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1. Introduction

The concept of graph labeling was introduced byaRpnsl967[2]. A graph labeling is an
assignment of integers to the vertices or edgdmtir subject to certain condition(s). If
the domain of the mapping is the set of verticeseftpes), then the labeling is called a
vertex labeling (or an edge labeling). In the iméging years various labeling of graphs
have been investigated in over 1100 papers. Qalsitintroduced cordial labeling [3].
Labeled graphs serve as useful models in a braagkeraf applications such as circuit
design, communication network addressing, X-raystedjography, radar, astronomy,
data base management and coding theory. M. Sund&.aRonraj and S. Somasundaram
have introduced prime cordial labeling of graph [Bhey have also proved the bistars
and crowns are prime cordial. K.Thirusangu, P.&gjdhathan and B. Selvam, have
proved that the duplicate graph of a path grBphs Cordial [4]. In this paper, we
present that the duplicate graph of the laddertgkgp m = 2 is cordial, total cordial
and prime cordial.

2. Preliminaries
In this section, we give the basic notions relevarthis paper.

Definition 1. A graph labeling is an assignment of integershto \tertices or edges or

both subject to certain condition(s). If the domaf the mapping is the set of vertices (or
edges), then the labeling is called a vertex lalgglor an edge labeling).
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Definition 2. The ladder graph,, is a planar undirected graph with 2m vertices 2md
— 2 edges. It is obtained as the cartesian praafuto path graphs, one of which has
only one edgelL,,; = P, X P, where m is the number of rungs in the ladder.

Definition 3. LetG(V,E) be a simple graph. A duplicate graph of ®é&= (V;,E;)
where the vertex seV; =V U V'andV nV'=@and f:V - V' is bijective
(forv e V,wewrite f(v) = v') and the edge s&f of DG is defined as : The edge
ab isin E if and only if bothkb’ anda’b are edges if;.

Example 1. The following figures show the Ladder gralphand its duplicate graph.
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Figure 1:

Clearly the duplicate graph of the ladder graphcontains 4m vertices and 6m — 4
edges.

Definition 4. A functionf : V — {0,1} is said to be a cordial labeling if each edge uv
has the labelf(u) — f(v)| such that (i) the number of vertices labeled ‘Gdahe
number of vertices labeled ‘1’ differ by at mostn& and (ii) the number of edges
labeled ‘0’ and the number of edges labeled ‘fediby at most “one”. A graph which
admits cordial labeling is called cordial.

Definition 5. A functionf : V — {0, 1} such that each edge uv which is assigned the
label|f(u) — f(v)| is said to be a total cordial labeling if the rhen of vertices and
edges labeled with ‘0’ differ by at most one frohe thnumber of vertices and edges
labeled with ‘1’. A graph which admits total caatiabeling is called total cordial.

Definition 6. A prime cordial labeling of a graph G with vertegt V is a bijection
f:V - {1,2,3.....|V]|} such that each edge uv is assigned the label as
Lifg.cd{fw,f(v)}=1
uv) = .
Fn) = {o i grera (10 £ > 1
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and the number of edges labeled with ‘0’ and thmlmer of edges labeled with ‘1’ differ
at most by one.

Algorithm 1.1
Procedure (Construction of duplicate graph of éukler graph,, )
Case (i) Fork=2,4,6,...2m-2)

ViVktz < €3k § VieraVk < €k

2

Case (ii) Fork=1,2,3...m ’

Vok-1V2k < €3k—2 ; VakVak-1 < €3k—2
Case (iii) Fork=1,23,..(m-1)

! . ! !
Vok-1V2k+1 € €3k-11 V2k+1V2k-1 < €3k-1

Illustration: The ladder graphks , L and their duplicate graphs are shown below:

Vi V3 Vs vy Vo v Vi Vs W Vg Vi1
v Vi V6 Vg Vio W vy Vs g V1 Vi

Duplicate graph of Ls

Duplicate graph of Lg

Figure2:
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Algorithm 1.2: (Cordial labeling)
V « {vq,V2,V3 .. Vo, V1, V9, Vg e Vo }
E « {e), €3 e3...€3m_3,€{,€3,€3 .3 5}
Assignment of label to vertices
Case (i): When ‘m’ is odd and > 3.
fix v{ <0
-1
Forl <k < (mT)
Va;k: V4,k—1 < 0; V4,k—2:174k—3 <1
Vgir Vak—2 < 05 Vg1 < 15
-1
For 1 <k< (mT)
Var—3 < 1;

Fork = (m2+1)

) Vak—2, Vak-3Vsk-3 < 1, Vs < 0
Case (ii): When mis even and > 4

Forl <k < (%)

1 ! . ! ! .
Vakr Vakr Vak—1) Vak—2 < 05 Vak—2,Vak—3,Vak—1, Vak-3 < 1;

Theorem 1.1. The duplicate graph of the ladder grdph, m> 2 is cordial.

Proof: First let us prove the theorem far > 3

In order to label the vertices, define a functfonV — {0, 1} as given in algorithm 1.2.
Then the vertices are labeled as follows:

Case(i): When misodd
The vertexv; is fixed with label 0.

Forl <k < (mT_l) the(2m - 2 )verticesv,y, Vay_1, Vix and v, receive label ‘0’

and the%(m— 1) verticesv,,_,, V4r_3 and vy,_, receive label ‘1. Fot <k <

(mT_l) the(mT%) verticesv,,_3 receive label 1.

Fork = (mTH) the “three” vertice®,,_,, v4,_3 and v,,_5 receive label ‘1’, and the

vertexvy,_, receive label ‘0.

Thus the entire 4m vertices are labeled in suctaativat the number of vertices
labeled with ‘0’ and ‘1’ are same as 2m.

The induced functioff” : E - {0,1} is defined such that

) = |f@) = fv)| viv; €V.

Using the induced function, we see that the (3m-etlges namely,
€1,€3,€s5, €7 ... €36, €3m—4, €3m—2, €4, €6, €5 .. €3 _5, €3, —3 and e; receive label ‘1",
The 3m-2) edges namebp, ey, eg €g ... €315, €3m—3, €3, €5, €7 ... €34, €3m—2 ANd €3
receive label ‘0.

Thus the entire 6m — 4 edges are labeled in sweayahat the number of edges
labeled ‘1" and the number of edges labeled ‘0'ssime as 3m — 2.
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Case (ii): When miseven
The “2m” vertice{mk, Vak—1, Vil Vak—z /1 <k < %} receive label ‘0’ and

the “2m” vertices{v4k_2,v4k_3,v4k_1, iz /1 <k < %} receive label ‘1.

Thus the entire 4m vertices are labeled in sughyathat the number of vertices
receive label “0” and “1” are same as 2m.

Using the induced function as in case (i), the 38) edges
€1,€3,€5 ... €3_5,€3m—3, €3,€4,€6 ... €3m_a, €3m—o receive label ‘1’ and the (3m — 2)
edgese;, ey, €4 ... €3m—4, €3m—2, €1, €3, €5 ... €3 _s, €33 €Ceive label ‘0".

Thus the entire 6m — 4 edges are labeled in suahyahat the number of edges
labeled ‘0’ and the number of edges labeled ‘1'same as 3m — 2.

Hence the duplicate graph of the ladder gigphm> 3 is cordial.
Case (iii): Now let usprovethetheorem for m = 2.

In this case the four vertices, v,, v, and v, receive label ‘1’ and the four
verticesvs, vy, v; and vg receive label ‘0.

Using the induced function as in case (i), the fedgese,, e1, e; and e; receive
label ‘1" and the four edges, e;, e, and e, receive label ‘0’.

Thus the entire 6m — 4 edges are labeled in swehyahat the number of edges
labeled ‘0’ and the number of edges labeled ‘1'sme as 3m — 2.

Hence the duplicate graph of the ladder gigphm = 2 is cordial.

Illustration:

V1 V3 Vs V7 Vo Vi V3 Vs V7 Vo Vil

T [ 1 S

Duplicate graph of Ls

Duplicate graph of Ls

Figure3:
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Theorem 1.2. The duplicate graph of ladder graph m > 2 is total cordial.

Proof: Intheorem 1.1, we have shown that the numbeedices labeled ‘1’ and ‘0’ are
same as 2m, the number of edges labeled ‘1’ andr®’same as 3m — 2 . Thus we
obtained that the number of vertices and edgedddbeith ‘1’ and the number of
vertices and edges labeled with ‘0’ are same as 2m

Hence the duplicate graph of the ladder graphm > 2 is total cordial.

Algorithm 1.3:
V « {vq,V2,V3 .. Vo, V1, V3, Vg . Vg }
E « {e,e,€3...e3m2,€1,€3,€3 ... €3m_3}
Assignment of labels to vertices
Case(i): When m is even
Forl <k < %

Vpp—3 <8k —7; Vg3 «8k—6 ;vy_p <8k —4; vy, < 8k—5;

Vg1 <8k —2; vy q «8k—3 vy, «8k—1; vy <« 8k;
Case (ii): When m is odd

m-—1

For1 SkST

U4k_3 <_8k_7, v‘;—k—3 <_8k_6 ;U4k_2 <_8k_4', U‘{_k_z <_8k_5,
Vg1 <8k —2; vy_q <8k —3 vy «8k—1; vy < 8k;
m+1

Fork = —
2

gy <8k —4; vy «8k—5; Vyp_3 « 8k—7; vy,_3 < 8k —6.

Theorem 1.3. The duplicate graph of a ladder grdph m > 2, is prime cordial.
Proof: We prove the theorem for the duplicate graph efdaér grapli,,, = 2.
To label the vertices, define a functonV — {1,2,3.....|V|}, as given in
algorithm1.3, and then the vertices are labelddlasvs:
Case (i): When miseven.

forl <k< % the(%) verticesv,,_5 receive label 8k — 7, tf(erg) vertices
Var—o receive label 8k — 4, tlf(e?) verticesv,,_, receive label 8k — 2, tr(e’;l) vertices
vy receive label 8k — 1, tl(e?) verticesv,,_; receive label 8k — 6 , t@i) vertices

Var_p receive label 8k — 5, tk(e?) verticesv,,_, receive label 8k — 3 and tlﬁé:-)

verticesuv,,, receive label 8k.

Thus the entire 4m vertices are labeled.

The induced functioff” : E - {0,1} is defined such that

f*(v~v-) _ {1 if g.c.d [f(vl-),f(vj)] =1

t 0if g.c.d [f(vi),f(vj)] >1

Using the induced function, the (3m-2) edges naemely, eg, €7, €g,€12, €13, €14,----
€3m—6) €3m—5s €3m—4+€3, €4, €5, €9, €10, €11,-+-- €3m_3, €3m_o FECEIVE label ‘1" and the
3m — 2 edges namebg, e,, es, €9, €10, €11, ----€3m—3, E3m—2 €1, €2, €4, €7, €5,
e B3m—1, €3m_s, €3m_¢ FECEIVE label ‘0’

Hence the entire 6m — 4 edges are labeled in @swady that the number of edges
labeled ‘0’ and the number of edges labeled ‘1'same as 3m — 2.
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Case (ii): When misodd

Forl <k< mT_l the(mT_l) verticesv,_3 receive label 8k — 7, tl"(e—mz_l)

verticesv,_, receive label 8k — 4, tHe"~) verticesv,._, receive label 8k — 2, the
(mz——l) verticesv,, receive label 8k — 1 , tr(emz;l) verticesv,,_; receive label 8k — 6 ,
the (_mz_l) verticesv,_, receive label 8k — 5, tl(emz;l) verticesv,,_, receive label 8k

—-3and the(mT_l) verticesv,, receive label 8k.

+1 . .
Fork = =, the four vertice®y;._,, Va3, Vi andvj,_; receive labels 8k — 4,

8k — 7, 8k — 5 and 8k — 6 respectively.
Thus the entire 4m vertices are labeled.
Using the induced function, as in case), (the (3m-2) edges

namelye; , e, , es, €;, €g, €12, €13, €14 ruere-. €3m—3) €3m—2 163, €4, €5, €5,
€101 €111+ €3m—6» €3m—s €3m—4 €Ceive label ‘1’ and the (3m — 2) edges nanegly,,
€5, €9, €10s €111 -+-€3m—6+ €3m—5> €3m—4, €1+ €2, €6, €7, €, ....83m_3, €3m_o fECEIVE
label ‘0.

Hence the entire 6m — 4 edges are labeled in @swady that the number of edges
labeled ‘0’ and the number of edges labeled ‘1'same as 3m — 2.
Hence the duplicate graph of a ladder grephm > 2, is prime cordial.

Illustration:

w1 V3 ] o Ve Vi KE] s V7 Vo Vi1

Duplicate graph of Ls

Duplicate graph of Lg

Figure4:
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