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Abgtract. Let G be a simple graph with n vertices and m ed@ée ordinary energy of
the graph is defined as the sum of the absoluteegadf the Eigen values of its adjacency
matrix .This graph invariant is very closely coneecto a chemical quantity known as
the total n- electron energy of conjugated hydro carbon madésculn recent times
analogous energies are being considered, basedgen ealues of a variety of other
graph matrices. We briefly survey this energy ofide graphs. Here we present some
basic definitions and techniques used to studygsmer
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1. Introduction

Several matrices can be associated to a graphasutie adjacency matrix (denoted by
A) or the Laplacian matrix L = D-A where D is the&agonal matrix of degrees. Some
structural properties can be deduced from theirctspen but in general we can't
determine a graph from its adjacency or Laplacgetsum.

A concept related to the spectrum of a graph i$ dficenergy .As its name
suggests, it is inspired by energy in chemistry. 1878, Gutman defined energy
mathematically for all graphs [13]. Energy of gragtas many mathematical properties
which are being investigated. Energy of differerdpdns including regular, nonregular,
circulant and random graphs is also under study.

2. Preliminaries
Let G be a simple graph with n vertices and m eddejacency matrix of the graph g is
given by

A (G)(3 = { 1if v;is adjacency t(?vj

0 otherwise.
The characteristic polynomial of the above adjaganatrix is given by B (X)
The zeros of the polynomial are givenlyh, As...... n Which are eigen values of G.
HereA, "t 1,H2 A whereh > A > A, > L, and multiplicities

M1y M2yeenenes W, are called spectrum of A. The spectrum of A isechspectrum of G.
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Definition 2.1. Energy of asimple graph G (,E) with adjacency matrix A is define
as the sum of absolute values of eigen values It is denoted by E(C E(G) =
,Where), is an eigen values of A. i=1,2..

Suppose K eigen values are positive then E(G
Also

The energy of a graph is zeif and only if it is trivial. Using rational roo
theorem, the energy of nontrivial graph is an evember if it is rational

Applying Cauchy Schwartz inequality for (1,1,.. and (
EG)<

3. Comparative study of graph energie

3.1.Adjacency spectrun [8,10,11]

Let G be a graph possessing n vertices and m edgew, v»....v, be the vertices of C
Then the adjacency matrix A = A(G) of the grapthe square matrix of order

@® =

Consider the graph K

LA\

"a

Figure 1:

Adjacency matrix is given by A 4) =

Characteristic Polynomial P,4,x) = det(xk- A(ks)) = (x+1)(x- 3).
Spec (K) = and he energy of the graph E(G) = 6.

3.2. Laplacian energy{14,13]
Laplacian matrix L = L(G) of (n,m)graph is defineid its matrix elements ¢
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—1if i # jv; and v;are adjacent
lj = 0if i # j v; and vj are not adjacent ,
diifi=j
where dis the degree of th& ivertex of G.
To find the eigen values, we can solve for v, #t+{(G) ) =0
The eigen values of V are given by, s, ....Hn

Laplacian spectrum version of graph enerdj/{‘g1|yl.|.
2m

Instead the Laplacian energy can be representefl asLE (G) =).1-,; |,ul. - —

n
This definition is adjusted so that for regularmrs, LE(G) = E(G).
It was proved that LE(G} E(G holds for all bipartite graphs and for alma#tthe
graphs.
For disconnected graph G consisting of (disjoirdinponents G and G the
equality LE(G) = LE(G) + LE(G,) is not generally valid which is the drawback of
Laplacian energy concept[14].

Some bounds of laplacian matrix

1. For the graphs with number of graphs of competep< 2M (sz)—
The upper bound increases wiiith decreasing p.Hércguch graphs,

2
LE(G)SZTm+ J(n —1)2m —27’"
2. Let G be a connected graph of order n with needgmd maximum degreée. Then
LEG)>2 (A +1-22).

3.3. Signless Laplacian energji]
The signless Laplacian matriX £ L*(G) is defined as

+1 if i # jv; and vjare adjacent
Li*=< 0 ifi#jv; and vjare not adjacent

d;, ifi=j

Let W' 1", Hs,....Un' be the eigen values of L we define,
LE* = LE'(G) = ¥, |ﬂi+ —
To find the eigen values ,we can solve for v, 8¢t ) =0
Also in this case, for regular graphs ,"1®) = E(G).
For bipartite graph LE= LE. For non — bipartite graphs the relation egw LE and LE
is not known, but seems to be not simple.

3.4. Q-Laplacian energy{13,14,16]

Q- Laplacian matrix of graph G denoted by QE(G)e Th— Laplacian matrix of G(n,m)
defined by Q(G) = D(G) +A(G) is the sum of theghaal matrix of vertex degrees and
the adjacency matrix . Let®g,=>,...=>0, = 0 be the Q — Laplacian spectrum of G. Then

we define the Q-Laplacian energy of G as QE(G}5 |q;- 27m| .
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Bounds of Q —Laplacian energy
Theorem 1. QE(G)= 0 while the inequality holds if and only if A= 0.

Theorem 2. QE(G) < v2nM for any constant Kk or Q% I can be orthogonally

diagonalized to the block matr<>?101k (;)I )where q= fs‘ntz = IZT’” is real and
“Y1'k

n = 2k.

3.5. Seidel energy15,16]
The modified adjacency matrix S(G) 7 iS called Seidel matrix of graph G is defined by
the following way.

—1, if i and j are adjacent i # j
S = {1 ,if i and j are non adjacent,i # j

0, otherwise

Obviously, S =J — | — 2A, where J denotes squarkixnall of whose entries are
equal. SE(G) 21-, |s;|. Obviously Q(G) and S(G) are Hermitian matrices.

Bounds of Seidel energy
1. SE(Gk n(n? — n) = n/n — 1 while the equality holds if and only if either n

=1 or S(G) can be orthogonally diagonalized tokioek matrix(slolk g I )
o1tk

t2
S—
n

=vn—1lisrealand n = 2k.
2. SE(G)= 0, equality holds if and only if n = 1.

where $=

n

3.6. Common — neighborhood energy [5]
Let G be a simple graph with vertex set V(G) z{ws,...v, }. For i+ j, the common
neighbourhood of the verticesand y denoted by(v;, V) is the set of vertices different
from v and y. The common neighborhood of G is
CN(G){g (vi,vj ) ifi #j
_ 0 othewise
Trace of CN (G) is zero, the sum of its eigen valisealso equal to zero.

Bounds of common —neighborhood energy:
1. If agraph G consists of (disconnected ) componépts,, ........ G, then

Ecn(G) = Een(Gy) + Ecn(Go) +...... . + Ecn(Gp)
2. Ecn(G) = 0 if and only no component of G possesse®rtian two vertices

3.7. Laplacian—energy like[13,14,15]

Recently another Laplacian spectrum based enemdjgalied itLaplacian — energy like
invariant (LEL).

It is defined as LEL(G) ¥,/ -
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Bounds of LEL
1. LEL(G)<2M (N —-1)

2. sz +(—1)n-2)mO)" < LEL < \/Zm(n -D)+Mm-1 Y(n@)n?
for disconnected graph , the bowigln < LEL < /2m(n — 2)

3.8. Distance energy7]
Let G be a connected graph on n vertices are, \....v,. The distance matrix of G is
the square matrix of order n whose (i,j) th ensryhie distance ( length of the shortest
path) between the verticesand v.
Let py,p,, ..... py b€ the eigen values of the distance matrix of 6=DE(G) =
™ .lpi]. Only some elementary properties are establisbed n

Bounds of distance energy

1. Let G be a connected n vertex graph Xt ;> = 23%,;;(d;;)?

2. Let G be a connected n- vertex graph A the absolute value of the determinant of
the distance matrix D(G).Then

JZZK}' (dij)?+n(n—-1A"<E (G) < Jz(n — 1) Xicj(dij)?* + n A

3.9. Randic energy[8,21]
It is the energy of the Randic matrix whose (glpment is

1
if i #jv; and v; dj t :
R :{ [did; if i #jvi and vjare adjacen , Where ¢stands for the degree of the i- th
0 otherwise
vertex.

The General Randic energy is defined as RE(B}.5|p;¥|.

Some bounds of Randic energy
Theorem 3.Let G be a simple connected graph with n vertaeR,, (G) be its general

Randic index them; @ > ZK“T(G). The equality holds in above if and onlyRf(® =
R, ...= R,®, wherea = -1/2.

Theorem 4. Let G be a connected graph of order n .Supposagsntinimum vertex
degree. Then KG) < n/2§. Equality occurs if and only if G is regular.

3.10. Sum — connectivity energj23]
It is the energy of the matrix whose (i,j) th elehis

SCij =1, Jd;+d;

o 0 otherwise _
The Sum —connectivity energy, SE(G) is the sumbsiblute values of eigen values.

if i #jv; and vj are adjacent
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Some bounds of sum connectivity energy

Theorem 5. Let G be a graph with n vertices . then SE(G) ’Zn Zi_jﬁ with
iTej
equality if and only if G is an empty graph or rigwgraph of degree one.

Theorem 6.Let G be a semi regular graph of degreeband &1 then

J7r+sSE(G) = E(G).

3.11. Maximum degree energy4]
It is the energy of the matrix whose (i,j) elemisnt
MD;; = {max{di,dj}ifi # Jj v; and v; are adjacent
0 otherwise
The Characteristic polynomial of the maximum dedv6) is det(ul — M(G))
Here p > P> Pa>....> Uy

Some bounds of maximum degree energy
Theorem 7.1f wq, yy, U, ..... Uy are the maximum degree eigen values of a graph G.
ThenXiL, u?=-2G

Theorem 8.1f G is a graph of order n then for any maximungrée eigen valug; we
have|y;| < (n — 1)

3.12. Haray energy[9,18]
It is the energy of Harary matrix,whose (i,j) —ebsts is

Hij = { did;
0 ifi=j
between the vertices and y We can define Harary energy as HE(GY £, |p;|, where
D11 P2y e e pn are the eigen values of the Harary mattrix.

if i # jv; and vjare adjacent .
,where d(y, v) stands for the distance

Some bounds of harary energy

2
Theorem 9. If G is connected (n,m)graph thej2215i<j<n<%) < HE (G) <
ij

2
1
\/2n21si<j<n (d_u>

Theorem 10.If Gis connected (n,m) graph then

HEG)<2 ¥, (i)z +\](n—1)(22 . (i)z_{iz - (L)Z}Z
=5 dasicy<n (g 1si<jsn \ g n &isi<jsn\g

3.13. Hyper energetic graph
An n vertex graph G is said to be Hyper energétid®) >E(K,).The energy of

188



complete K is equal to 2(n-1).
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The following table shows the various energieggfaph K.

Name of the energy Characteristic Eigen values Energy of
polynomial the graph

Adjacency ener¢ (x+1)°(x- 3) 3-1-1-1 6

Laplacian energ x*-12>*+48x*-6x 4,044 12

Signless energ X*-12X°+48x°-80x+4¢ 6,2,2, 12

Q- Laplacian energ x*-12X°+48x°-80x+4¢ 6,2,2, 12

Seidel enerc x* -6x°+8x -3 -3,1,1,; 6

Commor - neighborhooc| x* -24x*-64x -48 6,-2,-2,-2 12

energy

Laplaciat Energy like x*-12x°+48x*-6x 4,0,4, 6

Distance energ x*-6x°-8x -3 3-1-1-1 6

Randic energ x*-213 ¥ -8/27 x-1/27 | 1, -0.3333- | 1.999¢
0.3333, -0.3333

Surr-connectivity energ x*-x>-0.5443-0.083: 1.2247-0.4083- | 2.449:
0.4082,-0.4082

Maximum degree ener X* -54x° -216 »-247% 9-3-3-3 15

Harary energ x*-6x%-8x -3 3-1-1-1 6

3.14. Energies of digraph$2,3,19,20]
Adiga and Smitha defined the skew laplacian entagg simple digraph G as

SLE(G) =X, 1;* , whereuy, fp, i3, ...

matrix SL(G) = D(G) — S(G) of G.

Bounds

1. For any simple digraph G on n vertices whose degage dd,,.....d,

SLE(G) =Y, d;(d;— 1)

.., are the eigen values of the skew Laplacian

2. For any connected simple digraph G ok 2 vertices ,2n- 4SLE(G)< n(n-1)(n-2)

where left inequality holds if and only if G is édated path n vertices and the right

equality holds if and only if G is complete digramh n vertices.
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3.15. New skew Laplacian energy

Given a simple digraph G with vertex set V(G) =,{,.....\n}. The skew Laplacian
energy of G is defined as SLE(GYZ,|u;| whereu,, uz, iz, ... thy. SL(G)=D(G) -
S(G).

Example: Let P,be directed complete graph on 4 vertices with et¢(&,2),(2,3)(3,4)}
1 -1 0 0

1 0 -1 0

0o 1 o0 -1

0 0 1 -1

Eigenvaues ara/2 ,-iv'2,0,0 . New skew Laplacian energy =v2.

SL(ps) =

4. Conclusion

Graph energy has so many application in the fiélchemistry,physics and mathematics
also. Some types of graph energies are studiethisnpaper. In graph KLapalcian
energy,distance energy,Harary energy are equalngrtiee specified energies Maximum
degree energy dominates the other energies. Thisbeageneralized for K Further
study on energy and spectra of graphs may reveed amwalogous results of these kind
and will be discussed in the forthcoming papers.
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