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Abstract. A graph labeling is an assignment of integers éwértices (or) edges or both
subject to certain conditions. Graceful labelingswatroduced by Rosa [6] while the
concept of odd graceful labeling was introduced@manajothi [2]. A Graph G (V, E),
[V(G)| = p, |E(G)| = q is said to be odd gracefftihére is an injection from V(G) to {0, 1,
2, .... 20-1} such that when each edge xy is assighe label [f(X) - f(y)| the resulting
edge labels are distinct and are in the set {5, 3, 2g-1}. In this paper we prove theodd
gracefulness of every even cyclg, @= 6 with parallel R chords for k = 3, 5 and also
prove the odd gracefulness of every odd cycle=@ with parallel Rchords for k = 2,4
after the removal of 2 edges from the cycle C
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1. Introduction

Many mathematicians have introduced different tygfegraph labeling techniques in the
past five decades. This paper deals with one ofyjhes of graph labeling namely odd
graceful labeling. For a dynamic survey of variguaph labeling problem Gallian [1] is
referred.

The graph considered here is a finite undirectaglyG = (V, E), where |[V(G)| =
p, |E(G)| = q without loops (or) multiple eddes.Valuations defined by Rosa [6] is an
injection from the vertices of G to {0, 1, 2, .}.such that when each edge xy is assigned
the label [f(X) - f(y)| the resulting edge labals distinct and are in the set {1, 2, 3, ... g}.
This was later renamed graceful by Golomb[3].

Several classes of graphs have been shown togradeful and Gnanajothi[2]
proved that every path,®vith n vertices, (n-1) edges is odd graceful foy a and every
cycle G, with n vertices and n edges is odd graceful if6 rven. She also proved that
every graph with an odd cycle is not odd graceful.

A chord of a cycle is an edge joining two othemvisn-adjacent vertices of a
cycle. Sethuraman and Elumalai[7] defined a cyciih warallel R chords as a graph
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obtained from a cycle {£n = 6 with consecutive vertices Wy, Vs, ... Wh.1Vy by adding
disjoint paths (chords) of order k namely, R = 3 between each pair of non-adjacent

vertices (Y Vh.1), (V2 Vo), weveeees (wvp) wherex = [g} - 1,8{2} + 1lifnis even anfi

= E} + 2 if nis odd. In this paper we prove the oddcgfulness of cycle with parallel
P.chords.Gnanajothi[2] proved the following resultsaycle related graphs.

Theorem 1.1. The disjoint union of copies ofsCone point union of copies of;@re odd
graceful graphs.

Theorem 1.2. P, is odd graceful for any n and, & odd graceful iff n is even.
Lekha [5] proved the following results on cycleateld graphs.
Theorem 1.3. Joint sum of two copies of ®f even order admits odd graceful labeling.

Theorem 1.4. Joining two copies of Cof even order by a path admits odd graceful
labeling.

Theorem 1.5. Two copies of even cycles,Gharing a common edge is odd graceful
Ibrahim Moussa [4] proved the following theorem

Theorem 1.6. C,, U P, is odd graceful if m = 4, 6, 8, 10 ang, O P, is odd graceful iff m
is even.

2. Gracefulness of cyclewith parallel chords
Definition 2.1. A graph is called a cycle with parallel chords ifissobtained from the

cycle G : Vo V1 .... \ha Vo (N = 6) by adding chords (w,.1), (V> Vho), -....... (wvp) where
a= n -1, Bzﬂ +1if nis even anﬁzE +2ifnisodd
2 2 2

Definition 2.2. A graph is called a cycle with parallgl €hords if G is obtained from the
cycle G : Vo Vi Vo .... b1 Vo (n = 6) by adding disjoint paths,$ of order k (chords)

between the pair of vertices 1(Wn.1), (V2 Vhz), .eeeeees (wvp) of cycle G where
a= n -1, B= n +1ifniseven, anfl= n + 2 if nis odd.
2 2 2

Definition 2.3. A Dragon O(m) is a graph obtained by joining the end poinpath R,
to cycle G,

Sethuraman and Elumalai [7] proved the followingatems.
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Theorem 2.4. Every cycle Gn= 6 with parallel chords is graceful.

Theorem 2.5. Every cycle Gn= 6 with parallel R chords is graceful for k =3, k = 2r2
r<5

3. Odd gracefulness of cyclewith parallel chords

In this paper we have proved that every even ogghe 6 with parallel R chords is odd
graceful for k = 3, 5 and every odd cyclg @& 7 after the removal of 2 edges to get a
Dragon with parallel Pchords is odd graceful for k = 2, 4.

Theorem 3.1. Every even cycle @= 6 with parallel B chords is odd graceful.
Proof: Let G be the even cycle ,Cwith parallel B chords. Then G has
N = [nk-a(k-2)]/2 vertices wheren = 3 if n is odd anda = 2 if n is even and
M = [n(k+1) - p(k-1)]/2 edges wherp = 3 if n is odd angh = 2 if n is even, k is the order
of the path R Here |V(G)| = [3n-2]/2 = N, |E(G)| = 2n-2 = My V1 V> ... Wibe a
Hamiltonian path in G. Define the labeling f: V(&) {0, 1, 2, .... 2M-1} as follows
f(v)=1ii=0,2
flvi) =i+ 2, i-even £&i<N-3 if n=0 (mod 4)
4<isN-2 if n=2 (mod 4)

f(vi) = 2M - (2i-1), iodd, ki< 3
f(vai+j) =1 (v) - 2i, 1<i< 2

j=3,915, ... N - 8if 80 (mod 4)

j=3,9,15, ... N -5if B2 (mod 4)

f(vart) =F (W) -6, t=7,13, 19, ...... N - 4 ifa0 (mod 4)
t=7,13,19, ...... N -7ifa2 (mod 4)
f(vny) =f(ww2) +1  ifn=0(mod 4)
=f(wo)-3 ifn=2(mod4)
clearly f is a 1-1 mapping of V(G) to {0, 1, 2........ 2M-1}. Also the edge labels are
distinct and are in the set {1, 3, 5, ..... 2M-Efom the above vertex labeling it is seen
that the above graph is odd graceful. An exampléheflabeling defined in the above

theorem is given in Figure 1.
11 Ve

33 v, 29 v,

35 v
Figure 1: Odd graceful labeling of gwith parallel B chords
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Theorem 3.2. Every even cycle ¢ n= 6 with parallel B chords is odd graceful.
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Proof: Let G be the even cycle with parallel ¢hords.
Then G has |V(G)| = [5n-6])/2 =N, [E(G)|=3n-4=M
Define the labeling f: V(G- {0, 1, 2, .... 2M-1} as follows

f(vi) =1,

f (Vo) =2M -3, 0
f (Vaivy) = (v) - 2i,

f(vais) =F(w) - 4i,

f(vng) =f(wa) +2 f

—fw)-3 if
f (VN-Z) =f (VN-l) +1
f (VN.4) =f (VN-l) +3

Clearly fis a 1-1 mapping of V(G)» {0, 1, 2, .... 2M-1} And the edge labels are disti
and are in the set {1, 3, 5, .... 2M-1}. From thmwe vertex labeling it is seen that the
above graph is odd graceful. An example of theliapelefined in the above theorem is

given in Figure 2.

Figure2: Odd graceful labeling of cycleg@vith parallel B chords

Theorem 3.3. Every odd cycle ¢ n= 7 with parallel chords is odd graceful after the
removal of 2 edges from the cyclg i@ Dragon R3(4) with parallel chords is odd

graceful.
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Proof: Let G be the cycle £ n - odd with parallel chords. After the removdl o
2 edges from the cycle,@ becomes a Dragon,[X4) with parallel chords.

Then |V(G)|]=n=N
[E(G)| =(3n-7)/2=M

Define the labeling f: V(G)}» {0, 1, 2, .... 2M-1} as follows

flv)) =1, 0<i< 4, ieven

f(v,) = 2M-1

f(vair1) = f(va) - 2i, i=1,2,...(n-3)/2
f(Vaira) = f(vs) + 4, i=1,2,3, .. (n-7)2

f(vn-) = f(vno) +3

The above mapping f is a 1-1 mapping of V(G) tdl{R,... 2M-1}. Also the edge labels
are district and are in the set {1,3,5,....2M-1}o the above vertex labeling it is clear
that the above graph admits odd graceful labeligexample of the labeling defined in
the above theorem is given in Figure 3 where theddines show the removal of edges.

Figure 3: Odd graceful labeling of §4) with parallel chords

Theorem 3.4. Every odd cycle ¢ n= 7 with parallel R chords is odd graceful after the
removal of 2 edges from the cyclgi€€ Dragon [.4(6) with parallel R chords is odd
graceful.

Proof: Let G be the Dragon (6), n= 7 and n-odd with parallel;®hords. The G has
[V(G)| = 2n-3 = N |E(G)| = (5n-13)/2 = M.

Define the labeling f: V(G- {0, 1, 2, .... 2M-1} as follows :

f (Vo) =0

fori - even, Xi<N-3

f(v) =i 2<i< 8
=ji+2 10<i< 16
=i+4 18<i< 24

127



R.Govindarajan and V.Srividya

=i+6 26<i< 32
........................ and so on.
f(vy) = 2M-1
f(vaisa) = f(vo) - 2i, 1<i<5
f(Voep) =T(v) -4, P= 11,19,27, ..... N-8 if 73 (mod 4)
11,19,27, ..... N-12 if a1l (mod 4)

f(V2i+Q) =f (VQ) - 2|, 1<i<3
Q= 13,21,29,...N-6 if A3 (mod 4)
= 13, 21, 29,......N-10 if Al (mod 4)
f(vno) = f(Vna) +5 if n=1 (mod 4)
f (VN-l) = f (VN-Z) +3

From the above vertex labeling it is seen thatlthels of all the vertices are
distinct and all the edge values are distinct aedrathe set {1, 3, 5, ........ 2M-1}. Hence
the above graph is odd graceful. An example ofabeling defined in the above theorem
is given in Figure 4where the dotted lines showrdmoval of edges.

Figure 4. Odd graceful labeling of §6) with parallel i chords

4. Conclusion

Graceful labeling and odd graceful labeling of apdr are entirely two different concepts
and a graph may possess one (or) both of thesedither. In this paper we have proved
that every even cycleCn = 6 with parallel R chords is odd graceful for k = 3, 5. In
continuation, our future work is on proving for angld k. Also we have proved that
every odd cycle ¢ n= 7 with parallel R chords is odd graceful for k = 2, 4 after the
removal of 2 edges from the cyclg.Q\gain in continuation, our future work is on
proving for any even k.
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