Annals of Pure and Applied Mathematics Annals of

Val. 9, No. 1, 2015, 1-7 .
ISSN: 2279-087X (P), 2279-0888(online) Pure and Applled
Published on 1J 2015 .

i researchmathstiorg Mathematics

Mathematical Modeling of Pollutant Uptake by the Plant
Root from the Sail

S.B.Kiwne', R.V.Waghmare?and P.S. Avhale®

'Department of Mathematics, Deogiri College, Aurdragh(M.S.)
India. e-mail: sbkiwne@yahoo.co.in
2*Department of Mathematics, Shivaji Arts, Commence Science College
Kannad, Dist. Aurangabad (M.S.)
India. e-mail: waghmarerv@yahoo.com, avhaleps@yaboo

Received 21 November 2014; accepted 4 December 2014

Abstract. The classical model of plant root nutrient uptakey by Roose is modified and

extended for pollutant uptake in plants. An explddbsed mathematical description is
given for the pollutant uptake, by a single cylindl root for all cases of practical interest,
by solving the absorption-diffusion equation forethsoil pollutant concentration

asymptotically in the limit of large time. The thietical results derived analytically.
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1. Introduction

The primary physiological function of root is upiads the water as well as nutrients and
transport to leaves for photosynthesis. Investigetiand observation of the uptake of
water and nutrient in plant root and stem candeetl back to many years ago, it possesses
importance in point of view of agricultural prodisct and economical development. Now
a new trend of planting inedible plant emerge atustrial basis. The view of planting
inedible plant are prevent the salinization, défsgation of soil, to clean pollution of
heavy metals, radioelement and plant's mining.dliect the valuable metals, like gold, in
soil by planting some plants whose roots possesseaial capability of absorbing the
valuable metals. The plant of genus Bauhina haveyrspecies out of which Bauhinia
variegata plant extract is analysed and foundritaio micro-particles of gold [11]. Since
ancient times Bauhinia racemosa Lam. family: Ca@sateae has been an integral part of
life in India. Leaves of Bauhinia racemosa areitiauhlly used on occasion of Dashera
festival as symbol of gold in India [3]. Recentlpped that Bauhina racemosa extract also
contain micro particles of gold.

In recent years, a number of researchers from warfields, such as physics,
applied mathematics and plant physiology, paid natrention to develop mathematical
model for water and nutrient uptake. The outstagdiork in this field is done by T.Roose
and proposed a mathematical model for uptake oémand nutrient. Roose work is
development of Nye, Tinker and Barber model forewand nutrient uptake assuming that
the root is an infinitely long cylinder [2,8,9,10].

It is also found that the plant root also uptakbupant from the soil. The aim of
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the paper is to investigate relations between tailgradient in soil and its accumulation
in plants through cylindrical roots.The classicaldal for uptake developed by T.Roose
supposes a single cylindrical root to be surrounidedan infinite extent of soil, with
prescribed far field soil water concentration. fodutant diffuses through the soil water
(via the pore water), and its uptake at the rogiien by a Michaelis-Menten dependence
on concentration (Jungk et al., 1997; Jensen, 19923 absorption-diffusion model thus
consists of a linear diffusion equation with thealiwear root surface absorption condition
[12]. In this paper we deal with this problem bgyiding a fully explicit approximation to
the basic T.Roose model.

2. Pollutant uptake by a single root from a continuum soil
2.1. Model formulation
We assume that the soil consists of a solid plabeuid phase and a gas phase, and that
the volume fraction of each phase stays constajjf,]s
6, +6,+60,=1 (1)
whered; is the volume fraction of the soil solid pha#eg,is the volumetric water content
and 6, is the volume fraction of the air phase. The stiff;oand 8, is the soil porosity
I!. Typical values ofl! are 0.3-0.6 and typical values féy in soils are 0.15 a4€“ 0.4
(Richardson, 1995). We assume that pollutant isgurein the solid C;) and liquid (C;)
phase and the total concentration of pollutanbih &; soil) is
Crsio = Cs +6,G 2)
Assuming equilibrium sorption according to a lin€aeundlich isotherm and neglecting
intra particle diffusion, the rate of change®@f with respect to t is (Tinker, 1975, Morton
et al.1994)
%2 = b, (3)
whereb,, is the buffer power of the soil. For a volume off ¢ without internal sources

or sinks, the conservation law gives

051+7.9=0 (4)
where the fluxg is derived by assuming diffusive and convectiams$port and given by
Fick's law that describes the movement of solutesthie direction of decreasing
concentration gradient

q = —D10,£1(6)V.C, (5)
where D, is the diffusion coefficient of the solute in freater, f;(8;) is the impedance
factor of solute in the liquid phase andis the Darcy flux.

a(6,c
20D = YO, DfiV.C) — V. (vC) (6)
The rate of change dlfr.;,; with time is given by:
9t _ g(9,D,£,V.C;) — V. (vC) 7)

at

2.2. Boundary condition
Taking initial concentratiorC; , (1%4molcm™=3) in soil solution as constant and assuming
the uptake of pollutant at the root surface folloichaelis-Menten kinetics, the
conditions at the root surface will be

C,=Cypatt=0
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where% is the operator for the outward normal derivativg,is the Darcy flux of water

normal to the root surfacé,,(i¥4molcm=2s~1) is the maximal root uptake rate and
K, (I¥4molcm™=3) is the Michaelis Menten constant.
If there is no competition between roots then catretion far away from the root
surface stays constant. So, the boundary condaioaway from the root surface will be
Ci=Cp at|x] »
For simulating radial flow into a cylindrical rodhe model is

ac ac ac
(by +6) 22 = 0,0 fyr = (r 22y + 2220 ®
FnC
ellel; —qoCr = +élﬂ” =To 9)
Cl = Cl'o,r =n lOQ

wherer, is the radius of the root; is the half distance between two rogts =
1//mp, wherel is root length density) and, is the Darcy flux of water into the root

surface (Fowler, 1997; Varney et al. 1993).

1§ (bp+0)) .
————=t" andC; = K,,C
oSy .
Then the non-dimensional model is (dropping adtsyis

9C _P.dC _ 19 , oC
P L G (11)

letr =ryr,t =

ac AC
5 P C_E onr=ry (12)
C->Cy,asr—- o (13)
Hence dimensionless parameters are Peclet num,ber r°”° uptake parameter
F, C
=_—m" _ and concentration in soft, = =2 .
KmDif16; Km

2.3. Initial condition and boundary condition
Initial condition can be write as far= 0
c=cpatt=0 fora<r<o (14)
for later time
cocpasr—o fort>0 (15)

3. Approximate solutions
At P, << 1, neglecting convective transport, the model besome

ac _ 19
_ N == ar( (16)
with boundary condltlon
ac _ AC
or 1c (NPT =T 17)
C—-Cyxas r— o (18)
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and initial conditions
c=cgatt=0 fora<r <o

4. Pollutant uptake equation with ¢, << 1 and P, << 1

(19)

In this section we conside?, and c,, are negligible. If Michaelis-Menten

coefficient K, much larger than the far field concentratiog) i.e., c,, <<1

equation (16) reduces to the form[7]
de_ 10 (;.09)
at  rar\ or)"
dc _ 9%c | 1dc
at  arz " ror

Corresponding boundary condition reduces to thma fo
dc c

or 1+c’

re-scalingc = ¢, C then the model in scaled concentration is written

ac _ o 10c
- at  orz  ror’
scaled boundary condition are as follows

ac c

—=A——,r=1and C—>1 as r > oo,
ar 14+CooC

, the

(20)

(21)

(22)

(23)

(24)

for c., << 1 we can approximate the root surface boundary tiondiusing the

binomial expansion,at the leading order given by
% ~ACatr =1.

Initial condition scaled in following manner
C=1latt=0 for 1<r<oo.

(25)

(26)

We solve the above boundary value problem by s¢iparof the variables. Substituting

the substitutionC(r,t) = T(t)U(r) the value in equation(23) we have

1,020 | 10Uy _ 10Ty _ _ 2
vlor tiod =7led = =B

Now consider the boundary value problem
62_U+ 10U+ 2y

) orz  ror ﬁ

With the boundary condltlon
& _w=o.

The complete solution is given by, see [4],

C(r,t) = fﬁ o N(B)e—ﬁ tu,rydp [, U, rdr,
whereU(B,,, ) is eigenvalue function.

UB,r) =Jo(Br)BYL(B) + Ao (B)] = Yo (Br)[B]1(B) + Ao (B)]-

N(B) = [B11(B) + Ho(B)]* + [BY1(B) + AYo(B)]*.

So the general solution of equation is given by
c(r,t) = Cop fﬁ o N(B)e_ﬂ LU, rydp [, U, rdr.

5. Pollutant uptake equation with 4 << 1

(27)

(28)

(29)

(30)

(31)
(32)

(33)
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Equation (11) write as
dc P+l dc _ 9%

Bl Qread b il et (34)
implies

dc _ Pe+l dc | 3%

6t_( r 7ar  or? (35)

re-scaling withr = (14 P,)R, then or = (1+ P,)dR. Then equation (34)

become
dc  9%c | 10c
A+P) o =t rar (36)
Corresponding boundary condition changes
] 1
=+ (1 +P)Pc=A(L+P)[-=—¢] at R= v (37)
for A = DZ’"U; value of A with large value ofp and small radiu® we have
m®Pl

and

A=0. (38)
Then the boundary condition becomes
ac
=+ A +P)Pc=0, (39)

Considerc(R,t) = U(R)T(t) substituting in (36) and (39) then it becomes

1 oT 1 . 9%°U 19U
cA+PR) =l ool (40)

corresponding boundary condition becomes
au
o T (L+P)PU=0. (41)

From the equation (36) we can write

1 T _ 1.0°U | 19U, _
T A+ P) o =7l t 7Rl = —B (42)

We have the Bessel equation with boundary condition

0%U | 10U 257 _
TR TAU=0. 143
ou 1
st A +P)RU=0, at R= v (44)
oT B?
Z_-_Lr (45)

ot 1+P,
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c=cCor att=0as 1<R< ! (46)
1+P,
Solution of Bessels equation is given by,
UB.R) = JoBRIBY:(B ) + Po(—1 = P)Yo(B )]
~Yo(BRBI (B i) + Pe (=1 = P)o(B )l (47)
also
N(B) = [ﬁh(ﬁ ) T (1P )]o(l? )’
BB ) + (1= P (Bl (48)
ReplacingR by R = (1+ % in equation (47).
Above solution of Bessels equation become
U@B,r) =Jo(B ﬁ)[ﬁlﬁ B (1+Pe)) t P (=1 = F)Yo(B (1+1—Pe))]
~Yo(B ) BB o) + Pe (=1 = P (B 170)) (49)
Then the complete solution is given by, see [4]
e ) = [y ver e W U, r)dp [Z, PUB T )cndr’.  (50)
Amount of pollutant absorb by root is given as[§p]
dc
M = 2mrt . (51)
6. Discussion

The pollution in the environment occur in the sl atmosphere. In the both phase plant
absorb the pollutant and maintain the quality af ise of water and air. Soil pollutant
affect the quality of water. To increase purityater there is no other convenient way to
purify the soil. In this paper we try to developbg mathematical model for pollutent
uptake by plant root assuming that Michaelis-Merteandary condition hold. The above
described expression hold if flow is not turbuléotv occurring at higher velocities. In the
first section, we have calculated the pollutantakptin caseP, << 1 and the case
C, << 1. Also for ¢; is considerable large and Root radius is smalthbeparametei
is negligible. In the later section for the nediigi value ofA, we also calculated the
pollutant uptake by the plant root.

This model is not valued in the soil, where thevflaf the pollutant is Laminar and
is also not valued water flow is turbulent.
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