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Abstract. The aim of this paper is to introduce a new cldssets called w*gclosed sets
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1. Introduction

Levine introducedjeneralized closed sets [1@jdSemiopen sets [11pbd EIl-Monsef,
El-Deeb and Mahmoud[1] introducedp sets and Njastad introducedsetsand
Mashour, Abd EI-Monsef and El-Dedhtroduced Pre open sets. Andregvic [2] called
B sets as Semipre open sets. Veerakumar introdgfcetbsed sets [18]. AlsoVeera
kumar introduced the notion of *g closed sets studlied its properties. The aim of
this paper is to introduce w *g closed sets amestigate some fundamental
properties and the relations withated generalized closed sets .

2. Preliminaries

Definitions 2.1. A subset A of a spad¢¥, 1) is called

1. A semi-open set if Allcl (int A) and a semi-closed set if int (cI| AJA and
SCL(X,tr) denotes the class of all semi-closed subsetX,of. (

2. A preopen set if Allint ¢l (A) and a preclosed set if cl (int (A]) A, PC(X, 1)
denotes the class of all preclosed subsets of)(X,

3. Ana-open set if Alint(cl(int(A))) and ano-closed set if cl(int cl(A)) A, aC (X,
1) denotes the class of aliclosed subsets of(X).

4. A semi-preopen set ($-open) if Allcl (int (cl (A))) and a semi-preclosed sef{=
closed) if int (cl (int A)) LJA. The semi-closure (respectively pre-closur&losure,
semi-preclosure) of a preclosed) sets that cormtaand is denoted by sclA (rep.
pclA, a cl A,sp cl A).

5. A Regular open if int ((cl (A)) =A and Regular closed if cl (ifA)) =A.

Definition 2.2. A subset A of a spad¥, 1) is called
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1. A generalized closed(briefly g-closed) set if ¢l (A) [ U whenever AL1U andU
is open in (X5); the compdment of a g-closed set is called a g-open set
2. A a-generalized closed set (brieflyr g- closed) ifa cl (A) LIU whenever A

U Uand U is openin (X); the compiment of a a g-closed sés called a
a g-open set.

3. A generalizedr - closed set (briefly g - closed) if a cl(A) U whenever Al
U and U isa - open in (X;1). ; the compdment of a @ -closed set is called a
ga -open set.

4. Arg- closed set if cl(A)JU whenever ALl U and U is Regular open in {X
1); the complement of a rg -closed set is callepencset.

5. A generalized semi- prdosed set (briefly gsp- closed) sipcl(A)L1U whenever
A [ Uand U is open in (). ; the comptment of agsp-closed set is called a
gsp-open set.

6. A g closed set if cl(A)JU whenever AL U and U is Semi open in (X); the
complement of & -closed set is called@—open.

7. A g# closed if cl (int(A))JU whenever A1 U and U isa g open in (X 1); the
complement of a g# -closed set is called a g#erop

8. A g*-closed set if cl(AJJU whenever ALl U and U is g open in (X); the
complement of a g*-closed set is called a g*-apen

9. A*gclosed if cl(A) JU whenever A1U and U isg -open the complement of a
*g-closed set is called a *g-open

3. w *g- closed sets and their properties
Definition 3.1. A subset A of a space #4,is called a weakly *glosed set(briefly
w*g closed) if cl(int(A))J U whenever AU and U § § open.

Example3.2. Let X = {a, b, c} andt ={o, X, {a}, {b}, {a,b} }.
Closed sets are, X, {b,c},{a,c},{c}.

Semi open sets aregf X, {a}, {b}, {a,b}.{a,c}.{b,c}}.

g open sets are ¢, X, {a}, {b}, {a,b} }

w*g closed sets arep| X,{b,c},{a,c}.{c}}.

Theorem 3.3. If a subset A of a topological space Xjs closed then it is w *gclosed.
Proof: Let A be closed then A =cl (A).
Let ALJU, where U is open
Now cl (int (A)) Ucl (A)=A0OU
=> A is w *g closed.
The converse of the above theorem need not be true.

Example 3.4. Let X= {a,b,c} 1= { ¢,X,{a}.{a,b}}.
Closed setsd, X, {b,c},{c}}.

Semi open sets =p{X,{a},{a,b},{a,c}}.

g —open sets arep{ X, {a,b},{a},{b}}

Here{a} is w*g is closed but not closed.
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Theorem 3. 5. If a subset A of a topological space (Xjs Regular closed then itvg*g
closed.

Proof: Since A is regular closel cl (int (A)) =A.

Let AU and Uisg—open.Now CI (int (A))=AL U

Thus A is w *g closed.

The converse of the above theorem need not be true.

Example 3.6. Let X= {a,b,c} t = {o, X, {a}, {b}, {a,b}} closed sets ¢,
X,{b,c}{a,c}{c}}

Regular closed sets afe, X, {b,c},{a,c}}

Here {c} is w*g closed but not regular closed.

Theorem 3.7. If a subset A of a topological space @f,is pre-closed then it is w*g
closed
Proof: Let ALJU where U is3 open.
Since Ais pre-closed, cl (int (AD)IA,
=>cl (int (A)) O U.
Thus Aisw *g closed.
The converse of the above theorem need not be true.

Example 3.8. Let X={a,b,c}t = {0, X, {a}, {a,c}} closed sets {, X,{b,c},{b}}.
Semiopensets are{ X, {a}.{a,b}.{a,c}}

g —open sets arep{ X, {a,c},{a,}}

Here {a,b} is w*g closed but not pre-closed.

Theorem 3.9. If a subset A of a topological space @X,is a - closed then it isw*g
closed.
Proof : Let ALIU and U be open.
Since A isa closed cl (int (cl (A))LA,
Thus cl (int (A)) 0 U
=> A is w *g closed.
The converse of the above theorem need not be true.

Example 3.10. Let X={a,b,c}t = {0, X, {a}, {a,c}}.
Closed sets §p, X,{b,c},{b}}.

a Open sets¢, X, {a}, {a,b}{a,c}}.

a Closed setsd, X, {b,c},{b},{c}}.

Semi opensets ar@{ X, {a}, {a,b},{a,c}}

g —open sets arep{ X, {a,c}.{a,}}

Here {a,b}is w *g closed but notr - closed

Theorem 3. 11. If a subset A of a topological space gXjs *g closed then it is w*g

closed.
Proof: Let ALJU isg open.
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Since A is *g closed cl (AJ1U, whenever A1U and U is § open.
Now cl (int (A)) Lcl (A) OU where U isg open

=> A is w *g closed.
The converse of the above theorem need not be true.

Example 3.12. Let X={a,b,c} = { ¢,,{b}.{a,b}}.
Closed set§, X, {a,c},{c}}

Semi pre open sets ®{X, {b,c},{b},{a,b }}
Semi pre closed sets ®,{X, {a}, {a,c},{c }}
Here {a} is w *g closed but not *g closed.

Theorem 3.13. If a subset A of a topological space (},is g* closed then it is w*g
closed.

Proof: Since A is g* closedcl (A) LJU, AU where U is g-open.
Let ALIU, where U igz open. Nowcl (int (cl(A)) LI cl (A) L U, where U is g-open.

Sinceg open=> g-open, cl (infA)) U0 U where U ig open.
Thus A is w *g closed.
The converse of the above theorem need not be true.

Example 3.14. Let X={a,b,c}t = {¢, X, {a}, {a,b}}.
In this space {b} is not g closed. But {b} is w *g closed.

Theorem 3.15. If a subset A of a topological space @X,is w*g closed thenit is gsp
closed.
Proof:. Let A be w *g closed.
Let AL1U, where U is open .Since A is w*g closed we ehav
cl (int (A))  U.Now open => open
Int (cl (int (A))) O U. AU int (cl (int (A))) O A O U.Thatis Spcl (A)J U
=> A is gsp closed.
The converse of the above theorem need not be true.

Example3.16. Let X = {a,b,c}, t={o, X, {a}, {b}, {a,b}} closed sets a¢ { o,
X.{b.c}{a c}{c}}

Semi pre open sets are,{X, {a}, {b}, {,a,c}.{b,c}}

Semi pre closed sets ®{X, {b,c}, {a ,c},{b}.{a}} & open sets are =f, X,{a,b}{a},
{b}} {a} is gsp closed but not wg closed

Theorem 3.17. If a subset A of a topological space §,is g# closed thent is w*g

closed.

Proof: Let ALJU where U is open.

Since A is g# closed cl (int (A))J U whenever A1 U and U isa g open.

Sinceg open=>a g open, we have cl(int(A))J U whenever A1 U and U is3 open
=>A is w *g closed
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The converse of the above theorem need not be true.

Example3.18. Let X = {a, b, c}, 1 ={¢, X, {a}, {b,c}} closed sets ar { o,
X,{b,c},{a} } semi open sets are {¢@, X, {a}, {b,c}} & open sets are,
X {a,b}.{a}.{b}.{a,c}.{b,c}.{c}}.

Here {b} is w *g closed but not g# closed

4. Properties of w*g closed sets

Theorem 4.1. A set A is w *g closed iff cl(int(A) —A contain noon emptyg closed
sets

Proof: Let F beg closed sets such that F cl (int (A)) — A (1)
Then HI A® and

Fisgopen& AL F

By the definition of w *g closed set cl (int(A)) F°

FO (cl (int (A))° 2)
s From (1)and (2) F =¢.

Conversely Let Al F where U ig open.

If cl (int (A)) O U then cl (int(A))NU° is non empty closed set of cl (int(A)) — A,
which is a contradiction.

Theorem 4.2. A w *g closed is regular closed iff ¢l (int (A)) -A is g closed.
Proof: Since A is regular closed A =cl (int (A))
< ¢l (int(A)) — A =9 isregular closed and hengelosed
Conversely, suppose cl (int (A)) — Adsclosed by theorem4.1
cl (int(A)) —A=9¢
=> Ais regular closed

Theorem 4.3.1f a subset A of a topological space X is open and w *g closed then A is
closed
Proof: Let A be open. Since every open Setis § open SetA is § opensince A iSw *g
closed, cl(int(A)) U U where U is § open
Taking A = U we’ve cl(int(A)) U A
=>cl(A) L A (since Int(A) = A)
But A U cl(A).
Hence cl(A)=A and hence A is closed.

Theorem 4.4. If A is both open and w *g closed in X then it is both regular open and
regular closed in X.

Proof: If A is open and w *g closed, then by theorem (4.3) A is closed

i.e. cl(A) = A.

Also as A is open, int(A) = A

=>A =int (cl (A))

=>A is regular open
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Also A = cl(int(A))
=>A is regular closed.

Theorem 4.5. If A is both open and w *g closed in X then it is rg-closed.
Proof: If A is both open and w *g closed in X then by theorem (4.4) A is closed
i.e. cl(A) = A.

Also By theorem (4.4), A is regular open and regular closed

Let A € U, where U is regular open.

Therefore, cl(A) U= A , whenever A [ U is regular open
=>A is rg-closed.

Theorem 4.6. If A is both semi-open and w *g closed in X then it is *g closed.
Proof: Let A be both w *g closed and semi-open.
Let A O U where U is § open
Then by the definition of w *g closed, cl(int(A)) I U since A is semi-open, cl(A) []
cl(int(A)) , ([2] Theorem 1.1)
=>cl(A) Ocl(int (A)) DU
=>cl(A) [0 U where U is § -open
Hence A is *g closed.

Theorem 4.7. Let A be w *g closed and suppose that F is closed then ANF is w *g
closed.

Proof: Let A be aw *g closed and F be closed.
To Prove : ANF is w *g closed
Let ANF O U, U is g —open since F is closed, ANF is closed in A ANF [0 A

=>cl (int (ANF)) O ¢l (ANF)) =ANFO U,

=>cl (int (ANF)) JU
=>ANF is w *g closed.

Theorem 4.8. If a subset A of (X,1) is both closed and & g-closed then A is w *g-closed
Proof: Let A be & g-closed .
Let AJU where U is § —open since every g§ —open set is @ g-open, U is @ g-open

a cl(A) UUwhich impliesU cl(int(cl(A)) LU
Since A is closedcl (A) =A, cl(int (A))JU
=>A is w*g closed.

Theorem 4.9. Let (X,1) be a topological space and ALY JX. If A is w *g closed in X
then A is w *g closed relative to Y.
Proof: Let A YNU where U is § —open in (X,7), since A is w *g closed,

=>cl (int (A)) U where ALJU andU is § —open
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=>YNcl (int (A)) D YNU
i.e. cly(int(A)) LJYNU
=>Aisw *gclosedin Y.

Theorem 4.10. If a subset A of a topological space (X,t) is nowhere dense, then it is w
*g closed

Proof:If A is nowhere dense, then int(A)= ¢

Let ALl U where U is § —open

=>cl (int (A)) =cl () =¢ I U and hence A is w*g closed

5. Weakly *g open sets
Definition 5.1. A subset A of a topological space (X,7) is called weakly *g open(w *g
open) set if its complement is w *g closed in (X, 1).

Theorem 5.2. If subset A of a topological space (X,1) is open then it is w *g open
Proof: Let A be an open set in (X,1).

Then A° is closed in (X, 1) since every closed set is w *g-closed, A® is w *g-closed
Hence A is w *g open.

Theorem 5.3. A subset A of a topological space (X,t) is regular open then itis w *g
open set
Proof: Let A be a regular open then A° is regular closed
i.e. A=cl(int(A)).
Let A°J U, where U is § —open

=>cl(int (A°)) = A°JU, where U is & —open

=>cl(int (A)) L U, where U is § —open
=>A°is w *g closed.
Hence A is w *g open.

Proposition 5.4.

Every a open set in(>%) is w*g open in (Xg) but not conversely.

Every pre open set in(X,is w*g open in (Xr) but not conversely.
Every *g open set in(X) is w*g open in (X7) but not conversely.

Every g# open set in(X), is w*g open in (Xt) but not conversely.

Every w*g open set in(X) is gsp open in (X) but not conversely.

arLNOE

Theorem 5.5. A subset A of a topological space (X,1) is w *g open if and only if G LI
int(cl(A)) whenever G A and G is § —closed.
Proof: Assume that A is w *g open then A®is w *g closed.
Let G be g —losed set in (X,t) contained in A.
Then G° is § —open containing A°
ie. A°G*
=>cl(int (A®)) 0 G° (since A®is w *g closed)
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=>G Uint (cl (A))

Conversely, assume that G Ll int(cl(A)) whenever G L1 A @
Now since G is § —open containing A°
ie. A°G°
cl(int(A9) U G°
=>A‘is w*g closed
=>A is w*g open.
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