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Abstract. String-token Petri net was introduced by labeling tokens as strings over an
alphabet. Languages in regular and linear familvegch are two basic classes in the
Chomsky hierarchy are generated by these Petri Aatextension of string-token Petri
net called Tree-token Petri net (TTPN) was intradlby labeling the tokens with trees.
It was proved that the set of derivation treesiaobthby any regular language is accepted
by a TTPN. In this paper, we prove that the satesfvation trees obtained by any linear
language is accepted by a TTPN.
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1. Introduction

Petri net introduced by Carl Adam Petri in 1962 baved as a basic model of systems
with concurrency and graphically depicts the streetof a distributed system as a
directed bipartite graph. As such, a Petri net paEe nodes, transition nodes and
directed arcs connecting places with transitiortstiere are no arcs between places and
no arcs between transitions. The place from whitlra enters a transition is called the
input place of the transition, the place to whichaac enters from a transition is called
the output place of the transition. Places may aionany number of tokens. A
distribution of tokens over the places of a netabled a marking. Transitions act on input
tokens by a process known as firing. A transitieremnabledf it can fire, i.e., there are
tokens in every input place of the transition anldem a transition fires, tokens are
removed from its input places and added at alhefdutput places of the transition [5].

A coloured Petri net (CPN) has the net structurex d®etri net, and colours are
associated with places, transitions and tokensawsition can fire with respect to each of
its colours [3]. A different kind of CPN, calledrisig-token Petri net was introduced in
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[1] by labeling the tokens with strings of symbatsd the transitions with evolution rules.
Firing of a transition removes the token with ansfrlabel from the input place and
deposits it in the output places of the transitafter performing on the string the
evolution rule indicated at the transition. Thisdabwas examined in [2] for generating
regular and linear languages of the Chomsky hibsairt the study of formal languages.

We defined Tree-token Petri Net (TTPN) [6], an esien of string-token Petri net
by labeling the tokens with trees. We obtaineddhgvation trees generated by TTPN
and showed that the set of derivation trees ohtaiyeany regular language is accepted
by a TTPN. In this paper, we prove that the satesfvation trees obtained by any linear
language is accepted by a TTPN.

2. Basic nations

Definition 2.1. A Multi-set over a non-empty s& is a functionbd[S—N] whereN is
the set of all non negative integers. A multi-seta set which contains multiple
occurrences of the same element. We deal onlyfimitie multi-set, and each multi-sbt
over set is represented as a formal sum) b(s) s where the non negative inted#s)
denotes the number of occurrences of the elemémtthe multi-setb. The set of all
multi-sets oveSis denoted byJ|us or BagS).

Definition 2.2. A String-token Petri net (STPN) is a 5-tuple= (P, T, C, R(t), My),
whereP is a set of placeg; is a set of transition} is a set of colours an@sg is the set
of all strings over this colour s€&; that are associated with the tokeRf) is the set of
evolution rules associated with a transitipM,, the initial marking, is a function defined
on P such that, fop O P, My(p)C [Csdwms. It is further assumed that there are no isolated
places/transitions.

We recall the notion of grammar and derivation {fge

Definition 2.3. A grammarG is a quadruplé& = (V, U, S R) whereV is a finite set of
variablesU is a finite set of terminal symbolS,[1 V is a special start variable aRds a
finite set of production ruless is said to be right-linear (in normal form) if af its
productions are of the forth -~ aB, A - a, A - 4, whereA, B Vanda O U. Gis said
to be left-linear in normal form, if all of its pdactions are of the forlA - Ba A - a,
A d.

A languagel is said to be regular if and only if there existsleft-linear (or
equivalently a right-linear) gramm& such that. = L(G).

A linear grammar is a grammar in which at trarge variable can occur on the right
side of any production, without restriction on thasition of this variable.

A languagé. is said to be linear if and only if there existBrear grammaf such
thatL = L(G).

Definition 2.4. A grammarG is a quadruplé& = (V, U, S R) whereV is a finite set of
variablesU is a finite set of terminal symbolS,V is a special start variable aRds a
finite set of production rule is said to be context-free if all productions héwe form
A - x, whereA OV andx[ (V O U)*.

A languagel is said to be context-free if and only if therdsexa context-free
grammaiG such that. = L(G).
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A derivation tree is an ordered tree in whidtes are labeled with the left sides of
productions and in which the children of a nodeesent its corresponding right sides.

Definition 2.5. Let G = (V, U, S R) be a context-free grammar. An ordered tree is a
derivation tree fofs if and only if it has the following properties,

(i) The root is labele&.

(iiy Every leaf has a label frot 0O 1

(i) Every interior vertex (a vertex which is not a )adis a label fronv.

(iv) If a vertex has labeh /7V, and its children are labeled (from left to right) ay,
as,..., a, thenR must contain a production of the foAn- a;aa3... a..

(V) A leaf labeledl has no siblings, that is, a vertex with a chilbel@ds can have

no other children.

Definition 2.6. A Tree-token Petri net (TTPN) is a 6-tuple= (P, T, C, F, R(t), My),
whereP is a set of place§; is a set of transition; is a set of colours andhr is the set

of all trees associated with the colour GdfThat is trees with nodes labeled with colours
from the seC); F O (PxT) O (T xP) is a set of arcd(t) is a set of evolution rules
associated with each transitibnf T; Mg, the initial marking, is a function defined é&n
such that, fop O P, My(p)d [Ctrlms . It is further assumed that there are no isolated
places/transitions.

Definition 2.7. LetV = {A, B, C,..} = Set of Non-terminalsU = {a, b, c,...} = Set of
terminals, wher&/, U [1W.
An evolution rule ovelV;r, WwhereW s an alphabet, is one of the following,
» ldentity, which keeps the tree unaltered
» A— 9X)Y) replaces the node labelAdy a trees denoting a split of the node
into two nodes as shown in Figure 1

A

N

Figure 1.
A — I(X) replaces the node labelédby a edgel denoting the leaf obtained by this

rule as shown in Figure 2 whetd1V andX, Y O W.

A

T

X
Figure2:

Repeated use of these rules generates trees as bbimw:
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Example 2.1. The evolution rule$ — (A, B), A — I(X), B — s(x, @) generate the tree
represented in Figure 3.

S
A B

X a
Figure3:

Example 2.2. The rulesS— (A, ¢), A — (X, b), X — s(x, a), generate the tree shown
in Figure 4.

Figure 4

We construct TTPNs that generate trees correspgrdirabove evolutionary rules as
seen in the following examples:

Example 2.3. Whent, fires, the TTPN\; generates a tree similar to the one in Figure 1.

o ST a, b) N

&0

Figure5: TTPNN;

In N;, whent, fires token labeled is removed fronp; the evolution rules — s(a, b) is
S

applied on it and the token labeled with the ﬁééb is put in the place..

Example 2.4. The following TTPNN, generates a tree as in Figure 3.
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D1 S—>s(A B) R A Ps
ON @
A
Ps B—>s(X, )

Figure6: TTPNN,

3. Tree-token petri net languages

We defined a new class of Petri nets where treasgociated with tokens [6]. Firing of
a transition removes the token with a tree lalmhfthe input place and deposits it in the
output places of the transition after performingtioa tree the evolution rule indicated at
the transition. This model is examined for genaratierivation trees corresponding to
regular and linear languages.

Definition 3.1. A L-type TTPN languagek is defined as = {Cr /ICrr O M(p) O M is a
reachable marking df, p O Pg}, if there exists a TTPN = (P, T, C, F, R(t), Mg), andP:
is a set of final places.

In other wordsl-type TTPN language is defined in terms of treesesponding to
some reachable markings in a specified set of pitedesPr, whereL is a set of all trees
generated in the places for all reachable markings.

Theorem 3.1. Let TR(G) be the set of derivation trees corresponding toegular
language generated by left-linear gramr@ar (V, U, S R) then there exists la-type
language L accepted by TTPNsuch thafTR(G) =L.

Proof: LetG = (V,U, S R),V ={A}, Ay, As,..., A}, U ={a, &, as,..., a;}, SV andRis
set of productions of the fordy — A &, Ay — a. Construct a TTPNN = (P, T, C, F,
R(t), Mo) as follows. P is the set of places labeled by the non-termiAgl#\,, As,..., A,
and a final place. T is the set of transitions. LEt=V [ U be the colour set and tokens
in places be trees associated v@ithnitially a tree with a single node label8ds placed
in the place with labeb and all other places are empty. For every Ale-> A &,
introduce a transition labele® — s(A;, a) with A; as the input place a as the output
place. For every rul&; — a introduce a transition labeled As— I(a,) with A; as the
input place angys as the output place.

By this construction we obtain a TTPN such thatiaily only the transitions with
input place labele®& are enabled. On firing any one of these trangtigay the transition
with evolution ruleS — s(A, &), the rule is applied on the token and is depdsitethe
output place labeled;. Then all the transitions with input pladeare enabled. On firing
any one of these transitions, say transition wighruleA; — S(A;, &), the rule is applied
on the token and deposited in the plAceThis process is continued till the token reaches
a place with input placé; with an output transition labeled with the ride— I(a).
When this transition fires, the rukg — I(a,) is applied and the token is deposited in the
final placep:. For any string accepted by the grami@amve obtain a derivation treégrg
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O M(pr) O M, M is a reachable marking df. It is clear that these are the only trees are
accepted by the languabgeThus the set of derivation treeR(G) = L.

Example 3.1. LetG = (V, U, S R) whereV = {S A}, is the set of non-terminals an$i=
{a, b, ¢}, is the set of terminals arid is a set of productions of the forfg+— Aa, A —
Ab, A — c.

Constructa TTPNN; = (P, T, C, F, R(t), M) as specified by theorem 3R js the set
of places labeled by the non-termin&sA and a final place;. LetC =V O U be the
colour set and tree tokens in places be trees OGvdmitially a tree with a single node
labeledS is placed in the place with lab& and all other places are empty. For the
production ruleS— Ag, initial place labeled &Sis the input and\ is the output place for
the transitiont;, labeled ass — s(A, a). For the production rul& — Ab, the input and
output place isA for the transition s labeled asA — s(A, b), (Here we can fird, n
times). For the rulé — c the input and output places akeandp; respectively for the
transitiont; labeled asA — I(c). On firing the transitions in TTPM;, generates the
derivation tree as in Figure 8, corresponding tegalar language generated by left-linear
grammaiG is accepted by this TTPN such ti&(G) = L.

s S2sAa) A—1(c)

O

1

A—>s(A, b)
Figure7: TTPNN; Figure 8: whent,fires 3 times

Theorem 3.2. Let TR(G) be the set of derivation trees correspondingneal language
generated by linear gramm& = (V, U, S R) then there exists h-type language.
accepted by TTPN such thalfR(G) = L.
Proof: LetG=(V,U,SR),V={A, A, As,..., A}, U={a, a, a,..., a,}, IV andRis
set of productions of the fordy — a, A, A — A &, A — & /1. Construct a TTPNN =
(P, T, C, F, R(t), M) as follows. P is the set of places labeled by the non-termiAals
Ay As,..., Ay and afinal place:. T is the set of transitions. L& =V [0 U be the colour
set and tokens in places be trees associatedGuithitially a tree with a single node
labeledS is placed in the place with lab8land all other places are empty. For every
production ruleA; — a, A introduce a transition labeled As— sS(a,, A) with A as the
input place andy as the output place. For the rle— A & introduce a transition
labeled ag\, — s(A;, a) with A as the input place ard as the output place. For the rule
A — a /2 introduce a transition with input plade and the output place labeled as
By this construction we obtain a TTPN such thatiaily only the transitions with
input place labele®are enabled. On firing any one of these transtisay the transition
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with evolution ruleS — [(A), the rule is applied on the token and is depdsitethe
output place labeled,. Then all the transitions with input pladgare enabled.

On firing any one of these transitions, say tramsitvith the ruleA — s(a;, A), the
rule is applied on the token and is deposited éndtitput placéy. Then all the transitions
with input placeA; are enabled. On firing any one of these transtisay transition with
the ruleA — A, &), the rule is applied on the token and is depdsitehe output place
A.. The process is continued till the token reachg@daae with input placé; with an
output transition labeled with the rufe — I(a) /4. When this transition fires, the rule
A — I(a) /4 is applied and the token is deposited in the fitatep;.

For any string accepted by the gramr@amwe obtain a derivation treérr 0 M(py)
0 M, M is a reachable marking df It is clear that these are the only trees arefted
by the languagek. Thus the set of derivation tre€R(G) = L.

Example 3.2. Let G = (V, U, S R) whereV = {S A, B}, is the set of non-terminals and
U ={a, b}, is the set of terminals arid is a set of productions of the forgh— A A —
aB/ 1, B — Ab.

Constructa TTPNN, = (P, T, C, F, R(t), M) as specified by theorem 3Rjs the set
of places labeled by the non-termingl\, Band a final place:. LetC =V O U be the
colour set and tree tokens in places be trees @vdmitially a tree with a single node
labeledS is placed in the place with lab& and all other places are empty. For the
production ruleS — A, S as the input and\ as the output place for the transition
labeled ass— I(A). For the ruleA — aB, A as the input anB as the output place for the
transitiont,, labeled a#\ — s(a, B). For the ruleB — Ab, the input and output places are
B andA respectively for the transitiag, labeled a8 — s(A, b) (Here we can firé, and
tsn times). The transitioh, labeled a$\ — A with A andps as the input and output places
respectively. On firing the transitions in TTHAW, generates the derivation tree as in
Figure 10&) and p), corresponding to a linear language generatelthbgr grammaiG
is accepted by this TTPN such tH&(G) = L.

S
s S }k Ael CEYan
S 4
Q tj_ t;l N pf a B
B—s(A b)| ts RP S
B B
A b A
A A
Figure9: TTPNN, Figure 10: (a) 0)

a)whent,andtsfire 2 times.
b)( whent; andt, only fire.

4. Conclusion
We have examined the languages generated by TTR#praved that TTPNs can be
constructed to generate the set of derivation t@@sesponding to two classes of
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languages of the Chomsky hierarchy namely reguidrliaear languages. Extending this
concept to other classes of languages is considerdature work.
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