m&pS - T is said to be a
homomorphism if f is a meet-preserving map. That is, for all
a,b0s, f(alCb)=f(a)L f(b). A homomorphism is called 0-homomorphism

if f£(0)=0. A one-to-one homomorphism is called a monomonmph& an
embedding. A onto homomorphism is called an epimimm. If f: A - B is
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an epimorphism, we say thBtis a homomorphic image &. A epimorphism
is called an isomorphism if it is a one-to-one map.homomorphism

f:A- A is called an endomorphism, and an isomorphi$mA - A is
called an automorphism. The meet semilat8a@ndT are isomorphic if there
exist an isomorphisrhfrom Sto T. We denote it symbolically bys L T.

2. Homomor phism and semi primeideals
Let AOS and J be an ideal of S We define

A” ={x0S:x0a0J for all adA} . This is clearly a down set containidg

A™ is called an annihilator ok relative toJ. If it is an ideal, then it is called
an annihilator ideal relative tb

By [3,7] we know that, for anyadS ,{a}"™ is an ideal if and only iS is
O-distributive.

Following result is due to [6].

Lemma 2.1. Let J be an ideal of a meet semilattice S. Suppose A,BU S and
a,bdS then the followinghold:

(i) f AnB=J,thenBOA™ .

(i) AnA» =7,

(i) AOB impliesthat B O A™

(iv) a<b impliesthat {b}™ O{a}"™ and {a}">™ O{b}™"

v) {&" n{a"" =

(vi) {aOb}™™ ={a™™ n{}™>">

(vii) AO A

(viiiy ADH = AR

Homomorphism theorem for lattices can be founiatzerf4, Therem
11]. In a similar way, we can easily state the daling homomorphism

theorem for meet semilattices. We prefer to omé pgroof as it is almost
similar to the proof of homomorphism theorem fatites.

Theorem 2.2. (Homomorphism Theorem for meet semilattices) Every homomorphic
image of a meet semilattice Sis isomorphic to a suitable quotient meet semilattice of S
Infact, if ¢:S — T isahomomorphismof Sonto T and if & isa congruence relation

of Sdefinedbyx = y(6) ifandonlyif ¢(X) =@(y). Then S/IGLT.

Theorem 2.3. Let Sand T be two meet semilattice directed above. | isanideal of S
f:S - T is a homomorphism and onto such that f *(f(1))=1. Then | is semi
primein Simplies f (1) issemi primeinT.
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Proof: Suppose | is semi-prime. Let X Vy,zOT with xCyOf(l) and
xLC zO f(l). Then there exista,b,c]S such thatx = f (a), y= f(b), z= f(c).
Now f(a)C f(b)=f(alb)df(l).

f(@L f(c)="f(alc)lf(l). ThisimpliesalCb,alCcOl . Sincel is semi prime,
so there exist&l (1S, d =b,c suchthat aCd Ol .Lett=f(d).

Thent = f(d) = f(b), f(c). Thatist>y,z.Also f(a)C f(d)=f(aCd)df().
ThusxCtOf (1), and sof (1) is semi prime.

SinceS is O-distributive if and only if(O] is a semi prime ideal so the
following corollary immediately follows by abovegbrem.

Corollary 2.4. Let Sand T be two directed above semilatticeswith 0. f:S - T is

0-homomorphism, onto and f*(0)=0. Then T is Odistributive if S is
O-distributive.

Lemma 25. Let J be a semi prime ideal of a directed above meet semilattice S
f:S.{a™" a0 givenby f(a)={a}""" . Then the following results hold.

i) fisameet homomorphism.

i) ForaldS, f(a)=J ifandonlyifallJ.

iy f({a™)={f(@}">

Proof: (i) Leta,bJS. Now
f(aOb) ={aOb} ™"
{:a}DJDJ n{b}DJDJ

=f(a)n f(b)

=f(a) L f(b)
Hence the map is a meet homomorphism.
i) If f(@)=J,theda™"” =J . Thus{a}™ ={a}®>>™> =S andso aO{a}".
This impliesa=al allJ.

Conversely, a0 J, then f (a) ={a} ™ =S™ =J.

(i) f{a”)={B"" | bO{a}™}
f{a}™)={b}"" |aObOJ}
={{t>” | f(abb)=J} by
={b ™" [f(a)0f(b)=J}
={f(a)}"”

Hence the proof is complete.
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Corollary 2.6. Let S be a O-distributive meet semilattice S f : S - {{ a}Ij - rals

givenby f(a)={a}" " . Thenthefollowings results hold.
i) f isameet homomorphism.
i) ForallS, f(a)={0} ifandonlylf a=0.

i) f({a")={f@)}" .

Note: Observe that lemma 2.5 is also true for an ordindeal J of S. But we
have considered semi primenessJofis {a} ™ and {a} ™ are ideals only

when J is semi prime. Similarly, in a semilattice with {)61}D or {a}D " are
ideals only whersis O-distributive.

3. Weakly complemented semi lattices

Let Sbe a meet semilattic with &.is called weakly complemented if for any
pair of distinctelementsa, b of S, there exists an element ¢ such that only one
of alL.c andb[Cc isequaltoO.

Similarly, for an ideall of a meet semilatticg we callS weakly complemented
with respect tal if for any pair of distinct elements b of S there exists an elemeat
such that only one odLc andb[ c belongs tal. In particular, ifa<b, then there
existscJS such thatalCcJ but bCcOJ.

Note that the definition of weaklgnesplemented semilattice relative to iddal
can also be given in the following way:
For an idedlof a meet semilattic§ Sis called weakly complemented relative

to J if for al ab0S, a#b implies that either{a}DJ —{}™ 2 ¢ or
{b}DJ —{a}™ #¢@. These semilattices are also known as disjunctiveilatices
relative toJ.

Theorem 3.1. Let She a meet semilattice and J be a semi prime ideal of S Then the
following are equivalent;

) f:S-{{a " |adS} definedby f(a) ={a} " isisomorphism.

iy {a} ={B™ O1,(S) impliesthat a=b for all a,b0S.

iii) Sisweakly complemented relative to J.
Proof: (i) = (ii). Let {a} = ={b}” anda#b. Then asf is an isomorphism, we
have,f(a) # f(b) which implies that {a}™™ #{b}™™ . Then there exists
xOf{a} ™" such that xO{b} ™" which implies thatx C z[]J for some zO{b}" .
Since {a} * ={b}", then we havexC"zOJ for some zO{a}"> which implies

x[O{a} ™. This gives is a contradiction. Henfa} w ={b}" impliesa=Db.
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(i) = (iii). Let a<b. Then by Lemma 1 and (ii), we haya} = O{b}™ . Hence
there existsx 0{a} ™ such thax J{b} ™ , which implies thaSis weakly complemented
relative toJ.

(iii) = (ii). Let azb theneithe@[b<a oralb<b.Assumethaa[b<a AsS
is weakly complemented, so there exixtsl{a b} ™ such thatx CalJ.
Thus we have xC(alCb)dJ. This implies (xCa)CbOJ, and so

(xOa)O{b}™ and xOaO{a}™ .

Hence{a} * #{k}" ,and so (i) holds.
(i) = (i) . To prove f is anisomorphism. For afl,bS, a=b
-{a” ={n"
= {a" ="
= f(a)=f(b)
This implies f is well defined and one to one.
Obviously, the mapping is onto.
Moreover, by Lemma 2.5f is a [ preserving map. Thereford, is an
isomorphisom.

We conclude the paper with the followiregult as(0]is semi prime if
and only if S is O-distributive.

Corollary 3.2. Let S be a O-distributive meet semilattice. Then the following are
equivalent;

) f:S-{{a"" |aOdS definedby f(a) ={a}" = isanisomorphism
iy {a}” ={b}" O1(S)impliesthat a=b for all a,bS.
iii) Sisweakly complemented.
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