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Abstract. In the present paper, we introduce new subclaog%(p,x,a) of analytic
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1. Introduction

Let 4 denote the class of functions of the form:

f(z) =z+ianz”, (1.1)
n=2

which are analytic in the open unit disk.

U:={z:zOCand|z| < 1}.
Also let S(a) and¢ (o) denote the familiar subclassesmtonsisting of functions which
are starlike and convex of ordei(0< a < 1) in U, respectively.

Let S¥(a) denote the class of functions insatisfying the following inequality:

R ( fo ((?)J >a. (zOU), (1.2)

where O a < 1, k= 2 is a fixed positive integer angl(k) is defined by the following
equality:

f(2)= ikz_l: (e7°f(e2) +£"1(c"2)), (g = exp{%ﬂj ; z0 U] (1.3)
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And a function f(z)d 4 is in the clasg ¥ (a) if and only if zf'(z) O S¥(a).
The classs(sk(): (O)of functions starlike with respect to 2k-symmetranjugate points was

introduced and investigated by Al-Amiri et al. [1].
Let The the subclass gf consisting of all functions which are of the form:

i2) = z—ianz” (& >0).

We denote by Sk, ¢ and ¢~ the familiar subclass off consisting of functions
which are, respectively, starlike, convex, closeaavex and quasi-convex Id. Thus,
by definition, we have (see, for details [4, 68,

s ={f 0.4 and R{m}>0 (ZDU)}
)

zf"(z)
f(2)

C= {f :f 0.2, 0g0s : such thatR{ng((Z))} >0, (zO U)}.
z

7(=+‘ f0.2 and R{1+ }>O, (ZDU)}, and

Definition 1.1. Let T(p, A, a) be the subclass af consisting of functions f(z) which
satisfy the inequality:
zf () + pz*f "(2)
p@perla |, oy @
+
X( 2 (2)+p2’t'(2) j*”‘ 2
(1-p)f(2) +pzf (2)

for somea O<a <1),A (0O<sA<l)andp (O<p<1l). Ifp=0,afunction f(zd_ 2is in
the classC (A, a). This class was first introduced and investidaig Altintas and Owa
[2], then was studied by Aouf et al. [3].

We now introduce the following subclass @f with respect to 2k-symmetric
conjugate points and obtain some interesting result

A function f(z) O 4 is in the class?¥ (p,A,a) if it satisfies the following
inequality:

zf(2) + pz*f'(2)

(fl,_ Pz (if)"+ P22 (2) >0 (zOU), (1.5)

+
x( 2 () + 2’1 (2) ]+ 1-2)

(1-p)f 5 (2) +pzf 5 (2)

where Osa <1,0<A <1, 0<p<1and$z) is defined the equality (1.3). ¢f=0, a

function f(z)0 4 is in the classP¥ (1, a) which was studied by Luo and Wang [5].
ForA = 0in 2% (p,\,a) we getS¥(p,a) [10].
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Lemmal.l Lety=0 and I ¢, then
+ z
F@)=22 1ot dtc.
VAR
This lemma is a special case of Theorem 4 in [9].
Lemma1.2.[6] Let0 <p<1andfd ¢, then

F@)=22" ot “atoc O
P %

Lemma 13 LetO<p<1land Gca <1, then we havg?”(p,o) 0 O S.
Proof: Let F(z) = (1- p)f(z) +p z f'(2), (2) = (1- p)fa(2) +p z f'2(2) with
f(z) O po (p,0)" substituting z by" z =0, 1, 2, ..., K1) in (1.5), we get
e"zf (e"2) + p(e"2)*f (" 2)
(1-p)f 5 (e"2) + p(e* 2)f 5, (£"2) -

e'zf (€"2) + p(e"2)*f (" Z) ’ (19
el -
(1-p)f i (e"2) + p(e"2)f 5 (e"2)
From inequality (1.6) we have
e 7f (6" 2) + p(c"2) 2 (6" 2)
a.7)

N . P R O P N

N ' ZH (" 2) + p(c"2)*F (" 2) P
(L-p)fy(e"2) + p(e"2)fH (e"2)

Note that f(e" z) = €' fu(z), fo(e'2)=1,(2) , f,(s"2)=e™f,(2) and

f, (e"2) =1, (2), thus, inequalities (1.6) and (1.7) can be writisn

zf (e z) + pz°e"f (" 2)
(1-p)f 5 (2) +pzf 4 (2) >a, (1.8)
x( 21 (6'2) + p2'e'f "(,s“z)j +(1-1)
(1-p)f u(2) +pzf 4 (2)

and
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zf (e¥2) + pz°c 1 "(e*2)
R (1-p)f 5 (2) +pzf 5 (2)
/#STEA 2 CuEM NS
N zf(e"2) +pze™f ’(8 2) +(1-2)
(1-p)f (2) *+ pzf 5 (2)

Summing inequalities (1.8) and (1.9), we can obtain
Z[f (e"z)+f '(8”2)]+ pzz[s”f (e"z) +e™f "(8“2)]
R (1-p)f 5, (2) +pzf (2)
fl(e"2)+1(c"2) [+ pz°|e'f (6" 2) + £ "(c"2)

A : +(1-2)
(1-p)f u(2) +pzf 5 (2)
Letp=0,1, 2, ..., k1 in (1.10), respectively, and summing them wegesin

>a 1.9

>20. (1.10)

N

1 B I [/ = 1 - m _ ﬁ
ZE I:l:t)[f (e*2)+f (SHZ)]"'PZZZkZ::;[S”f (e"2) +e™f (8“2)]
R (1-p)f o (2) +pzf 5 (2)

1 - ' ﬁ 1 - m - ﬁ
N ZZkZEi[f (e"2)+1 (8“2)]"‘13222k2:;[8“f (") +&™f (s”z)]

>

, +(1-2)
(1-p)f 5 (2) +pzf 5 (2)
or equivalently,
2t (2) +pZ*f 5 (2) R, (2)
(1-p)fu (2) +p2zf 5 (2) =R Fix(2) >a

X[ 2t5,(2) +p2’1}(2) j+ 1-2) X(zek(z)j (12
(1-p)f 5 (2) +pzf 5 (2) Fx(2)

that is fora=0 Fu(z) O S(a), which is the class of starlike functions of ardein U.
Note that §0) = S, this implies that F(z) = (2 p) f(z) +p z f'(z) O ¢. We now split it
into two cases to prove

Case (i) Whenp = 0,A=0, it is obvious that f(z) = F(2) C.

Case (i) WhenAi=0and 0 p < 1. FromF(z) = (xp) f(z) +pz f'(z) and 0 < 1, we
have

)=t [Fayrat
P
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Since y—l—lzo, by Lemma 1.1, we obtain that f(Z) ¢ O S. Hence
P

qu (p, a) O ¢ OS, and the proof is complete. O

2. Integral representations
We first give some integral representations of fiams in the clas@® (p, A, a).

Theorem 2.1. Let f(z) O @ (p, A, a) with 0 <p < 1. Then

2k(z)——z J.ex;{ZKZ_J' 2(1-a)

u=0 o

o(e") . o('0) o |u
1= =1+ - 20)0(E')  1-A—(1+A - 200w (e ) ’

(2.1)
where $(z) is defined by equality (1.3))(z) is analytic inJ andw(0) = 0, |w(z)| < 1.
Proof: Suppose that f(Z) 2% (p,A,a), we know that the condition (1.5) can be written
as follows:
zf(2)+ pz*'(2)
(1-p)f5 (2) +pzty (2) 1+ (A-20)z
[/ 2¢m _
X( 2t (2)+p2’1'(2) j+(1—x) 1-2
(1-p)f 5 (2) +pzf 5 (2)
where < stands for the subordination. It follows that
zf'(2) + pz*t"(2)
(1-p)f, (2) +pzf} (2) < 1+ (1-20)n(2)
[/ 2¢m —_
}{ 2f'(2) + pZ*f (z') j+(1_x) 1-w(2)
(L-p)f 5 (2) +pzf 5 (2)
wherew(z) is analytic inJ andw(0) = 0, {o(z)| < 1. This yields
2f(2)+p2*f"(2)  _ (1-M[1+(1-20)0(2)]

)@ 0205 @) 1-A-(1+h—20)0(2)’ 22
Substituting z bg" z @ =0, 1, 2, ..., k1) in (2.2), respectively, we get
e"zf (e"2) + p(e"2)°f "(e"2) _ Q-1+ (1-20)w(e"2)] . 2.3)
(1-p)f, (e"2) +petzf, (e'2) 1-A—-(1+A-20)0)w(e"2)
From (2.3), we have
(e"2)f(e"2) +p(s“2)2f"(s“2) _ A-M)[1+(1-20)w0(s"2)] - (2.4)

A-p)f, (e"2) +pe'Zf, (6"2) 1-A—(1+X-200N)0("2)
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Note that f(e" z) = €" fa(z) andf,, (¢"Z) =&™f, (z), summing equalities (2.3) and
(2.4), we can obtain
z(f(e"2) +1'(e"2)) + pZ® (e"f "(e"2) + £ ™1 "("2))
(1-p)f 4 (2) +pzf 5 (2)

(2.5)
- A=W+ (A-20)e(e"2)] | (1-M[1+(1-2)o(E"2)]
C1-A-(1+A- 200»)co(s”2) 1- % - (1+ A - 20)0(c'2)
Letp=0,1, 2, ..., k¥l in (2.5), respectively, and summing them we c&tn g
zf, (2) + pzzf 2(2)
(1-p)f 5 (2) +pzf 5 (2) 2.6)

z(l ML+ (1-20)o("2)] | (1-M[1+(1- 20)o(£2)]
2k ol=A—(1+A- 200»)03(5”2) 1-1 - (1+ A - 20)0(£42)
From (2.6), we can get
fa@+pzfa(z) 1
(1-p)f (@) +pzfy(2) z
"Zil 1-V)[1+(1-20)w(e"2)] (1—}»)[1+(1—2a)(o(8“2)]_2
S 2kEz|1-a- A -20)0(E'2)  1-h-(1+h-20)0(E'Z) )
Integrating (2.7), we have

|Og((1_p)f2k(z)+pi£k(Z)j ika:Jz‘z(l o)

z

0(s"0) . o Q) &«
1-A-(1+X - 200)o(e"C) 12— (141 - 200" D)
That is
(L= p) (@) + 213, (2) = Zex"iu j e
_ (2.8)
o(e"0)] N w(e" ) &,
1-A—(1+ A - 200w (") 1= %= (1+ 1 - 20" )
The assertion (2.1) in Theorem 2.1 can now easilgidrived from (2.8). O

Theorem 2.2. Let f(z) 0 2% (p, A, a) with k> 2. Then
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1t 18 2(1-a)
f(z)—;z -([-([eXF(Zk I c

( o(£'0) . o(='D) }dCJ

1-A=(1+r-20)0(e")) 1-A-(1+A-200)0("C)
(1-W)[1+ (1= 2)(3)]
1-2—-(1+ A —200) (&)

wherew(z) is analytic inU andw(0) = 0, {u(z)| < 1.

Proof: Suppose that f(Z)! (PS(Q (p, A, ), from equalities (2.1) and (2.2), we can get

deur du. (2.9)

3 1E721-0)
"oy 1T
o) . oD

1-1=(1+2-20)0(e"))  1-21 - (1+A - 200)0(e"C)
(A-M[1+(1-20)w(2)]
1-A—(1+ A - 200 )w(z)
Integrating the equality, we can easily get (2.9). O

3. Convolution conditions
In this section, we provide some convolution cdndg for the cIas@S((k:’ (p,A,0). Letf,

g O 4, where f(z) is given by (1.1) and g(z) is defirmgd
9(2)=z+) c,z".
n=2
Then the Hadamard product (or convolution) f * géfined (as usual) by
(f*9)@)=2+ a.c,z" =(g*N@).
n=2
Theorem 3.1. A function f(z) 2% (p, A, ) if and only if
i0
1-e )-M1+(1-2)e )

h

z 1-2) 2
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I

((1 (e a-ane)- (1_”(1+(1‘2°‘)e')hj @

2
~(- o) f [P R+ P gy
A-M(A+(1-20)e”f 5 h+22h @;#%0 (3.1)
for all zO U and 0< 06 < 2it, where
1 2z
h(z)== ) 3.2
(2) kél—svz (3.2)

Proof: Suppose that f(Z)! (PS(Q (p,A,a), since the condition (1.5) is equivalent to
zf(2) +pz*t'(2)
(1-p)f 5 (2) + pzf (2) Sl O 2a)e'9
[} 2¢ 1, 1
X( 24 () +p2’t (@) J+<1—x)
(1-p)f 5 (2) +pzf 4 (2)
forallzO U and 0< 6 < 2t And the condition (3.2) can be written as foliow

Her@+ @) -ras a-2me)

(3.4)
~ (1= (A~ P (2) + p2f 4 D)L+ (1- 2"} # 0
On the other hand, it is well known that
zf(2) =f(2)* (3.5)
(1- 2>
And from the definition szfk(Z) we know
- TR
fa@)=z+ Z = —((f *h)(2)+ (f * h)(2)), (3.6)
where h(z) is given by (3 6) Substltutlng (3.5dg3.6) into (3.4), we can easily get
(3.1). This completes the proof of Theorem 3.1. o

4. Coefficient inequalities
In this section, we provide the sufficient conditiofor functions belonging to the class
Y (p, A

sc (P A 01).

Theorem4.1l. LetO<sa<1,0sA<land&p<l.If
Z[(l-p) +p(NK+D)][(1-21) [ (nk+1)a,., = R(@y..) |
+(1-a)(A(nk +1)a,., + (1-1) [R(@y.0) [] (4.1)

+ 3 (@-2)n[A-p) +pn] [a, |<1-a

n=2
n#lk+1
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Then f(z2)0 2 (p, A, ) .
Proof: It suffices to show that
2t (2) + pz*f "(2)
(1-p)f, (2) +pzf, (2)
[} 2¢ 1,
X( 2 (2) +p2'f2) J*“‘ 2
(1-p)f 5 (2) +pzf 5 (2)
Note that for |z| =r < 1, we have

zf(2) + pz°’f '(2)
(1-p)f,(2)+pzfy (2) _
N zf(2) + pz*f '(2) +(1-2)
(1-p)f, (2) +pzf L (2)
Y a-nia-p +pnlina, ~R(a,b)z |
1+ 37 [(1-p) +pnl(na, + (1- )R (a,)b,)z"
_ 2,(1=WI(A-p) +pn]|na, -~ R(a,)b, |4
1-3" [(1-p) +pn]iAna, +(1-2)b,[R(a,)]2"
>, (A=V[(1-p)+pn]na, —R(a,)b,|
1-3_[(4-p) +pnlina, +(1-1)b,[R (a,)

-1<1-aq,

where
218 oy _[1, n=lk+1,
b“_EVZ::;g _{O, nzlk+1. (4.2)

This last expression is bounded above byolif

i[(l —p+pnl[(1-2)|na, - R(a,)b,|+(1-a)(ana, + (1-4)b, [R(a,)[ s1-a,

(4.3)
Since inequality (4.3) can be written as inequdHtyl), hence f(z) satisfies the condition
(1.5). This completes the proof of Theorem 4.1. O

Theorem 4.2. Let0<a <1,0sA<land O<p<1and f(z)d 7. Then f(z)O
T2 (p,\,a) if and only if
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i[(l —p) +p(nk+1)][(nk +1) —a((AMnk +1) + (1-1)]a,.,)]

S (4.4)
+ ZH[(l—p) +pnja, <1-a.

n=2
n#lk +1

Proof: In view of Theorem 4.1, we need only to prove theassity. Suppose that
f(z) O 72 (p, ), @) , then from (1.5), we can get

1->"" n[(1-p)+pnla,z"*
1->0 {dn((1-p) +pn)a,] + (1-)[((1-p) +pn)a,b, ]z "
where R is given by 4.2. By letting z. 1" through real values in (4.5), we can get
1->"" n[(1-p)+pnla, oy
1= (n((1-p) +pn)a,] + (1-W(A1-p) +pm)ab,}

or equivalently,

>q., (4.5)

2 [(1=p) +pn]+(n—a(n+(1-N)a,b,) <1-a, (4.6)
n=2
substituting (4.2) into inequality (4.6), we cart gequality (4.4) easily. This completes
the proof of Theorem 4.2. O
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