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1. Introduction 
Graph theory is rapidly moving into the mainstream of mathematics mainly because of its 
applications in diverse fields which include biochemistry (DNA double helix and SNP 
assembly problem), Chemistry (model chemical compounds) electrical engineering 
(communications networks and coding theory), computer science (algorithms and 
computations) and operations research (scheduling) [2,3]. 

Graph coloring is one of the most important concepts in graph theory and is used 
in many real time applications like Job scheduling, Aircraft scheduling, computer 
network security, Map coloring and GSM mobile phone networks, Automatic channel 
allocation for small wireless local area networks[5]. 

The proper coloring of a graph is the coloring of the vertices with minimal 
number of colors such that no two adjacent vertices should have the same color. The 
minimum number of colors is called as the chromatic number and the graph is called 
properly colored graph.  

We know that graphs are simply model of relation. A graph is a convenient way 
of representing information involving relationship between objects. The objects are 
represented by vertices and relations by edges. In many real world problems, we get 
partial information about that problem. So there is vagueness in the description of the 
objects or in its relationships or in both. To describe this type of relation, we need to 
design fuzzy graph model.  
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Fuzzy graph coloring is one of the most important problems of fuzzy graph 
theory. It uses in combinatorial optimization like traffic light control, exam-scheduling, 
register allocation etc. [12]. The first definition of a fuzzy graph was by Kaufmann in 
1973, based on Zadeh's fuzzy relations [18]. But it was Rosenfeld [16] who considered 
fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs in 1975. The fuzzy 
vertex coloring of a fuzzy graph was defined by the authors Eslahchi and Onagh [4] as 
family of fuzzy sets satisfying some conditions. Pal, Samanta and Rashmanlou did 
several works on fuzzy graphs and related its related graphs [10-28].. 

In our paper, we consider a fuzzy graph G whose edge and vertices both are 
fuzzy. We study about the fuzzy chromatic number of the Total and middle fuzzy graphs 

is denoted by χ F(T(G) .  
 

2. Basic concepts 
In this section, we define the basic concepts of fuzzy set and fuzzy graphs. 
 
Definition 2.1. A fuzzy set A defined on a non-empty set X is the family A = {(x, 
µA(x))/x� X} where µA: x→Iis the membership function. In fuzzy set theory the set I is 
usually defined as the interval [0,1] such that µA(x) =0 if x does not belong to A, µA(x) = 1 
if x strictly belongs to A and any intermediate value represents the degree in which x 
could belong to A. The set I could be discrete set of the form I = {0,1,…k} where µA(x) 
<µA(x1) indicates that the degree of membership of x to A is lower than the degree of 
membership of x1[18,19]. 
 
Definition 2.2. Fuzzy graph using their membership value of vertices and edges. Let V be 
a finite nonempty set. The triple G= (V, σ, µ) is called a fuzzy graph on V where µ and σ 
are fuzzy sets on V and E (V × V), respectively, such that µ({ u, v}) ≤ min{σ(u), σ(v)} for 
all u, v�V. 

Note that a fuzzy graph is a generalization of crisp graph in which  

����  � �1 for all v �  V and ρ �i, j�  �  1 if �i, j�  �  E 
0 otherwise                                                           

� 
 
so all the crisp graph are fuzzy graph but all fuzzy graph are not crisp graph.[7,11] 
 
Definition 2.3. Two vertices u and v for any are called adjacent if µ(uv)>0. An edge uv is 
said to be effective if (1/2)min{σ (u), σ(v)} ≤ µ(uv) ≤ min{σ(u), σ(v)}[13,14,15] 
 
Definition 2.4. Two edges vivjand vjvkare said to be incident if  
2 min{µ(vivj), µ(vjvk),} ≤ σ(vj) for j = 1,2…|v| , 1 ≤ i, k ≤ |v|.[13,14,15] 
 
Definition 2.5. A family Γ = {γ1, . . . ,γk} of fuzzy sets on X is called a k-fuzzy coloring of         
G = (X,σ,µ) if  
(a) �Γ = σ, 
(b) γi γj = 0, 
(c) For every effective edge xyof G, min{γi(x),γi(y)} = 0 (1 ≤ i ≤ k). 
The least value of k for which G has a k-fuzzy coloring, denoted by χ F(G), is called the 
fuzzy chromatic numberof G[1]. 
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The maximum value of k for which G has a k-fuzzy complete coloring, denoted by ψF(G), 
is called the fuzzy achromatic numberof G. 
 
Definition 2.6. In fuzzy graph theory, a fuzzy graph G:(σ,µ) is complete if µ(uv) = 
σ(u)  σ(v) for all u,v� V where σ is a fuzzy subset of a non empty set V and µ is a 
symmetric fuzzy relation on σ[8]. 
 
Definition 2.7. A family Γ = {γ1, γ2, … γk} of fuzzy sets on  E(V! "� is called a k-
fuzzy edge coloring of G = (µ,σ) if 
(a) maxi γi(v) = µ (uv) for all uv� E 
(b) γi γj = 0 
(c) for every incident edges min{γi(vjvk)/vjvkare set of incident edges from the vertex vj,   
j =1, 2,… |v|}=0.i=1,2,….k 
The least value of k for which G has a k-fuzzy edge coloring, denoted by χ#

$(G), is called 
the fuzzy edge chromatic number of  G[9]. 
 
3. Line graph  middle graph and total graph  
 
Definition 3.1.  Fuzzy line  graph. 
Given a graph G, its line graph L(G) is a graph L(G) is a graph G such that  

• Each vertex of L (G) represents an edge of G; and 
• Two vertices of L(G) are adjacent if and only if their corresponding edges 

share a common  end point in G 
        That is, it is the intersection graph of the edges of G, representing each edge by the 
set of its two endpoints [17]. 
 
Definition 3.2. Middle fuzzy graph. 
Let G: (σ, µ) be a fuzzy graph with vertex set V. M( G ) has vertex set V∪E. 

σ M(u) = σ(u) if u∈V ;  
σ M(e) = µ (e) if e∈E 
µM ( vi,vj,) = 0 if vi,vj∈V 
µM ( ei,ej,) = µ(ei) Λ µ(ej) if ei and ej   have a node in common between them. 
µM ( ei,ej,) = 0 otherwise. 
µM ( vi,ej,) = µM ( ej,)  if vi lies on the edge ej 
       = 0 otherwise. 
M(G): (σ M, µM ) is a middle fuzzy graph of G[17]. 
 

Definition 3.3. Total fuzzy graph. 
Let G: ( σ, µ ) be a fuzzy graph with vertex set V. T(G) has vertex set V∪E. 

σ T(u) = σ(u) if u∈V ; 
σ T(e) =µ (e) if e∈E 
µT ( vi,vj,) = µ ( vi,vj,) if v i,vj∈V 
µT ( ei,ej,) = µ(ei) Λ µ(ej) if ei and ej   have a node in common between them. 
µT ( ei,ej,) = 0 otherwise. 
µT ( vi,ej,) = σ(vi) Λ µ(ej)    if vi lies on the edge ej 
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    = 0 otherwise. 
T(G): (σ M, µM ) is a total  fuzzy graph of G[17]. 
 

4. Fuzzy chromatic number for complete fuzzy graphs, itsLINE, MIDDLE 
ANDtotal fuzzy graphs 
In 1941 Brook’s gave an upper bound for the chromatic number in case of crisp graphs 
and stated that ‘For a connected graph which is neither an odd cycle nor a complete 
graph, the chromatic number χ(G) ≤ ∆(G)[6]. 
 
Theorem 4.1. For a fuzzy graph G(σ,µ), the fuzzy chromatic number  χF(G) ≤ ∆&(G)+1 
where ∆&(G) is the maximum vertex strong degree of G[10]. 
 
Corollary 4.1.1. The fuzzy chromatic number of a fuzzy complete graph is n where n is 
the number of vertices of G, i.e.,χ#(G)= n[10]. 
(Since ∆' =n‐1 is the maximum vertex strong degree of the complete fuzzy 
graphG, χ#(G)= ∆'+1)  
Proof: Since µ(xy) = σ(x)   σ(y) for all x,y � V, every pair of vertices are strongly 
adjacent and strong degree of each vertex is n‐1. By (c) of definition 
2.5min{γi(x),γi(y)} = 0 for strongly adjacent vertices x,y. Since all vertices are strongly 
adjacent, every member of the family defining fuzzy coloring have value for only one 
vertex and 0 for all other vertices. By (b) of definition2.5γi γj =0. So γi(xi)= σ(xi) 
i=1,2…n where n=|V|. Thus χ#(G)= n. 
 
Theorem 4.2. For a fuzzy graph G(σ,µ), the edge chromatic number of complete fuzzy 
graph on n vertices is n, if n is odd and n-1, if n is even [10]. 
 
Theorem 4.3. LF(G) = (λ, )� is a fuzzy line graph of G(σ,µ) if and only if (Supp(λ), 
Supp()�� is a line graph and *�+, �� � ,+--�)�, )�+, �� � λ(u)  λ(v) [10]. 
 
Corollary 4.3.1. For a fuzzy line graph  LF(G)= (λ, )� the fuzzy chromatic 
number χF(LG(./)) =n, if n is odd and χF(LG(./)) =n-1, if n is even 
Proof: By theorem 4.3, we have , )�+, �� � λ(u)  λ(v). for +� � 0 so for all +� � 0 
with ��+, �� 1 0 the vertices u and v are strongly adjacent. Thus the definition of fuzzy 
vertex coloring can be applied to the fuzzy line graph to obtain the fuzzy chromatic 
number which is nothing but the fuzzy edge chromatic number of the fuzzy graph G. 
 
Theorem 4.4. The fuzzy chromatic number of a middle graph of a fuzzy complete graph 
is n where n is the number of vertices of G, i.e.,χ#(MG(./))= n. 
Proof: In a middle graph M(G), µM ( vi,vj,) = 0 if vi,vj∈V. 
Since there is no edge between any two vertices of the corresponding completegraph G, 
for each u� ", σ M(u) can be included in the same member of the family Γ defining fuzzy 
coloring. 

For any edge ei� 2, there are two end nodes. The edges incident to those nodes 
and the edge eicannot be included in the same member ofΓ and for a complete graph there 

are 
/34

5  edges and n-1 edges are incident to any vertex. So, the common eiand n-2 edges 
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incident to both the end nodes (ie) 2(n-2) = 2n-4 cannot be included in the same member 
of Γ. 

Now, the remaining edges are 
/�/34�

5 6 7�29 6 4� ; 1< � /=3/3>/?@
5  =

/3A/?@
5  

=
�/35��/3B�

5  

Then one of the remaining µM (ej,)    can be included in the same member of  Γ as 
that of ei. 

This process is continued for n-1 times( Since it is the maximum degree). So 
there will be n-1 members to color all the vertices of M(G) corresponding to the edges of 
the graph G.  

Therefore, these n-1 members of Γ of µM (ei,) for all ei� 2 together with the 
member of Γ that includesσ M(u)  for all u� " gives n-1+1, (ie) n members of Γ = {γ1, . . . 
,γn}  defining n- fuzzy coloring of M(G). 
Henceχ#(MG(./))= n. 
 
Theorem 4.5. The fuzzy chromatic number of a Total  graph of a fuzzy complete graph 
is 2n-1 where n is the number of vertices of G, i.e.,χ#(TG(./))= n+ ∆' 
(Since ∆' =n‐1 is the maximum vertex strong degree of the complete fuzzy graph 
G, χ#(TG(./))= 2n-1)  
Proof: In a Total graph T(G), µT ( vi,vj,) = µ ( vi,vj,) if v i,vj∈V. 
Since there exist an edge between any two vertices of the corresponding complete graph 
G, for each u� ", σ M(u) cannot be included in the same member of the family Γ defining 
k- fuzzy coloring. So, there exist n members of Γ for coloring all n vertices. 

For any edge ei� 2, there are two end nodes. The edges incident to those nodes 
and the edge eicannot be included in the same member of Γ and for a complete graph 

there are 
/34

5  edges and   n-1 edges are incident to any vertex. So, the common eiand n-2 

edges incident to both the end nodes (ie) 2(n-2) = 2n-4 cannot be included in the same 
member of Γ. 

Now, the remaining edges are 
/�/34�

5 6 7�29 6 4� ; 1< � /=3/3>/?@
5  =

/3A/?@
5  

=
�/35��/3B�

5  

Then one of the remaining µM (ej,) can be included in the same member of  Γ as 
that of ei. This process is continued for n-1 times( Since it is the maximum degree). So 
there will be n-1 members to color all the vertices of M(G) corresponding to the edges of 
the graph G.  

Therefore, these n-1 members of Γ of µM (ei,) for all ei� 2 together with the n 
members of Γ that includes σ M(u)  for  all u� " gives n-1+n, (ie) 2n-1 members of Γ = 
{γ1, . . . ,γ2n-1}  defining     2n- 1 fuzzy coloring of T(G). 
Hence,χ#((TG(./))= 2n – 1. 
 
5. Illustrations 
5.1. Fuzzy chromatic number of complete fuzzy graph 
Consider the fuzzy complete graph in fig -5.1.1 the fuzzy chromatic number of 
G,C#�.>�=4. Since there exists a family  Γ = {γ1, γ2, γ3, γ4} satisfying the definition of 
fuzzy coloring for fuzzy graph G is shown in table 5.1.2. 



 

 
5.2. Fuzzy chromatic number of fuzzy line graph

Consider the fuzzy line graph
χF(LG( )) =3 Since there exists a family  
coloring for fuzzy graph L( G) is shown in table 5.2.2
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Figure 5.1.1: 

 
Vertices     Max 

a 0.2 0 0 0 0.2 

b 0 0.8 0 0 0.8 

c 0 0 0.5 0 0.5 

d 0 0 0 0.5 0.5 

Table 5.1.2: 

Fuzzy chromatic number of fuzzy line graph 

 
Figure 5.2.1: 

 
Consider the fuzzy line graph of  in fig - 5.2.1 the fuzzy chromatic number 

Since there exists a family  Γ = {γ1, γ2, γ3}  satisfying the definition of fuzzy 
coloring for fuzzy graph L( G) is shown in table 5.2.2. 

Vertices    Max 

e1 0.1 0 0 0.1 

e2 0 0.3 0 0.3 

e3 0.3 0 0 0.3 

e4 0 0.1 0 0.1 

e5 0 0 0.1 0.1 

e6 0 0 0.3 0.3 

Table 5.2.2: 

the fuzzy chromatic number 
satisfying the definition of fuzzy 
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5.3. Fuzzy chromatic number of middle fuzzy graph

Consider the middle fuzzy graph
(MG( ))= 4. Since there exists a family  

fuzzy coloring for fuzzy graph M( G) is shown in table 5.3.2

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
5.4. Fuzzy chromatic number of total fuzzy graph
Consider the Total fuzzy graph of 

((TG( ))=7Since there exists a family 
definition of fuzzy coloring for fuzzy graph T(G) ) is shown in table 5.4.2
 
 
 

Fuzzy Chromatic Number of Line, Total and Middle Graphs of Fuzzy Complete Graphs

257 

Fuzzy chromatic number of middle fuzzy graph 

 
Fig 5.3.1: 

 
Consider the middle fuzzy graph of in fig-5.3.1 the fuzzy chromatic number

Since there exists a family  Γ = {γ1, γ2, γ3 }  satisfying the definition of 
fuzzy coloring for fuzzy graph M( G) is shown in table 5.3.2. 

 

Table 5.3.2: 

5.4. Fuzzy chromatic number of total fuzzy graph 
Consider the Total fuzzy graph of in fig - 5.4.1 the fuzzy chromatic number 

Since there exists a family Γ = {γ1, γ2, γ3, γ4, γ5, γ6, γ7 } 
definition of fuzzy coloring for fuzzy graph T(G) ) is shown in table 5.4.2

 Vertices     Max 

a 0.2 0 0 0 0.2 

b 0.8 0 0 0 0.8 

c 0.5 0 0 0 0.5 

d 0.5 0 0 0 0.5 

e1 0 0.1 0 0 0.1 

e2 0 0 0.3 0 0.3 

e3 0 0.3 0 0 0.3 

e4 0 0 0.1 0 0.1 

e5 0 0 0 0.1 0.1 

e6 0 0 0 0.3 0.3 

Fuzzy Chromatic Number of Line, Total and Middle Graphs of Fuzzy Complete Graphs 

the fuzzy chromatic number 
satisfying the definition of 

5.4.1 the fuzzy chromatic number 
}  satisfying the 

definition of fuzzy coloring for fuzzy graph T(G) ) is shown in table 5.4.2. 



 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The results obtained 
   (i) χF(LG( )) =n, if n is odd and 
   (i) (MG( ))= n. 
  (ii) ((TG( ))= 2n – 1
 

1. Anjaly Kishore and M.S.Sunitha, 
of Pure and Applied Mathematics
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A  
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e1 
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e4 

e5 

e6 
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Figure 5.4.1: 

Table 4.2.3: 

=n, if n is odd and χF(LG( )) =n-1, if n is even 
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