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Abstract. A shell graph is the join of a path &f 'k’ vertices and K A subdivided shell
graph can be constructed by subdividing the edges irp#tik of the shell graph. In this
paper we prove that the disjoint union of two sulstiid shell graphs is odd graceful and
also one modulo three graceful.
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1. Introduction
A graph labeling is an assignment of integers towurtices or edges, or both, subject to
certain conditions. In 1967 Rosa[10] introducee lbeling method callefvaluation
as a tool for decomposing the complete graph istmmbrphic sub-graphs. Later on,
this p-valuation was renamed as graceful labeling Gmlomb [9]. A graceful
labeling of a graph G with ‘q" edges and vertex satVan injection f:V(G)—
{0,1,2,...g} with the property that the resulting edge labate also distinct, where an
edge incident with verticeau andv is assigned the label Jj(— f(v)]. A graph which
admits a graceful labeling is calledyeaceful graph A variation of graceful labeling
is odd-graceful labeling. This was introduced by Gnanajothi [8] in the y&8B1. She
defined a graph G with g edges to be odd-gracethére is an injection f :V(G) {0, 1,
2, ..., 2g-1} such that, when each edge xy $sgaed the label |f(x)-f(y)|, the resulting
edge labels are {1, 3,5, ..., 29-1}.

She proved many graphs as odd-graceful: path€P if and only if n is even,
Kmn cOmbs R® K, books, crowns CO K; if and only if n is eventhe one-point
union of copies of € C, x K, if and only if n is even, caterpillars, rootedes of height
2. Eldergill [5] generalized Gnanajothi’'s resuit stars. Barrientos [2] has proved the
following graphs are odd-graceful: every forest sdln@omponents are caterpillars, every
tree with diameter at most five and all disjaimions of caterpillars. Seoud, Diab, and
Elsakhawi [12] have shown that a connected complgtrtite graph is odd-graceful if
and only if r = 2.
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Gao [7] has proved the following graphs are odagfa: the union of any
number of Paths, the union of any number of sthespynion of any number of stars and
paths, G, U P, C, U C,, and the union of any number of cycles each otiwlhias order
divisible by 4. Acharya, Germina, Princy, and Rapdrove that every bipartite graph G
can be embedded in an odd-graceful graph H. IrC[gdwathe and Krishna extend the
definition of odd-gracefulness to countable inngraphs and show that all countable
infinite bipartite graphs that are connected amally finite have odd-graceful labelings.
Another variation of graceful labeling is one mauitiiree graceful labeling.

Sekar [11] defines the one modulo three gracehéllag as an injective function
0:V(G)—{0,1,3,4,7,...,(30-3), (3g-2)} if the gellabels induced by labeling each
edge uwvith |gl) —gi)|is {1,4, 7, ..., (39-2)}. He proves thhe following graphs
are one modulo three graceful. The paths, cy@lesvshen n= 0(mod 4), the complete
bipartite graphs, caterpillars, stars, lobste@dna trees, rooted trees of height 2,
ladders are one modulo three graceful. He camjedtthat every one modulo three
graceful graph is graceful. For an exhaustive syrvefer to the dynamic survey by
Gallian [6].

Deb and Limaye [4] have defined shell graphas a cycleC, with (n -3) chords
sharing a common end point called #ygex It is the join of K and a path. Shell
graphs are denoted @¢n, n- 3). Asubdivided shell graphis a shell graph in which the
edges in the path of the shell are sub dividedthis paper we prove that the disjoint
union of two sub divided shell graphs is odd gfakand one modulo three graceful.

2. Main result
In this section we prove two theorems on the digjainion of two subdivided shell

graphs

Theorem 1. The disjoint union of two subdivided shell gnaps odd graceful.
Proof: Let G and G be two subdivided shell graphs of any order. Gebe the disjoint
union of G and G. The apex of & is denoted ag, and the remaining vertices in G

from bottom to top are denotedus, u,, . . . Uy, . The apex of &is denoted ag,
and the other vertices from bottom to top are tehasv; Vo, ... . Lete, e, ...,
em+1y2 be the edgesio Uy, UgUs, . .. ,Ug Un . Letemizyz, Emesya - - - ,E&amay2 be the
edgesu; U, Up Us , . . . ,Umq Uy respectively. Le€gmeyz, €amesyz - - - ,€am+y2 be the
edgesvo Vi, Vo V3, - . . ,Vo Vi respectively. Leg.am+2y2, €i+am+aya - - - &3 +3m2y2 D€
the edges; Vo, Vo Vs, . .. Vi1 Vi respectively. G has n = ni+ 2 vertices and q =

(3m + 3 — 2) /2 edges. See Figure 1.
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€(3m+5)/2
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Figure 1: Disjoint union of two subdivided shell graphs

We define the vertex labels of G follows:-

f(uo) = 0. (1)
fUza)= 4 +3m-2i-1, fdrs i< mT*l @
f(Usi Y= A +m+2i-3, fdrs i< m71 3)
f(Vo) =1 +1, (4)
f(Vaia) =1 -2i +2, for 1< i< 'Lzl 5)
f(Va) = 2 +2m+2i-2, fdrs i< '%1 ©)

From the above definitions (1) to (6) we can se tte vertex labels are distinct.

No two of the vertex labels are equal. Suppogelid-1) = f (k) for any value of ‘', then
we would getl < -2 which is absurd. The edge labelings are compateébliows:
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[f(wo) - f(Lei1 )] =8 +3m -2i - 1], for ¥ £ mTJrl (7)
If(Us 1) - f(w )| =| | +2m - 4i +7 | for & k m71 @)
If(U) - (e )] =| 1 +2m - 4i, for 1< i< m71 ©)
[f(Vo) - f(Vai)] = [ 2-1 |, for 1< i< m71 (10)
[f(Vai1) - f(V2i)| = || +2m +4i-4 |, for 1< i< I%l (11)
[f(V2) - f(Vaiea )| = || +2m +4i- 2], for 1< i< I%l (12)
From the above computations (7) to (12) we cartlsstethe edge labels are distinct.

v10(44)

vg(42)

N Gy i o
uo( Vo(12 14(38)
112(28)

w1 12(36)

v(11)

Figure2: Odd-graceful Disjoint union of two subdivided Blggaphs when
m=7,1=11,n=20,q9= 26.

Let &, £, €3 and £, be the sets of the edges &, &, ... ,emayd, { €may2,

Em+s)2 - + - +€amayzh { €eme2, €@meaya - - - €1 +amy2} AN { €1 +3m+3)2, € 4am5ya - - -
€a +3m-2)2} respectively. IfE;, B, E; and E denote the set of labels of the edges given

in £, £, , Esand €, respectively then we have ,

E: ={(29-1), (29-3), . . ., (29-m) (13)
Eo={l+2m-2] +2m-4,..1, +4 #2}, (14)
Es ={1,3,5,...]} (15)
E.={l+2m | +2m+2,...,(29-m)?2 (16)
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EUBUEUE ={1,3,5, ..., (29-1) (17)
Equation (17) shows that all the edge labels de Blence the disjoint union of
two subdivided shell graphs is odd graceful. Ausiration is given in the Figuret2.

Theorem 2. The disjoint union of two subdivided shell gjna is one modulo three
graceful.

Proof. Let G be the disjoint union of two subdeitishell graphs Gand G. As in
Theorem 1 we denote the apex qfds y and the remaining vertices in Gom bottom

totopasu, W, . . ., W The apex of Gis denoted asyvand the other vertices from

bottom to top are denoted vv,, . .., y. We prove the theorem when <. G has

n=m+l + Zzvertices andq = %2 edges.

We define the vertex labels of G follows:-

f(vo) = 30- 8, (17)

f(Up 1) = 3M-61+3 for € ¢ Mt (18)
2 2

f(Uz)= 3 *3m *6i-10 for & & M1 (19)
2 2

f(vo = 30-8 (20)

f(Voa)= 2m*3 -6i-12 for £ & 1 1)

2 2
f(va)= M3 *0l-22 for & & 1 (22)

From the above definition we can see that alMémtices have been given labels
and they are distinct. We compute the edge $ai@lv.

|f(UO)-f(U2i-1)|=|w3|, for 1< sr;mT*l 23)
|f(U2i-1)-f(U2i)|:|%3|, foris M1 (24)
|f(U2i)-f(U2i+1)|:|9l%2i-7|, for i M1 (25)
|f(vO)-f(v2i.1)|=|w|, for & slll—;l (26)
| f(Vai1) - f(V2i)| = |6i-5), ffa < isl%l 27)
| f(V2i) - f(Vaisa)| = |6i-2), for 1< isl%l (28)
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These computations show that the edge labels stiedi

vg(24) %2

v1(36)

Figure3: One modulo three-graceful disjoint union of twbdivided shell
graphs when m=7T=9, n=18, q = 23.

Let B, B, ..., E denote the sets of edge labels given in equati@8f to (28)
respectively. Then

E:={(6m+9 -7)/2, (6mMHO -1)/2,.. .3¢-2)}, (29)
E.={(9 -1)/2, (9 +11)/2, ..., (6m#919)/2}, (30)
Es={(9 +5)/2, (9 +17)/2, ..., (6m#913)/2}, (31)
E.={(6l -4)/2, (6 +2)/2,...,(9 -D}, (32)
Es={1,7,13,..., (B -8)] (33)
Es = {4, 10, 16, .. ., (3 -5)] (34)

(BUBUEBUEU BU E={1,4,7,..., (38) , (39- 2)}. If any of the edge label
is 3n or 3n-1, r» 1, then we would get a contradiction to the faeit tI’ is an integer.
Thus it satisfies the hypothesis of one moduloghyeceful labeling. Hence the disjoint
union of two subdivided shell graphs is one modhi@e graceful. An illustration is

given in the Figure 3. m

3. Conclusion
In this paper, we have applied two labelings todisgoint union of two subdivided shell
graphs to show that they are odd graceful and ovduta three graceful. One can also

prove that the above graph satisfies other variaifaraceful labeling.
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