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1. Introduction

Intuitionistic fuzzy set (IFS) introduced by Atasas [1], which emerges from the
simultaneous consideration of the degrees of meshierand nonmembership with a
degree of hesitancy has been found to be very luisefiealing with problems involving
vagueness and uncertainty. IFS theory has beer fausupport a wealth of important
applications in many fields such as fuzzy multiplgribute decision making, fuzzy
pattern recognition, medical diagnosis, fuzzy cagnénd fuzzy optimization [2]. Since
formal languages are not powerful enough in prangsbuman languages, Lee and
Zadeh [3] introduced the notion of fuzzy languagesl gave some characterizations.
Fuzzy grammars, automata and languages have adettito the development of lexical
analysis and in simulating fuzzy discrete eventaayital systems and hybrid systems

[4].

To enhance the processing ability of fuzzy autom#ia membership grades
were extended to several general algebraic stregtUPrimarily, Qiu has established
automata theory based on complete residuateddatsituied logic [5]. Li and Pedrycz [6]
have studied automata theory with membership vatukstice-ordered monoids. Jin and
Li [7] have established a fundamental frameworKuaizy grammars based on lattices.
Fuzzy pushdown automata theory based on complsigdueted lattice-valued logic has
been established in recent years by Xing et al.TBis paper deals with the notions of
intuitionistic fuzzy context-free grammars and itinistic fuzzy pushdown automata
and some results concerning them. Intuitionistiezfu context-free languages are
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expected to reduce the gap between formal languagethe imprecision associated with
natural languages.

The remaining part of the paper is arranged asviall Sectior? describes some
basic concepts of IFSs. SectiBrgives the definitions of intuitionistic fuzzy pusiin
automata and languages. In section 4, we estalbl&ghevery intuitionistic Fuzzy PDA
that accepts intuitionistic Fuzzy Context Free Lsage with empty stack has an
equivalent intuitionistic Fuzzy PDA that accepte tame language with final state and
vice-versa. It follows that intuitionistic Fuzzy RDwith final states and empty stack are
equivalent. Sectiob is devoted to thstudy of intuitionistic fuzzy context-free grammars
(IFCFGs) and intuitionistic fuzzy context-free laages (IFCFLs). The notions of
intuitionistic fuzzy Chomsky normal form (IFCNF) @nntuitionistic fuzzy Greibach
normal form (IFGNF) have been proposed. Conclusams directions for future work
are presented in Sectién

2. Basic concepts
Definition 1. Let X be the universe of discourse, an Intuitionigizzly sef{IFS) Ain X
is defined as an object of the form

A={(X Ba09, va() | x O X 1

here the functionpa: X - [0, 1] andv,: X - [0, 1] denote the degree of membership
and degree of non-membership respectively. Fayealementx [] X
O<pa(X) +va(x) < 1. (2)

For the sake of simplicity, we use the notation (i, va4) instead ofd = {(x, pua(x), va
(x) |x O X}.

Note that if pa(X) +va(X) =1 for everyx L1X, then IFSA reduces to a fuzzy set
in X.

Definition 2. Let {A4; | i LII} be a family of IFSs if.Then the infimum and supremum
operations of IFSs are defined as follows:

N Ai={< X Opa®), Ova(¥) > | x O X, i O 1}

0 Ai—{< x, Opai(®), Ova(¥) > | x O X, i 01} (3)
hered and Odenote the infimum and supremum of real numberEemiely.

Definition 3. Two IFSsA = (u4, v4) and B = [z, vg) are said to bequal if us = ugand
V4 =7Vg

Definition 4. Let X and Y be any two sets then lntuitionistic Fuzzy Relation (IFR)
from X to Yis an Intuitionistic fuzzy subset &xY. The expressiorR is given by
R= {< (X, y)! HR(x! y)! VR(X, J’) > IX DX, y DY},
here the mappings: X xY — [0, 1] andvg : X XY — [0, 1] satisfy
O0<ur(x,y) +ve(x,y) <1, forall ¢, y) [] XxY (4)

Definition 5. Intuitionistic Fuzzy Binary Relation (IFBR) fromX to X is an Intuitionistic
fuzzy subset ok x X. It is given by the relation

R={<(x,y), ur(x, y), va(x, y) > | b, y) UX x X},
where the mappings : X x X— [0, 1] andvg: X x X— [0, 1] satisfy
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O<ur(x,y) +ve(x,y)<1, forall ¢, y) X x X
We will again use the notation R = (g vr) instead of R = {< (x, y), ur(x, y), vr(x, y) >
| (¢, y) OX x X }. The reflexive and transitive closure of IFBR R over Xis R* = [ R"
for n = 0 towo. Here R*=R" °R for n= 0 and R = (ui4, vid) defined as

wia (%, y)=1if x =y, 0 otherwise and

via (%, y) =0 if x =y, 1 otherwise.
forall (x,y) X x X

Definition 6. Let R = ur, vr) be an IFR fronX toY and S = (us, vs) be an IFR fronY to
Z thecomposition of IFRs R and S is an IFS°S = (ur.s, Vr.s) from X to Z given by

pres (X, 2)=0 (Hr(x, ) Ops(y, 2 | y V)
Vres (X, 2)= 0 (Ve(x, y) D vs(y, 2 | y OY), for all (x, z) OX xZ. (5)

Definition 7. Let A = (ua, va) be an IFS from X to X. Then thaage set of A denoted by
Im(A) is defined as  In&) = Im(ua) 0 Im(va) = {ua(¥) | x DX} 0 {va(x) | x OX}

Definition 8. ForAy, A, [0, 1] whereA; + A, < 1, (A4, A2 )-cut of IFSA is defined as
AoaoE {x OX | pa(x) = A, andva(x) < Aj).

And support set of A is defined by suppA) = {x OX | ua(x) > 0, va(x) < 1}. If
supp Q) is finite, thenA is called finite IFS.

3. Intuitionistic fuzzy pushdown automata (I FPDA)
Definition 9. An intuitionistic fuzzy pushdown automaton (IFPDi&)aseven tuple
M=(Q,X,T,6,1,Z, F), where
Q is a finite nonempty set of states;
¥ is a finite nonempty set of input symbols;
I' is a finite nonempty set of stack symbols
8 = (us, vs) is a finite IF subset @ x (T U {&}) x T' x (Q xI") defined by
ps:Q x (U {e) x I'x (@ xI) - [0, 1] and
vs:Qx EU{e) xIx(@xI") - [0, 1]
Zy €T is the start stack symboal,
I = (u;, vi) andF = (ur, vr ) are intuitionistic fuzzy subsets @f which are called the
intuitionistic fuzzy subsets of initial and findbses respectively.

Definition 10. The state (configuration) of IFPDA is an IF sulisfe) x ° x I given by

(9, w, u,u, v) which indicates that IFPDA is currently in statevith w as unread part of
input string, u on the top of the stack with thgme of membership and nonmembership
u, v 1[0,1] respectively.

Definition 11. Themove of an IFPDA M denoted byy = (- Vi) is an IFBR on @ x
Y xIMto Q xX xI') defined as (Gaw, Zy) Fu (P, W, Xy) = (rw, Vim) Where

e (@, aw, 2y), (W, X)) = us (9, &, Z, px) and

Vim ((q! aw, Zy)! (p,W, Xy)) :2/5 (q! a, Z, piz()
Here p, gU1Q,a X O{¢e}, w [ ¥ and x, yLIT" . (6)
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Fwv*is the reflexive and transitive closuretgf. When no confusion arises, we denste
by + andy*by -+, respectively. Note that = (u-" v+ is an intuitionistic fuzzy subset
defined as follows:

If (qla Wy, Yla U, Vl) F (an Wy, Y.Za Uz, VZ) F (q3! W, Y3a Us, V3)* R (qk! W, Yi(a i, Vk)

is the sequence of moves in IFPDA thign wi, Y1, g1, vi) F (Qk, Wk, Yk, i, Vi) - Here g
UQ,w U, Y; Ur andw, vi LJ[0, 1] for i = 1 to k.

Definition 12. Let M = @, X, T, 6, I, Zo, F) be an IFPDA. The IFanguage accepted by
M can be defined in two ways:
i. Language accepted by M wifinal states denoted by L(M) = ) , Vi) ) Where
Uiy andv are fuzzy subsets &f and are given by
tn (@) = Vi (o) A pre (o, @, 20 ), (s & 1)) A e (9) | g0, p 0Q, 7 0T}

Vi) (@) = AM{vi(go) V vee (@0, @, 20), B, & 7)) VVr () g0, p UQ, T U r'}
forall wJX .

and

ii. Language accepted by M witgmpty stack denoted by N(M) =) , vivy ) Where
Uy andv ) are fuzzy subsets and are given by
tn (@) = V{w (qo) A pes ((qo, @, 20), 0, €, €)) 1q0, PUQ} and )
v (@) =A{vi(qo) V Vs ((qo, w, Z0), @, & €)) | g0, p UQ} forall w 0.

4. Equivalence of IFPDA with final statesand IFPDA with empty stack
Proposition 1. If f is an intuitionistic fuzzy language accepted Wittal states by an
IFPDAM = Q, %, T, 8,1, Zo, F), thenf is an IFS irZ’, and the image set ¢fis finite.
Proof. First we will prove thaf = (us, vf) is an IFS in2” by showing that & ps(w) +
ve(w) £ 1, foranyw = x; - - - Xn, X; € ZU{e}, i = 1. . .n. Clearly,
ur(w) =V{pi(qo) A u+((qo, w, z0), (p, & 1)) Apr (p) | o, pUF, rUI"}
=V {u (qo) A - ((qo, w, 20), (q, X2+« Xn,2Z171))
A ((quy X2+ - Xn, 21 71), (G2, X3* * * XnyZ2T2)) -+ -
A pi- ((gn-1, Xn, Zn-1 Tn-1), (Gn, & T2)) A pr () |
Qo,q1, -+ qn)€EQ, Z1... Zn1 €T, 1y, .., a1 T,
and
v () = A{vi(qo)V ves (@0, @, 20), (0, & 7)) V Vi () g0, p EF, 7 T}
=A{vi(qo)V v+ (9o, w, Z0), (@1, X2 " * Xn , Z171))
Vi ((qu X2 -+ Xny Z71), (G2, X3° * * X, Z2T2)) - - -
V Ve ((Gn-1, Xn, Zn-1Tn-1), (Gn, & 7)) V VF (qn) |
qo,q1,---,qn €Q,21,...,Zn1€L,r1,..., 10 [] F*}.
On the one hand, 9 uf (w) + vf (w); on the other hand, there exists a sequepce:, -

 Gn€Q, z1 Znqa€T, 71, ...,r, I such that
ur (w) = p(qo)A - ((qo , @, 20), (@1, U2 = * - Un, Z171))
A ((qr, X2 Xn, 2171 ), (G2, X3+~ Xn, Zo72)) =+ -

A e ((Gn-1, Xn s Zn-1Tn-1), (Qn s € 70)) A pir (Gn).
Hencevy (w) < vi(qo) V v ((qo» @, Z0), (1, X2+ " Xn ,Z171)) V (q2 , X3 * * * Xn , Z2T2))
VeV Ve (G- Xn y Zne1Tn-1 )y (@n s & T2 ) V VE (qn)
Therefore us (w) + vr (w) < (w (qo) +vi(qo)) V (u- ((qo @, 20 ), (@1, X2+ + * Xn, ZaT1
N +ve((qo, w,20), (1, X2+ Xn,Z171))) V (- ((q1 X2+~ Xny 2271 ), (G2, X3+~ -
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Xn, Zot2 )+ Ve ((q1 X2+~ Xn, Z171 ), (2, X3* = " Xn, Z272))) V- - = V (i ((@n-1, Xn
Zn-1Tn-1), (qn + & Tn)) + Ve ((qn-1, Xn , Zn-1Tn-1), (Gn, & ™)) V (ur (qn) + vr (qn)) <
l1viv---vi1=1.

To prove that Imf) is finite, let X= Im(uw) U Im(us) U Im(ur) and Y= Im(v;)u
Im(vs)ulm(vr). Sincesd = (us, vs) andF = (ur, vr) are finite IFSps(w) € X and vi(w)e Y
foranyw =x; - - * Xn,

Therefore, Imf) = Im(us) U Im(vy) is finite.

Proposition 2. If f is a fuzzy language accepted with empty statesobye IFPDA M =
(Q,%,T, 6,1, Z, F), thenf is an IFS ir2’, and the image set ¢fis finite.
Proof. Similar to the Proposition 1

Proposition 3. Let f be IFS inz*, then the following statements are equivalent:
i. fcan be accepted by some IFPDA MXEX, T, 6, 1, Zy, F),
ii. f canbe accepted by some IFPDM M@, &, T, 8, qo, Xo, F ) Whereqo [ Q'

Proof. (i) — (ii).

Construct an IFPFDA M ' =, £, T, §', I', X,, F") as follows:

Q'=Q U {qo}, I'=T U {X}, whereqo& Q, Xo &T.

Define an IFS"in Q' by

w'(q) =1ifq=q, w(q) if g#qoandv/ (q) =0if g =q, vi(q) if g#qo

Define an IFSF" in Q' by

pe (@) =0ifq=q, ur (q) if g # qoandve (q) =1ifq=a, ve (@) if ¢ % @

Define an IFSS'in Q' x (Z U{&}) x I x Q' x I by mappingsts', vs: Q' x (X U {e}) x I’
x Q'xI" — [0, 1] defined as

us (qo, & Xo, 0, Zo) = wi(p),

vs' (o, & Xo, D, Zoy = V1 (D),

H‘S‘ (q! a, z, p, Y) = Us (q! a, z, p, )/)! .

vs' (q,a, z,p,v)=vs(q,a, z p,y), whereq, p UQ, allX u{e}, z T, yUI";

For allx, p0Q,y UI" defineus' (qo, a,2, p, ¥) = 0 andvs' (qo, 8,2, p, ¥) = 1.

Thenforanyw =% - - - X, €2, x €X U {¢}, i = 1.. .n, we have
s y(w) = V{ ' (@ Auen'((q, , Xo), 0o, w, Zo))A tem ((Po, 0, Zo), (qr, %o+ * * Xn , Z171))
Apen' (G X2 = Xn, 2171), (@2, X3+ " Xn , Z2T2)) A= -
A H"MI ((Qn—l, Xn, Zn—lxn—l), (Qn, g, T'n)) A .uFI(qn) | .
qUQ po,q1,....qn€Q" ,z1,...,2Zn1€T" ,71,... €T}
¥ {1A wr (po) Atem ((Po, @, Zo), (q1, X2« * * Xn, 21 71))
A pem ((qu X2 - = Xny 2171), (@20 Xg* + * Xny Z2T2)) A+ -
A piem ((@n-1 X0y Zn-1Tn-1), (Qn » & Tn)) A Ur (qn2 |
P qu, ¢ UQ, 21, .. zZn €L, 11, ... €T}
Fuw (@), and
vy (@) =MV (@)V vin' ((9.0,X0), (Pow, ) V Vim' ((Po , w, Zo), (q1, %o+ * Xn , Z171))
VVen' ((qu X2« Xn, 2171), (G2, X3+ * * Xn, Z212)) V « - -
VVinm' ((@n-1, X, Zn-17n-1), (Gns & T0)) V VF' (qn) | )
q€Q' ,@o.q1, .- qn)EQ ,2z1, ..., Zn U ,71,...1m or’?
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A {0 Vv (00) V Vim (o @, Zo), (@1, X2+ * * Xn, Z171))
VVim ((qu X2 = Xn, 2171 ), (@2, Uz " Un , ZoT2)) V - - -
V Vim (@n-1, Un s Zn-17n-1), (Gn , € Tn)) V VF (CIri) |
Poqu - qn€Q Z1...Zna €L, 1. . . T €T} = vy (w).
Therefore L (M) = L (M).

From the above proposition we can see that any AE4dh be assumed to be M &, &,
F, 6, qo, X(), F')

Proof. (i) - (i).

Suppose the IF3 is accepted by the IFPDA M9 X, I'', §', qo, Xo, F'). We construct
an IFSI in Q' as follows

w(q)=1ifg=q, 0if g# o

vi(q) =0if g=q, 1 if q# qo

Then, it follows that M accepts f.

Proposition 4. Let f be IFS in a nonempty sé&f. Then the following statements are
equivalent:

() f can be accepted by an IFPDA MG E, T, §, I, Zo, @) by empty state;

(ii) There exists an IFPDA M' =(, X, T", &', qo, Xo,®) recognizingf

Proof. Similar to Proposition 3

Proposition 5. Let f be IFS in a nonempty s&t Then the following statements are
equivalent:

() f can be accepted by an IFPDA M& &, T, 8, I, Zo, F) by final state;

(ii) There exists an IFPDA M' =(,X, I",6",q0, X0 , @) recognizing fwith empty stack,
whereqo [ Q'

Proof. (i) — (ii).

LetM=(Q,X,T,6,1, Z, F) be a IFPDA that accefts (u, v¢) by final state.
Construct an IFPDA M ' =, %, T", §', I', X,, F") as follows:

Q'=0Q VU {qq, g}, I'=T U {Xg}, Wwhereqo& Q, Xo &T.

Define an IFS"in Q' by

u'(q) =1ifq=q,wuq) if q#qoandv/'(q) =0ifq=q,vi(q) if ¢#qo
Define an IFSF" in Q' by

pe (@) =0ifa=q', pr(q) if g # qoandve (@) = 1ifq =a', ve (q) if ¢ # o
Define an IFS' in Q' x (T U {e}) x I'"" x Q' xI' by mappingsis', vs. Q' x U {&}) x I'"
xQ'xT"—10, 1] as

ts (o', & Xo, P, Zo) = pu (P),

vs' (90’ €, Xo, D, Zoy = Vi (p),

us (g, € any, @ &) =pe(q), DglU F,

vs' (q, & any, g & =ve(@UqUF,

ts (Ge €, @Ny, g ) =1

Vs (G &, @ny, g, ) =0
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us (q, a,z,p,v) =ps (@, 2,2, p, ¥), )
vs' (q, a,z,p,v) =vs (q, a,z, p, ¥), Wwhereq, p 0Q, allz u {&}, z OI', y OI';
Otherwiseus' (qo, a,z, p, ¥) = 0 andvs' (g, a,2, p, ¥) = 1.

Then for anyw =%, - - - X, X, x D 2 U {¢g}, i = 1. . .n, we have
prony () =V{u' (@A pem((q, w, Xo), @o, @, Zo) A prm (Do, w, Zo), (g1, X2+ * + Xn, Z171))
Apen' ((qr, X2 = Xn, Z171), (@2, X8 - Xn, Z2T2)) A+ - -
A MD—M' ((Qn—l ) Xn y Zn—1Xn-1 ); (qn y & Tn ))
Aurm' ((qn, &70)), (Ge, € €)) | .
Po Qi Gn €Q" 21, ... Zn T 7y, ...y T }
=V {1 A ur (o) A pem (o, w, Zo ), (@1, %+ * Xn , Z171))
Apen ((Qu X2+ Xn  Z171), (@2, Xa =+ + = Xn , ZoT2)) A - -
A e ((@nt, %o, Zn1 71 ), (Gn , € 70)) AN AL AL |
0, q1, - -.,qn) UQ, z1, .. Zn1 €T, 71,... €T }
=V {lul (pO)/\ Him ((pO! w, Zo )1 (ql y X Xy Z1 T ))
Apem ((q, %o - == X0y Z171), (@2, Xa* = Xn y Za2 )) A - -
A tem ((@n-1, X s Zn-17n-1),(qn , €, 7)) | .
p&qn ... .qn)0Q, 21, ..z O, 1ry, ... €T}
= pw (w), and
vy (@) = Mvi(@Vviw (9, @, Xo), (o, @, Zo)) A Vi (Po, @, Zo), (g1, X+ * Xn, Z171))
Vven' ((qu X2 -+ Xn, Z2171), (G2, X3+ * * Xn, ZaT2)) A+ - -
Vven' (@n-1, Xn, Zn-1Xn-1), (Gn, €, T0))
Vviem' (((gn, € 7)), (qe €, €)) | )
b qun - - .qn)EQY Z1, .. . Zn T 1y, ... LT }
AA{0 Vv (po) Vitrm ((Po, w, Zo), (q1, X2+ * * Xa, Z171))
V vem ((q1, X2+ + + Xny Z171), (G2, X3+ + * Xy Z212)) V - - -
V vim ((@n-1, %n, Zn-17n-1), (qn, €, 72)) VOV OV 0...V 0*|
0, q1, .. Gn)€Q, 21, ... Zn1€L, 11, ... €T}
A {VI (po) V Vim ((po, w, Zo), (ql, Xo + + + Xn, Z]_T]_))
Vv ((qu X+ + * Xn, Z171), (@2, X3+ * + Xy ZaT2)) V - -
V Vem ((@n-1, X, Zn-17n-1), (qn, &, T0)) | .
Porqi ---qn €Q,21, ... Zn €L, 1r1,... T}
iw) (@)
Therefore L (M) = L (M).

Proposition 6. Let f be IFS in a nonempty s& Then the following statements are
equivalent:

(i) f can be accepted by an IFPDA M&E, T, 6, I, Zo, @) by empty stack;

(ii) There exists an IFPDA M' =X, X, I",6', q0, X0 , F) recognizing fwith final state
Proof. (i) — (ii).

LetM=(@Q,X,T,6,1,Zy, @ be aIFPDA that accepts f g(v;) by empty stack.
Construct an IFPDA M' =, X, T, &', I', Xo, F") as follows:

Q'=QU{qo, g}, T'=T U {Xo}, whereqo€ Q, Xo ¢T.

Define an IFS"in Q' by

w' (@) =1ifqg=q, w(q) if g#qoandv/' (q) =0ifq=q,v/'(q) ifqg#qo
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Define an IFSF 'in Q' by
pe (@) =0ifq=q), ur (q) if g #qoandve (q) = 1ifq = a', ve (q) if ¢ # Qo

Define an IFS5'in Q' x (T U {&}) x " x Q' xI'" by mappingsts', vs: Q' x (EU {&}) x I
x Q' xI"— [0, 1] defined as

ts (qo's € Xo, p, Zo) = i (p),

vs' (qo', & Xo, P, Zo) = vi (p),

s (g, & Xo, o, €) = 1,

vs' (g, & any, g € =0,

ﬁu5‘ (Q! a,z, p, )/) =Us (q1 a,z, p, Y)! .

vs' (q, a,z,p,y7) =vs (q, &,z,p,y), whereq,p U Q,ald T u {e}, zUT,y UI';
Otherwiseus' (qo, &,2, p, y) = 0 andvs' (qo, ,2, p, ¥) = 1.

Thenforanyw = - - X O X, x O ZU{e}, i =1...n, we have
vy (@) =V{' (@)Au-m((q, o, Xo), o, @, Zo))Atm (Po, @, Zo), (1, X2" * * Xn , Z171))
Apen' ((Qu X2 - X, Z171), (@2, X+ Xn, Z2T2)) A+ -
A ,UD—M' ((qn—lz Xny Zn—lxn—l); (Qn; g, Tn))
A prn' (((qn € X0)), (g5 € Z0)) | .
& qu, - - -, ) U Q' z, ... Ze UT 7y, ..., r UT }
=V {1 A o) A pem (Po, @, Zo), (1, %o+ + + Xn 4 Z171))
A piem (1, X2 * -+ + Xy Z171), (G2 X3+ + * X, ZoT2)) A= - -
A tem ((@n-1, Xy Zn-17n-1), (qr, & T2)) A 1| X
0,q1, - qn)€Q,z1, .. zZna U, ry, ... T}
= V{w @At-m ((Po, @, Z0), (qu X2+ + * Xn , Z171)) tem' (G, €, X)), (1, &5 Z0))
Atem (g1, Xo -+ = Xn, 2171), (@2 Xg =+ Xny Z2TR)) A - -
A pem' (((gns €, X0)), (a1, &, Z0)) | .
P& gy - - qn)€Q, 21, .. yzn U, ry, ... O}
ULv) (a)), and

viwy(@) =AM (@Vvem ((9, w, Xo), o, @, Z0)) Aviem ((Po, @, Zo), (q1, X2+ * * Xn, Z171))
Vvewm' ((qu X2« Xn, 2171), (G2 X3« X, ZaT)) A+
Vven' ((Qn—ly Xn, Zn—lxn—l): (qn, &, Tn))
Vvem' (((gn: & 1)), (g1, € €)) | .
b qyn ..., qn) Q" 21, ...,z O 7y, ..., T}
A {0V vi (po) Vrm ((po, w, Zo), (@, X2+ * Xn, 2 T1))
V vim ((q1, X2+ + + Xn, Z171), (G2, X3+ + * X, ZoT2)) V - - -
V ttem ((Gn-1, %, Zn-17n-1), (Gr, € 7)) V O | )
P60, q1, - - -, qn)€Q,zq, ..., Zn— A, 711, .. L, rn OT}
AA{vi (Po) V vim (o, w, Zo), (qu, Xo - -+ Xn, Z171))
Vvem (1 X2+« * Xny Z171), (G2, X3+ + + Xy Z212)) V - - -
V uen' (((gns & X0)), (1 &, Z0)) | )
& qu - - -, @)U Q,zy, ..z T, 1y, .o, r, UT }
Vi) (w)

Therefore L (M) = L (M).
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Theorem 1. If L is an intuitionistic fuzzy language (IFL) aqued by an IFPDA M with
final states, there exists an IFPDA Mat accepts L with empty stack

Proof: By Proposition 5 and Proposition 6, it follows tthhe two IFLs accepted by
empty stack and final state are equivalent.

5. Intuitionistic fuzzy context-free grammars and languages

Definition 12. An Intuitionistic Fuzzy Grammar (IFG) is a systend = (N, T, I, P), where
i. N is a finite nonempty set of variables;
ii. Tis afinite nonempty set of terminalsn N =@
iii. |intuitionistic fuzzy set of start symbols(variab)
iv. P is a finite set of productions ovEEIN,P={ x— 8| xe (NU T)'N(N U T)',

y O(NUT)}isan IFS over§ U T) x (N U T) defined ad = (up , ve) Where

pe (X, y) =pp (X —y) and

Ve (X Y) =ve (X—Y)
are membership degree and nonmembership degreewfibbe replaced by,
respectively.

Fora, BON UT) , if x — y OP, thenayp is said to badirectly derivable
from axp, denoted byrxp = ayp, and definup (axB = aypB) = up (x — ¥), ve(axpf =
ayB) =ve(x —> ). Ifa; ... an are strings iNf U T)* anda; — a2, . . . ,@m-1— Anm
[P, thena, is said to deriver,, in G, or, equivalentlyq,, is derivable fromx, in G. This
is expressed by, =* a;, or simplya; =* an. The expression; — a, — - -+ — am IS
referred to as derivation chain from a; to am.

Proposition 7. The language generated by IFG is an intuitionfstizy language (IFL)

Proof: An intuitionistic fuzzy gramma generates an intuitionistic fuzzy languagé&)L(
= (us, v¢) in the following manner. For any stringh€ T, n > 1, us(wn) = V{ur (wo) A
Up (Wo=> w1 ) A+ Aldp (Wn1= wn ) |wo LN, wy, ... ,wng 1 (N UT)*}, andve(wy)
= AV (Wo) VVp(Wo= w1) V-V Vp(Wn1= wn) |[wo ON, @y ... wey O (NUT)Y.
uc(wy) andvg(w,) express the membership and non membership degfeesin the
language generated by gramm@y respectively. Obviously, &) = (ue,ve) is well
defined. And also, for any string, € T", n> 1, there is a derivation fromg to wx, that
iS,wp=> w1 =+ > wn1= wn, Therefore,

Ue(wn) +ve(w) < pe(wn) +vi(wo) Vv, (Wo=w1) V- VY, (Wn-1= wn ) = (Ue(wn)
+vi(wo)) V (Us(wn) +ve (wo = w1)) V- - -V (Us(w) + Vp (Wn-1= wn ) < (1 (wo) +

Vi (wo))V (up(wo=>w1)+ v (Wo=>w1)) V-V (U (Wn-1= wn) + Vp (Wn-1= wn))
<1

Definition 13. For any intuitionistic fuzzy grammars, andG,, if L (G1) = L (G») in the
sense of equality of intuitionistic fuzzy sets,rittee grammar§; andG, are said to be
equivalent

Proposition 8. Let A be IFS ovefl+. Then the following statements are equivalent:
() Ais generated by a certain IRG= (N, T, P, I)
(ii) A is generated by an IFG = (N', T', P', S)
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Proof: (i) - (ii).

Let A be generated by an intuitionistic fuzzy gramiiar (N, T, P, I). Then we construct

anlFG G'=(N',T', P', S) as follows:

N =NU{S},S¢N;T' =T,P' =P U P4, where

P1={S —q|qwsupp (), ue (S — q) = (q), ve (S > q) =vi (q)}-

Next we show that LQ") = L (G).

In fact, G'= (', T', P', I') wherel' is an IFS ovelN' defined asu/'(S) = 1,v/(S) = 0;

u'(q) =0andv/ (q) = 10q € N. For anyw, € T, n> 1,

e (wn)=V{ /' (wo) Atp(wo=w1)A - - - App(Wn-1 =) |wo € N', w1, . . . wa1(N'U T'):}
=V{up (S = wi) App (W1= W) A+ A ptp (Wn-1=Wn) fw1 -+« @at D(N'UTY) }
=V{ur(S=29) A pp(q=w2) A+ - - A pp(Wn—1=wn) | EN, w2, ..., wn-1 (N UT)*}
=V{w (@A (@=>w2) A App (Wn-1= wn) | qUN, w2, ..., wn—1 O(NUT)'}

= u¢(wn) and

Ve (wn) =NV (Wo) VVp(wo= 1)V - - - VVp(wn1=wn) |wo UN', w1, . . . ,wn LJ(N'U T')'}
=M (S = @) Ve (0=w2) V- -+ VVp (Wno1=Dwn) |01, . . . o[ (N UT' )}
=A{ve (S=2q)Vve(q = w2) V - - - V Ve (Wn1=wn ) g ON, wa, . . . ,wns J(NUT)'}
=AMV (@ Ve (Qwz) V- Ve (W= wn) |q ON, @y, ..y wnes D(NUT)'}
=ve(wn).

Hence LG' ) = L(G).
() - (ii). The proof is obvious

Definition 14.

(1) AnIFGG = (N,T, P, I) is said to bentuitionistic context free grammar (IFCFG) if it
has only productions of the form— w OP with A N andw € (N U T)" . And the
language L&), generated by the IFCHG is said to be amtuitionistic fuzzy context-
free language (IFCFL).

(2) An IFCFGG = (N, T, P, S) is called anintuitionistic fuzzy Chomsky normal form
(IFCNF) if it has only productions of the form—BC/a 1P orS — &, whereA, B, C
ON,B#S, C #S anda OT.

(3) An IFCFGG = (N, T, P, S) is called anintuitionistic fuzzy Greibach normal form
(IFGNF) if all the productions are of the foun— ax € P orS — &, whered LIN, a
AT, andx O(N - {S})"

6. Conclusions

We have defined intuitionistic fuzzy pushdown auadenand the two different ways
accepting languages by empty stack and final stalés also established that the
languages accepted by IFPDA (with final state) emaivalent to those accepted by
IFPDA (with empty stack). Secondly, we have introgll the notions of IFCFGs,
IFCNFs, and IFGNFs. Our future work will be on teth concepts, such as the
equivalence of IFCFG and IFPDA, Converting IFCFG [€PDA and vice-versa,

algebraic properties of IFCFLs.
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