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Abstract. In this paper, an x n fully fuzzy linear system Ã ⊗  x� = b� where Ã is a fuzzy 
matrixx� and b� are fuzzy vectors with trapezoidal fuzzy numbers is solved by converting 
theminto block matrices and there by partitioning into smaller sub-matrices. The method 
is illustrated with a numerical example. 
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1. Introduction 
Linear system of equation has applications in many areas of science, engineering, finance 
and economics. Fuzzy linear system whose coefficient matrix is crisp and right hand side 
column is an arbitrary fuzzy number was first proposed by Friedman et al [5].  

A linear system is called a fully fuzzy linear system (FFLS) if all coefficients in 
the system are all fuzzy numbers. Several methods based on numerical algorithms were 
used for solving fuzzy linear systems have been introduced by many authors [1,3,4,8]. 
Nasseri [9] investigated linear system of equations with trapezoidal fuzzy numbers using 
embedding approach. Kumar [2] solved FFLS with trapezoidal fuzzy numbers using row 
reduced echelon form. In [7,10] the solution of FFLS was obtained by converting the 
FFLS into a crisp block matrix. 

In this paper an x n FFLS Ã ⊗  x� = b� where Ã is a fuzzy matrix x� and b� are fuzzy 
vectors with trapezoidal fuzzy numbers is solved by converting them into block matrices 
and there by partitioning into smaller sub-matrices. 

This paper is organized as follows. Some basic definitions and results on fuzzy 
sets and trapezoidal fuzzy numbers are given in section 2. In section 3, the method of 
finding inverses of partitioned matricesis presented. Section 4 introduces the method to 
solve FFLS using trapezoidal fuzzy number matrices by partitioning the block matrices. 
Illustration with a numerical example is given in section 5. Section 6 ends this paper with 
conclusion. 
 
2. Preliminaries 
1. A fuzzy subset Ã of R is defined by its membership function ���: � � �0,1� which 
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 assigns a real number ���in the interval [ ]0,1  to each element x R∈ where the value of ��� shows grade membership of x in Ã. 
 
2. A trapezoidal fuzzy number denoted by Ã=�, �, �, ��has the membership function       

������ �
���
�
���

0                  � � �� � � � �     � � � �   1        � � � �� � �� � �    � � � � �0                 � � �
� 

 
3. A fuzzy number Ã is called positive (negative) denoted by Ã>0 (Ã<0), if its 
membership function ���(x) satisfies ���= 0, x 0( x 0)∀ ≤ ∀ ≥ .  
 
4. A Trapezoidal fuzzy number Ã = �, �, �, �� is said to be zero trapezoidal fuzzy 
number if and only if m= 0, n =0, α =0, β=0. 
 
5. Two fuzzy numbers � � �, �, �, ��and N =��, �, �,  �are equal if and only if   .  � �, � � �, � � �, � �  . 
 
6. For two fuzzy numbers � � �, �, �, ��and N =��, �, �,  �the operations extended 
addition, extended opposite and extended multiplication are  
6.1  � " # � �, �, �, �� " ��, �, �,  � � � $ �, � $ �, � $ �, � $  � 
6.2  �� � ��, �, �, �� � ��, ��, �, �� 
6.3 If M>0,N>0 then    � % # � �, �, �, �� % ��, �, �,  � � ��, ��, � $ ��, � $ ��� 
6.4 For scalar multiplication  & % � � & % �, �, �, �� � ' &, &�, &�, &�  & � 0  &, &�, �&�, �&�  & ( 0� 
 
7. A matrix )* � �+,-.� is called a fuzzy matrix if each element of )* is a fuzzy number. A 
fuzzy matrix )* is positive denoted by )*>0 if each element of )* is positive. Fuzzy matrix )* � �+,-.� which is n x n matrix can be represented such that  +,-. � /+-. , 0-., -. , �-.1 
where )* � �), 2, �, #� where ) � �+-.� 2 � �0-.� � � /-.1  # � /�-.1aren x n crisp 
matrices. 
 
8. Consider n x n fuzzy linear system of equations  
 �+,33⊗�,3�⊕�+,34⊗�,4�⊕… … …⊕�+,36⊗�,6� � 0�3 �+,43⊗�,3�⊕�+,44⊗ �74�⊕… … …⊕�+,46⊗�,6� � 0�4 
 ………….. �+,63⊗�,3�⊕�+,64⊗�,4�⊕… … …⊕�+,66⊗�,6� �  0�6 
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     The matrix of the above equation is Ã ⊗  x� =  b�  where coefficient matrix  Ã = (ãij)     
where  1≤ i , j ≤  n is a n x n fuzzy matrix and x�j,  b�j∈ F(R). This system is called fully 
fuzzy linear system. (FFLS). 
 
3. Inverses of partitioned matrices. 
In this paper, square partitioned matrices with two row blocks and two column blocks in 

the form 8) 29 :;  where ), 2, 9 and :   are square sub-matrices of same order are  

considered. 
A square matrix partitioned such that its diagonal elements are square matrices, 

while all other elements are zero’s is a called a block diagonal matrix.  
A block diagonal matrix with two row blocks and two column blocks is of the 

form 8) 00 :; where ) and :  are square sub-matrices. 

 

Theorem 3.1. [6]  If) and : are non singular then 8) 00 :;?3 � @)?3 00 :?3A 
Proof:  Let 8B C� D; be the inverse of given matrix 8) 00 :; where all the sub matrices are 

of order � � �. 

Then 8) 00 :; 8B C� D;= @E6 0: E6A 
By matrix multiplication and comparing� E6 ; C � 0 ; :� � 0 ; :D � E6 
Since ) and : are non singularB � )?3; � 0 ; � � 0 ; D � :?3. 8B C� D; � @)?3 00 :?3A 
 

Theorem 3.2. [6] If 9 is non singular then 89 0: 9;?3 � @ 9?3 0�9?3:9?3 9?3A 
Proof: Let @B 0C DA be the inverse of given matrix 89 0: 9; where all the sub matrices are 

of order  � � �. 

Then 89 0: 9; @B 0C BA=@E6 0: E6A 
By matrix multiplication and comparing 9B � E6  ; :B $ 9C � 0 
Since 9 is non singular B � 9?3 9C � �:B � �:9?3 F C � �9?3:9?3 

Hence 89 0: 9;?3 � @ 9?3 0�9?3:9?3 9?3A  . 
 
4. Solving FFLS using trapezoidal fuzzy number matrices by partitioning the block 
matrices. 
For solving  � � �  FFLS  )* % �, �  0� where )* � �), 2, �, #� , �,  = ��, �, G, H�   and  0� � �0, I, J, K�are trapezoidal fuzzy number matrices. �), 2, �, #� % ��, �, G, H� � �0, I, J, K� �)�, 2�, )G $ ��, 2H $ #�� � �0, I, J, K�  (by 6.3) )� � 0                                                                                                                            (4.1) 
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 2� � I                                                                                                                                (4.2) )G $ �� � J                                                                                                                 (4.3) 2H $ #� � K.                                                                                                                (4.4) 

The above system of linear equations can be written as 4� x 4�crisp block matrix. 

N ) 0 0 00 2 0 0�0 0# )0 0 2O N��GHO � P0IJKQ                                                                                          (4.5) 

where ), 2, �, and # are � x � crisp matrices and �, �, G, H, 0, I, J and karecrisp column 
vectors. 
 

Let 9 � 8) 00 2;, : � 8� 00 #; , S � 8��;, T � 8 GH; , U � @0IA +�V W � 8JK;. Then (4.5) may 

be partitioned and written as 

0 0 0

0 0 0

0 0

0 0

A x b
B y g

M A z h

N B w k

    
    
    =
    
     

    

F 89 0: 9; 8ST; � 8UW; F 8ST; � 89 0: 9;?3 8UW; 
 8ST; � @ 9?3 0�9?3:9?3 9?3A 8UW;(By theorem 3.2) 

 

Now,  9?3 � @)?3 00 2?3A(By theorem 3.1) 

 �9?3:9?3 � � @)?3 00 2?3A 8� 00 #; @)?3 00 2?3A= � @)?3�)?3 00 2?3#2?3A 
 
 Hence, 

1

1

1 1 1

1 1 1

0 0 0

0 0 0

0 0

0 0

Ax b

By g

A MA Az h

B NB Bw k

−

−

− − −

− − −

    
    
    =     −
     −                                                        

.(4.6) 

 
1

1

1 1 1

1 1 1

x A b

y B g

z A MA b A h

w B NB g B k

−

−

− − −

− − −

  
  
   =
   − +
    − +   
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Another approach for solving FFLS using trapezoidal fuzzy number matrices. 

From (4.1) and (4.3) 

8 ) 0� ); 8�G; � 80J;                                                                                                           (4.7) 

 
From (4.2) and (4.4) 82 0# 2; 8�H; � 8IK;                                                                                                          (4.8) 

 
where ), 2, �, and # are � x � crisp matrices and �, �, G, H, 0, I, J and kare crisp column 
vectors. 
 
(4.7) and (4.8) are 2n x 2n crisp block matrices and can be solved by partitioning 

.8�G; � 8 ) 0� );?3 80J; 

 8�G; � 8 )?3 0�)?3�)?3 )?3; 80J;    (using theorem 3.2) 

 � @ )?30�)?3�)?30 $ )?3JA                                                                                              (4.9) 

 8�H; � 82 0# 2;?3 8IK; 
 8�H; � 8 2?3 0�2?3#2?3 2?3; 8IK;   (using theorem 3.2) 

 � @ 2?3I�2?3#2?3I $ 2?3KA                                                                                           (4.10) 

 
Combining (4.9) and (4.10) the solution of (4.5) is 

1

1

1 1 1

1 1 1

x A b

y B g

z A MA b A h

w B NB g B k

−

−

− − −

− − −

  
  
   =
   − +
    − +   

 

 
5. Numerical example 
 
Example 5.1.   Consider the FFLS  @�2,3,1,5� �3,4,9,1��5,4,4,2� �7,5,2,6�A 8��;=@�25,42,62, 56��60,54,59,74�A 
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Solution:  The given fully fuzzy linear system can be written as ) � 82 35 7;,2 � 83 44 5;,� � 81 94 2;,# � 85 12 6; ;  
  0 � 82560;,I � 84254;,J � 86259;, K � 85674; 
  )?3 � 8�7    3  5 �2;;  2?3 � 8�5    4  4 �3; 
  �)?3�)?3 � � 8�7    3  5 �2; 81 94 2; 8�7    3  5 �2; � 8 �320  �129 �226      91 ; 

 �2?3#2?3 � � 8�5    4  4 �3; 85 12 6; 8�5    4  4 �3; � 8�161  125  126 �98; 
 

1

1

1 1 1

1 1 1

0 0 0

0 0 0

0 0

0 0

Ax b

By g

A MA Az h

B NB Bw k

−

−

− − −

− − −

    
    
    =     −
     −    

 

 

_̀
`̀
`̀
a�3�4�3�4G3G4H3H4bc

cc
cc
d

�
_̀̀
`̀̀
à �7 3 0 0 0 0 0 05 �2 0 0 0 0 0 00 0 �5 4 0 0 0 00 0 4 �3 0 0 0 0320 �129 0 0 �7 3 0 0�226 91 0 0 5 �2 0 00 0 �161 125 0 0 �5 40 0 126 �98 0 0 4 �3bcc

ccc
cd

_̀̀
`̀̀
à2560425462595674bcc

ccc
cd �

_̀̀
`̀̀
à55663242bcc

ccc
cd
 

 

Hence �, � @�5,6,3,4��5,6,2,2�A. 
Solving by another approach 

8) 0� ); 8�G; � 80J; F 8�G; � 8 ) 0� );?3 80J; F  8�G; � 8 )?3 0�)?3�)?3 )?3; 80J; 
 

N�3�4G3G4
O � N �7       3  5   �2 0    00     0�320  �129 �226  91 �7    3  5 �2O N25606259O � N5532O 

 82 0# 2; 8�H; � 8IK; F  8�H; � 82 0# 2;?3 8IK; F 8�H; � 8 2?3 0�2?3#2?3 2?3; 8IK; 
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N�3�4H3H4
O � N �5         4  4      �3 0    00     0�161  125  126 �98 �5    4  4 �3O N42545674O � N6642O 

 

Hence �7 � @�5,6,3,4��5,6,2,2�A. 
6. Conclusion 
In this paper an � x � FFLS Ã ⊗  x� = b� is transformed to a 4� x 4� crisp block matrix or 
two 2� x 2�  crisp block matrices and solution is obtained bypartitioning the block 
matrices. When �is large, computing inverse for such cases become complicated and 
impractical because they consume much computer time and space. By partitioning, the 
present method is easier to implement as the order of the system reduces to sub-matrices 
of order  � x � . 
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