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Abstract.In this paper vertex coloring in fuzzy grapls defined as a family offuz
zy sets satisfying some conditions. The fuzzywefatic number for complete graphs, its
fuzzy Line graph, middle fuzzy graph and total fuzgaphs are foundand the results are
summarized.

Keywords: Fuzzy graph, Fuzzy complete graph, Fuzzy line lgrapiddle fuzzy graph,
total fuzzy graph, Fuzzy chromatic number.

AMS Mathematics Subject Classification (2010): 05C78

1. Introduction

Graph theory is rapidly moving into the mainstreairmathematics mainly because of its
applications in diverse fields which include bioofistry (DNA double helix and SNP

assembly problem), Chemistry (model chemical comgsy electrical engineering

(communications networks and coding theory), compuicience (algorithms and

computations) and operations research (schedUyR:@j)

Graph coloring is one of the most important coneépigraph theory and is used
in many real time applications like Job schedulidgrcraft scheduling, computer
network security, Map coloring and GSM mobile phareworks, Automatic channel
allocation for small wireless local area networks[5

The proper coloring of a graph is the coloring loé tvertices with minimal
number of colors such that no two adjacent vertglesuld have the same color. The
minimum number of colors is called as the chromatimber and the graph is called
properly colored graph.

We know that graphs are simply model of relatiorgrAph is a convenient way
of representing information involving relationshigtween objects. The objects are
represented by vertices and relations by edgesndny real world problems, we get
partial information about that problem. So theresagueness in the description of the
objects or in its relationships or in both. To dése this type of relation, we need to
design fuzzy graph model.
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Fuzzy graph coloring is one of the most importaribfems of fuzzy graph
theory. It uses in combinatorial optimization likaffic light control, exam-scheduling,
register allocation etc. [12]. The first definitimf a fuzzy graph was by Kaufmann in
1973, based on Zadeh's fuzzy relations [18]. Butais Rosenfeld [16] who considered
fuzzy relations on fuzzy sets and developed therthef fuzzy graphs in 1975. The fuzzy
vertex coloring of a fuzzy graph was defined by #luthors Eslahchi and Onagh [4] as
family of fuzzy sets satisfying some conditions.|, PFBamanta and Rashmanlou did
several works on fuzzy graphs and related itsedlgtaphs [10-28]..

In our paper, we consider a fuzzy graph G whose eafgl vertices both are
fuzzy. We study about the fuzzy chromatic numbethefTotal and middle fuzzy graphs

is denoted byy (T(G) .

2. Basic concepts
In this section, we define the basic concepts pfyiset and fuzzy graphs.

Definition 2.1. A fuzzy setA defined on a non-empty s&t is the family A = {(x,
ua(X))/xe X} where pa: x—lis the membership function. In fuzzy set theory skél is
usually defined as the interval [0,1] such thgk) =0 if x does not belong t8, pa(x) =1

if x strictly belongs toA and any intermediate value represents the degreéich x
could belong tdA. The set | could be discrete set of the farm{0,1,...k} where pa(X)
<ua(X;) indicates that the degree of membershix ¢ A is lower than the degree of
membership ok,[18,19].

Definition 2.2. Fuzzy graph using their membership value of vestaed edges. L&t be
a finite nonempty set. The triple G¥, (o, p) is called a fuzzy graph oviwherep ando
are fuzzy sets oW andE (V x V), respectively, such tha({u, v}) < min{c(u), o(v)} for
all u, veV.
Note that a fuzzy graph is a generalization oficgsaph in which
u(w) = {1 forallv € Vandp (i,j) = 1if(i,j) € E
0 otherwise

so all the crisp graph are fuzzy graph but all fugmaph are not crisp graph.[7,11]

Definition 2.3. Two verticesu andv for any are called adjacentifuv)>0. An edge uv is
said to be effective if (1/2)mir{ (u), o(V)} < p(uv) <min{o(u), o(v)}[13,14,15]

Definition 2.4. Two edgeivjandvjvkare said to be incident if
2 min{u(vivj), w(vjvk),} <o(vj) forj=1,2...y|, 1<i, k< v[.[13,14,15]

Definition 2.5. A family T = {4, .. . ,n} of fuzzy sets oXis called &-fuzzy coloring of
G = Xouw) if

(@ Vr = o,

(b) yinyi = 0,

(c) For every effective edggof G, min{yi(x),yi(y)} = 0 (1<i <K).

The least value df for which G has ak-fuzzy coloring, denoted by (G), is called the
fuzzy chromatic numberdb[1].
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The maximum value df for which G has ak-fuzzy complete coloring, denoted hy(G),
is called the fuzzy achromatic numbe€f

Definition 2.6. In fuzzy graph theory, a fuzzy graph &|() is complete ifu(uv) =
o(u) Ac(v) for all u,ve V wherec is a fuzzy subset of a non empty setV ansl a
symmetric fuzzy relation os[8].

Definition 2.7. A family T' = {y1, y2, ... yk} of fuzzy sets on E(% V) is called a k-
fuzzy edge coloring of G = (f), if

(a) maxiyi(v) = p (uv) for all ue E

(b)yinyj =0

(c) for every incident edges miyi{vjvk)/vjvkare set of incident edges from the \eextvj,

j=1,2,... |v|}=0.i=1,2,....k

The least value of k for which G has a k-fuzzy edg®ring, denoted bﬁ(G), is called
the fuzzy edge chromatic number of G[9].

3. Linegraph middle graph and total graph

Definition 3.1. Fuzzy line graph.
Given a graph G, its line graph L(G) is a graph)Li&a graph G such that
» Each vertex of L (G) represents an edge of G; and
» Two vertices of L(G) are adjacent if and only itithcorresponding edges
share a common end pointin G
That is, it is the intersection graph of #tdges of G, representing each edge by the
set of its two endpoints [17].

Definition 3.2. Middle fuzzy graph.
Let G: (@, 1) be a fuzzy graph with vertex set V. M( G ) hadex set IE.
om(u) =o(u) if ullVv ;
owm(e) = (e) if EIE
Hm (wV;) =0 if viv,OV
bUw (eg) = H(g) A u(g) if e and ¢ have a node in common between them.
um ( €6,) = 0 otherwise.
um (Vig) = Hw (8) if vi lies on the edgeg e
= 0 otherwise.
M(G): (o m Hm) is a middle fuzzy graph of G[17].

Definition 3.3. Total fuzzy graph.
Let G: (o, 1) be a fuzzy graph with vertex set V. T(G) hedgex set VIE.
o1(u) =c(u) if udVv ;
or(e) =u (e) if &E
Hr (wv;) =1 (vy) if vivOV
ur (eg) = H(g) A u(g) if & and ¢ have a node in common between them.
ur (eg) = 0 otherwise.
Hr (vig) =o(vi) A pu(g) ifvlies onthe edgg e
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= 0 otherwise.
T(G): (owm, Km) is a total fuzzy graph of G[17].

4. Fuzzy chromatic number for complete fuzzy graphs, itsLINE, MIDDLE
ANDtotal fuzzy graphs

In 1941 Brook’s gave an upper bound for the chraenaimber in case of crisp graphs
and stated that ‘For a connected graph which itheeian odd cycle nor a complete
graph, the chromatic numbgiG) < A(G)[6].

Theorem 4.1. For a fuzzy graph G(u), the fuzzy chromatic numbeyF(G) < AS(G)+1
whereA3(G) is the maximum vertex strong degree of G[10].

Corollary 4.1.1. The fuzzy chromatic number of a fuzzy complete grigm where n is
the number of vertices of G, i;g.(G)= n[10].

(Since A’ =n-1is the maximum vertex strong degree of the cotapléuzzy
graphG . (G)=A4%+1)

Proof: Sincep(xy) = o(x) A o(y) for all x,y€ V, every pair of vertices are strongly
adjacent and strong degree of each vertex-lisnBy (c) of definition
2.5min{yi(x),yi(y)} = 0 for strongly adjacent vertices x,y. Sina# vertices are strongly
adjacent, every member of the family defining fuzojoring have value for only one
vertex and O for all other vertices. By (b) of défon2.5iAyj =0. Soyi(xi)= o(xi)
i=1,2...n where n=|V|. Thug.(G)=n.

Theorem 4.2. For a fuzzy graph G(u), the edge chromatic number of complete fuzzy
graph on n vertices is n, if n is odd and n-1, i§ Bven [10].

Theorem 4.3. L(G) = (, w) is a fuzzy line graph of G(u) if and only if (SuppX),
Suppw)) is a line graph and(u, v) € Supp(w), w(u, v) = AU)A A(v) [10].

Corollary 4.31. For a fuzzy line graph HG)= (@, w) the fuzzy chromatic
numberye(Ls(k,)) =n, if n is odd angi(Lg(k,,)) =n-1, if nis even

Proof: By theorem 4.3, we havev(u,v) = Mu)A A(v). foruv € w so for alluv e w
with u(u, v) > 0 the vertices u and v are strongly adjacent. Thasdefinition of fuzzy
vertex coloring can be applied to the fuzzy linepyr to obtain the fuzzy chromatic
number which is nothing but the fuzzy edge chrooatimber of the fuzzy graph G.

Theorem 4.4. The fuzzy chromatic number of a middle graph afizzf complete graph
is n where n is the number of vertices of G, €Mg(k,))= n.
Proof: In a middle graph M(G), w(vv;) = 0if vy v;0V.
Since there is no edge between any two verticaheotorresponding completegraph G,
for each & V, 6 y(u) can be included in the same member of the fefhdefining fuzzy
coloring.

For any edge;€ E there are two end nodes. The edges incident te thodes
and the edge@nnot be included in the same membé&rarid for a complete graph there

arenT_1 edges and n-1 edges are incident to any vertexh8aommon and n-2 edges
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incident to both the end nodes (ie) 2(n-2) = 2raAnot be included in the same member
of I.

_ n?’-n—4n+6 _n-5n+6

- 2 T2

Now, the remaining edges &%"2_—1) —[2n—-14) +1]
:(n—Z)(n—3)

2

Then one of the remainingy(g) can be included in the same membei ais
that of e

This process is continued for n-1 times( Sincesithe maximum degree). So
there will be n-1 members to color all the vertioé$1(G) corresponding to the edges of
the graph G.

Therefore, these n-1 membersIofof uy (g) for all g€ E together with the
member ofl” that includes y(u) for all . V gives n-1+1, (ie) n members Bf={y,, . ..
n} defining n- fuzzy coloring of M(G).

Hence, (Ma(ky))= n.

Theorem 4.5. The fuzzy chromatic number of a Total graph ofizzf{y complete graph
is 2n-1 where n is the number of vertices of G,)i.€Ts(ky))= n+A®
(Since A’ =n-1is the maximum vertex strong degree of the corapfezzy graph
G, xp(Talkn))= 2n-1)
Proof: In a Total graph T(G),( viv;) = 1t (vV;) if viv,0OV.
Since there exist an edge between any two vertit#ise corresponding complete graph
G, for each g8 V, o y(u) cannot be included in the same member of thelfa" defining
k- fuzzy coloring. So, there exist n member§ d@or coloring all n vertices.

For any edge;€ E there are two end nodes. The edges incident te thodes
and the edge;@nnot be included in the same membefl aind for a complete graph

there are";—1 edges and n-1 edges are incident to any veB@xthe common;and n-2

edges incident to both the end nodes (ie) 2(n-2h4 cannot be included in the same
member ofl".

Now, the remaining edges a%"z_—l) —[2n—4) +1]

:(n—Z)(n—3)
2
Then one of the remainingy(g,) can be included in the same memberToas

that of @ This process is continued for n-1 times( Sinds the maximum degree). So
there will be n-1 members to color all the vertiof8/(G) corresponding to the edges of
the graph G.

Therefore, these n-1 membersTobf yy (e) for all g€ E together with the n
members of” that includess w(u) for all Le V gives n-1+n, (ie) 2n-1 members bf=
{y1, ... yona} defining 2n-1 fuzzy coloring of T(G).

Hencey,. ((Te(ky))=2n - 1.

_ n?’-n—4n+6 _n-5n+6
2 2

5. lllustrations

5.1. Fuzzy chromatic number of complete fuzzy graph

Consider the fuzzy complete graph in fig -5.1.1 tlwegzy chromatic number of
G,xr(k4)=4. Since there exists a family" = {y,, >, ys, y4} satisfying the definition of
fuzzy coloring for fuzzy graph G is shown in tabld.2.
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a(0.2) b(0.8)

=5 (03)

€(0.5)
d (0.5)

e3(0.3)
Figure5.1.1:

Vertices Max
a 0z O 0 0| 0.2
0 |0€&] O 0 | O.€
0 |0Et| O] 0kt
0| 0| 0 |0L] OE
Table5.1.2:

ol o T
o

5.2. Fuzzy chromatic number of fuzzy line graph
e;(0.1) e3(0.3) e3(0.3)

e6(0.3) T es(01) 7 es(01)

_—

Figure5.2.1:

Consider the fuzzy line gra of  in fig - 5.2.1the fuzzy chromatic numb:
ye(Ls( ) =3 Since there exists a family = {y4, y,, ys} satisfying the definition of fuzz
coloring for fuzzy graph L( G) is shown in tabl® Z.

Vertices Max
€ 01/ 0] 0|01
€ 0 |03] 0 | 0.z
€ 02| 0] 0| 0.z
€ 0 01| 0| 0.1
€ 0 0101|012
€s 0| 0|02 0.z

Table5.2.2;
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5.3. Fuzzy chromatic number of middle fuzzy graph

a{0.2) b (0.8) <(0.5] d (0.5)

o P ? Pt

TN o 3y

Fig5.3.1:

Consider the middle fuzzy gra of in fig-5.3.1 the fuzzy chromatic numt
(Ms( ))=4. Since there exists a familyy = {y1, 7., 72 } satisfying the definition ¢
fuzzy coloring for fuzzy graph M( G) is shown ibta 5.3..

Vertices Max
a 2| 0] 0| 0] 0z
b 0| 0| 0| 0.kt
c 0E| 0] O | O] OE
d £l 0] 0| 0] OE
€ 0]01]| 0 0] 0.1
€ 0 0 ]023| 0] 0.z
€3 0]1]0&| O 0| 0.:
€ 0 01| 0| 0.1
€s 0 0.1| 0.1
€ 0 0.2| 0.2

Table5.3.2:

5.4. Fuzzy chromatic number of total fuzzy graph

Consider the Total fuzzy graph « in fig - 5.4.1 the fuzzy chromatic numk
((Te( ))=7Since there exists a famill” = {y1, y2, y3 74 s ys ¥z } Satisfying the

definition of fuzzy coloring for fuzzy graph T(G)9 shown in table 5.4.
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Figure5.4.1:

Vertices Max
A 0z| O 0)j0|] 0] 0] 02
B 0 | 0.t 0| 0| O] 0.t
C 0| 0|0kt 0| 0| O] 0kt
D 0| 0|0|0E| 0] 0] 0] O0EL
€ 0 0 0 01(01] 0 0| 01
€ 0|00 ]0]|0]02 0 e
€ 0|00 ]0]|0z0]O0 e
€ o|j0]0]O0 0.1 0 | 0.1
€5 0 0 0 0 0.1] 0.1
€ 0 0 0 0 21 0.8

Table4.2.3:

Theresults obtained
() xe(Ls( ) =n,ifnis odd ang(Le( ))=n-1, if nis even
) Me( )=n.
(i) ((Te( ))=2n-1
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