
Annals of Pure and Applied Mathematics 
Vol. 8, No. 2, 2014, 19-25 
ISSN: 2279-087X (P), 2279-0888(online) 
Published on 17 December 2014 
www.researchmathsci.org 
 

19 
 

Annals of 

Variation of Graceful Labeling on Disjoint Union of two 
Subdivided Shell Graphs 

J. Jeba Jesinthaa and K. Ezhilarasi Hildab 

aPG Department of Mathematics, Women’s Christian College, Chennai  
India, email: jjesintha_75@yahoo.com

a 
 

bDepartment  of  Mathematics, Ethiraj College for Women, Chennai 
India, email: ezhilstanley@yahoo.co.inb 

Received 7 September 2014; accepted 21 November 2014 

Abstract. A shell graph is the join of a path Pk of ‘k’ vertices and  K1. A subdivided  shell  
graph  can be constructed by subdividing the  edges in the path of the shell graph.  In this 
paper we prove that the disjoint union of two subdivided shell graphs is odd graceful and 
also one modulo three graceful. 
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1. Introduction 
A graph labeling is an assignment of integers to the vertices or edges, or both, subject to 
certain conditions. In 1967 Rosa[10]  introduced the labeling method called β-valuation 
as a tool for decomposing the complete graph into isomorphic sub-graphs. Later on,     
this β-valuation  was  renamed  as  graceful  labeling  by Golomb [9]. A graceful   
labeling  of  a  graph G  with ‘q’  edges and vertex   set V is  an  injection  f :V(G) →   
{0,1,2,….q} with  the  property that the resulting edge labels are also distinct, where  an   
edge incident with vertices  u and v is assigned the label   |f(u) – f(v)|. A graph which 
admits  a  graceful  labeling  is   called a  graceful graph.  A variation of graceful labeling 
is odd-graceful labeling.  This was introduced by Gnanajothi [8] in the year 1991.  She 
defined a graph G with q edges to be odd-graceful if there is an injection f :V(G) → {0, 1, 
2, . . . , 2q−1} such that, when each edge xy is assigned the label |f(x)−f(y)|,  the resulting 
edge labels are {1, 3, 5, . . . , 2q−1}. 

She proved many graphs as  odd-graceful:  paths Pn ,  Cn  if and only if n is even, 
Km,n, combs Pn Θ  K1, books,  crowns Cn Θ K1  if and only if n is even,, the one-point 
union of copies of C4,  Cn × K2  if and only if n is even, caterpillars, rooted trees of height 
2.  Eldergill [5] generalized Gnanajothi’s result on stars.  Barrientos [2] has proved the  
following graphs are odd-graceful: every forest whose components are caterpillars, every 
tree  with diameter at most five  and all disjoint unions of caterpillars. Seoud, Diab, and 
Elsakhawi [12] have shown that a connected complete r-partite graph is odd-graceful if 
and only if r = 2. 
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Gao [7] has proved the following graphs are odd-graceful: the union of any 
number of Paths,  the union of any number of stars, the union of any number of stars and 
paths, Cm  Pn, Cm  Cn, and the union of any number of cycles each of which has order 
divisible by 4. Acharya, Germina, Princy, and Rao [1] prove that every bipartite graph G 
can be embedded in an odd-graceful graph H. In [3] Chawathe and Krishna extend the 
definition of odd-gracefulness to countable infinite graphs and show that all countable 
infinite bipartite graphs that are connected and locally finite have odd-graceful labelings. 
Another variation of graceful labeling is one modulo three graceful labeling.  

Sekar [11] defines the one modulo three graceful labeling as an injective function 
g: V(G) → { 0,1, 3, 4, 7, . . . , (3q-3), (3q-2)}  if the edge labels induced by labeling  each 
edge uv with  |g(u) – g(v)| is  {1, 4, 7, . . . ,  (3q-2)} .  He proves that the following graphs 
are  one modulo three graceful.   The paths, cycles Cn  when  n ≡ 0(mod 4), the complete 
bipartite graphs, caterpillars, stars,  lobsters, banana trees, rooted trees of height 2, 
ladders are one modulo three graceful.   He conjectured that every one modulo three 
graceful graph is graceful. For an exhaustive survey, refer to the dynamic survey by 
Gallian [6]. 

Deb and Limaye [4] have defined a  shell graph as a cycle Cn  with  (n -3) chords 
sharing a common   end  point   called  the  apex.  It  is the join of K1  and a path.  Shell 
graphs are denoted as C(n, n- 3).  A subdivided shell graph   is a shell graph in which  the 
edges in the path of the shell  are sub divided.  In this paper we prove that  the disjoint 
union of two   sub divided shell graphs is odd graceful and one modulo three graceful. 
 
2. Main result 
In this section we prove two theorems on the disjoint union of two subdivided shell 
graphs.  
 
Theorem 1.  The disjoint union of two subdivided   shell graphs is odd graceful.  
Proof:  Let G1 and G2 be two subdivided shell graphs of any order. Let  G be the disjoint 
union of  G1 and G2. The apex of  G1  is denoted as u0  and the remaining  vertices in G1  
from bottom to top  are denoted as u1 , u2,  .  .  .  , um .  The apex of G2 is denoted as v0    
and the other vertices  from bottom to top are denoted as v1 , v2 , . . . , vl.  Let  e1 , e2 ,  . . . , 
e(m+1)/2    be the edges  u0 u1 , u0 u3 , . . . , u0 um .   Let e(m+3)/2 , e(m+5)/2, . . . , e(3m-1)/2    be the 
edges u1 u2 , u2 u3 , . . . , um-1 um  respectively.  Let e(3m+1)/2 , e(3m+3)/2, . . . , e(3m +l )/2    be the 
edges v0 v1 , v0 v3 , . . . , v0 vl  respectively. Let e(l +3m +2)/2 , e(l +3m + 4)/2, . . . , e(3l +3m-2)/2    be 
the edges v1 v2 , v2 v3 , . . . , vl-1 vl  respectively.   G   has n = m+ l + 2 vertices and  q = 
(3m + 3l – 2) /2 edges. See Figure 1. 
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Figure 1: Disjoint union of two subdivided shell graphs 
 
We define the vertex labels of G follows:-    

0f( )  = 0u .                (1) 

2i -1
m+1(  ) =  3  + 3m - 2i - 1,                       for  1  i   

2
f u ≤ ≤l            (2) 

2i 
m-1(  ) =  2  + m + 2i - 3,                          for  1  i   
2

f u ≤ ≤l           (3)  

0f( )  =  +1lv ,                 (4) 

2i-1
+1f( )  =  -2i +2,                                     for  1  i      
2

≤ ≤ llv          (5) 

2i
1f( )  =  2  + 2m + 2i - 2,                        for  1  i   

2
−≤ ≤ llv            (6)   

From the above definitions (1) to (6) we can see that the vertex labels are distinct.  
No two of the vertex labels are equal.  Suppose if 2i-1 2i) )(  =  (f fu u  for any value of ‘i’, then 
we would get   -2 ≤l   which is absurd. The edge labelings are computed as follows: 
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0 2i -1
m+1|f(u ) - f(u  )| = | 3  +3m -2i - 1|,                                for  1  i     

2
≤ ≤l (7)  

2i -1 2i
m-1|f(u ) - f(u  )| =  +2m - 4i +2 ,                              for  1  i     
2

| | ≤ ≤l            (8) 

2i 2i+1
m-1|f(u ) - f(u  )| =  +2m - 4i                                   for  1  i  
2

| |, ≤ ≤l          (9) 

0 2i-1 i - 1  
m-1|f( ) - f(  )| = | 2 |,                                           for  1  i  
2

≤ ≤v v        (10) 

2i-1 2i  
1|f( ) - f(  )| = |  +2m +4i-4 |,                               for  1  i  

2
≤ ≤ −l lv v       (11) 

2i 2i+1  
1|f( ) - f(  )| = |  +2m +4i - 2 |,                             for  1  i  

2
≤ ≤ −l lv v       (12) 

From the above computations (7) to (12) we can see that the edge labels are distinct. 
 

 
Figure 2:  Odd-graceful Disjoint union of two subdivided shell graphs when  

 m =7, l = 11, n= 20, q =  26. 
 

Let 1, 2 , 3 and  4  be the sets of the edges  {   e1 , e2 ,  . . . , e(m+1)/2}, { e(m+3)/2 , 
e(m+5)/2, . . . , e(3m-1)/2 }, { e(3m+1)/2 , e(3m+3)/2, . . . , e(l +3m)/2 } and { e(l +3m +3)/2 , e(l +3m + 5)/2, . . . , 
e(3l +3m-2)/2 }  respectively.  If  E1,  E2, E3  and E4  denote the set of  labels of the edges given 
in 1, 2 , 3 and  4    respectively then we have ,  

1E  = {(2q-1), (2q-3), . . ., (2q-m) },           (13) 

2E  = {  +2m - 2 ,  +2m -4, . . . ,  +4 ,  +2},l l l l           (14) 

                                  (15) 

4E  = {  +2m ,  +2m +2, . . . ,(2q - m - 2) }l l           (16) 

3E   = { 1, 3, 5, . . . , },l
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3 2 4 1E  E  E E  = { 1, 3, 5,  . . . , (2q-1)}.∪ ∪ ∪             (17) 
Equation (17)  shows that all the edge labels are odd. Hence the disjoint union of 

two subdivided shell graphs  is odd graceful. An illustration is given in the Figure 2.□ 
 
Theorem 2.  The disjoint union of two subdivided   shell  graphs is one modulo three 
graceful.  
Proof: Let G be the disjoint union of  two subdivided shell graphs G1 and G2.  As in 
Theorem 1 we denote the apex of G1 as u0  and the remaining  vertices in G1  from bottom 
to top as u1 , u2,  .  .  .  , um.  The apex of G2 is denoted as v0  and the other  vertices  from 
bottom to top are denoted v1 , v2 , . . . , vl.  We prove the theorem when   m ≤ l. G  has  

 n = m+  + 2l  vertices and  
3m + 3  - 2

q =  
2

l
 edges. 

We define the vertex labels of G follows:-  

0 f( )  =  3q- 8,v           (17) 

2i -1 ,
3m - 6i +3 m+1(  ) =                            for  1  i   

2 2
 f u ≤ ≤      (18)  

2i ,
9  +3m + 6i - 10

2
m-1( ) =                        for  1  i   
2

f u ≤ ≤l
     (19)  

0f( )  =  3q- 8,v           (20) 

2i-1 ,
9m +3   - 6i -12

2
+1( ) =                          for  1  i   
2

f ≤ ≤l lv      (21)  

2i 
9m +3l +6i - 22

,
2

1( ) =                   for  1  i   
2

       f ≤ ≤ l -v      (22)  

From the above definition we can see that  all the vertices have been given labels 
and they  are distinct.   We compute the edge labels now. 
 

0 2i -1  
9  +6m +6i - 13

|  |,  
2

m 1| f( ) - f( )| =              for 1  i   
2

u u +≤ ≤l
         (23)   

2i -1 2i  |  |,       
m 1| f( ) - f( )| =            for 1  i

2
9  +12i - 13

2
u u −≤ ≤l

        (24) 

2i 2i+1 |  |,    
m 1| f( ) - f( )| =                for 1  i

2
9  +12i - 7

2
u u −≤ ≤l

        (25) 

0 2i-1 |  |,   
 +1| f( ) - f( )| =                  for 1  i
2

6  +6i -10
2

≤ ≤ llv v         (26) 

2i-1 2i 
1| f( ) - f( )| = |6i-5|,                           for 1  i

2
−≤ ≤ lv v         (27) 

2i 2i+1 
1| f( ) - f( )| = |6i-2|,                                 for 1  i

2
−≤ ≤ lv v         (28) 
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These computations show that the edge labels are distinct. 

 

Figure 3:  One modulo three-graceful disjoint union of two subdivided shell 
graphs when  m =7, l = 9, n=18, q =  23. 

 
 Let E1, E2, . . . , E6 denote the sets of edge labels given in equations (23) to (28) 
respectively.  Then 

1E  = { (6m+9  -7)/2, (6m+9  -1)/2, . . . ,(3q-2)},l l            (29) 

2E  = { (9  -1)/2, (9 +11)/2, . . . , (6m+9  -19)/2},l l l            (30) 

3E  = { (9  +5)/2, (9 +17)/2, . . . , (6m+9  -13)/2},l l l            (31) 

4E  = { (6  -4)/2, (6 +2)/2, . . . , (9  -7)/2},l l l             (32) 

5E  = {1, 7, 13, . . ., (3 -8)},l               (33) 

6E  = {4, 10, 16, . . ., (3 -5)},l               (34) 

5 6 4 3 2 1( E E ) E (E  E )  E  =  { 1, 4, 7, . . . , (3q- 5) , (3q- 2)}. ∪ ∪ ∪ ∪ ∪ If any of  the edge label 
is 3n or 3n-1, n ≥ 1, then we would get a contradiction to the fact that ‘l’ is an integer.  
Thus it satisfies the hypothesis of one modulo three graceful labeling.  Hence the disjoint 
union of two subdivided shell graphs is one modulo three graceful.  An illustration is 

given in the Figure 3.                  □ 
 
3. Conclusion 
In this paper, we have applied two labelings to the disjoint union of two subdivided shell 
graphs to show that they are odd graceful and one modulo three graceful.  One can also 
prove that the above graph satisfies other variation of graceful labeling. 
   

 



Variation of Graceful Labeling on Disjoint Union of two Subdivided Shell Graphs 

25 
 

 

REFERENCES 

1. B.D.Acharya, K.A.Germina, K.L.Princy and S.B.Rao, Graph labellings, embedding 
and NP-completeness theorems, J. Combin. Math. Combin. Comput., 67 (2008)  163-
180. 

2. C.Barrientos, Odd-graceful labelings of trees of diameter 5, AKCE Int.  J. Graphs  
Comb., 6 (2009) 307-313. 

3. P.D.Chawathe and V.Krishna, Odd graceful labelings of countably infinite locally  
finite bipartite graphs, Conference on Graph Theory and  its Applications, School of    
Mathematics, Anna University,  Chennai,  March   2001. 

4. P.Deb and  N.B.Limaye,  On Harmonious labelling  of some cycle related graphs,  
Ars  Combina.,  65 (2002) 177-197. 

5. P.Eldergill, Decomposition of the complete graph with an even number of vertices,   
M. Sc. Thesis, McMaster University, 1997. 

6. A.Gallian, A dynamic survey of graph labelling, Elec. Journal of  Combina., 16 
(2013)  #DS6. 

7. Z.Gao, Odd graceful labelings of some union of graphs, J. Nat. Sci. Heilongjiang 
University,  24 (2007) 35-39. 

8. R.B.Gnanajothi, Topics in Graph Theory, Ph.D. Thesis, Madurai Kamaraj University,  
pp 182, 1991 . 

9. S.W.Golomb, How  to Number  a  graph  in  Graph Theory and Computing, R.C.  
Read,  Academic  Press,   New York, 23- 37, 1972. 

10. A.Rosa, On certain  valuations of the vertices of a graph, Theory of graphs, 
Proceedings of the   Symposium, Rome,  Gordon and Breach, New  York,  pp 349-
355, 1967. 

11. C.Sekar, Studies in Graph Theory, Ph.D. Thesis, Madurai Kamaraj  University, 2002. 
12. M.A.Seoud, A.T.Diab and E.A.Elsahawi, On strongly-C harmonious, Relatively  

prime, odd graceful and cordial graphs, Proc. Math. Phys. Soc. Egypt, 73 (1998) 33–  
55. 

13. S.Paul, M.Pal  and A.Pal,  L(2,1)-labelling of circular-arc graph, Annals of Pure and 
Applied Mathematics, 5(2) (2014) 208-219.  

14. Nasreen Khan, Madhumangal Pal
 

and Anita Pal, (2,1)-total labelling of cactus 
graphs, Journal of Information and Computing Science,  5(4), (2010)  243-260, ISSN 
1746-7659, England, UK.  

15. S.Paul, M.Pal and A.Pal,  L(2,1)-labeling of permutation and bipartite permutation 
graphs, Mathematics in Computer Science (2014), DOI 10.1007/s11786-014-0180-2. 

16. S.Paul, M.Pal and A.Pal, L(2,1)-labeling of interval graphs, Springer,  J. Appl. Math. 
Comput., DOI 10.1007/s12190-014-0846-6. 

17. N.Khan, M.Pal, Anita Pal, L(0, 1)-Labelling of Cactus Graphs, Communications and 
Network, 4 (2012), 18-29. 

18. N.Khan and M.Pal, Cordial labelling of cactus graphs, Advanced Modeling and 
Optimization, 15 (2013)  85-101 

19. N.Khan and M.Pal, Adjacent vertex distinguishing edge colouring of cactus graphs, 
International Journal of Engineering and Innovative Technology, 4(3) (2013) 62-71. 
 

 
 


