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Abgtract. The convexity number denoted kyin a connected grapé is the maximum
cardinality of a proper convex set th. Here in this paper graphs for which the
independence numbg (G) of a graphG where By(G) =k, [o(G) < k and By (G) >

k are completely characterised. Also graphs for WhigG) = k are characterised.
Construction of graphs with prescribgd(G) andk are presented.
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1. Introduction
By a graph we mean undirected graph without loopsidtiple edges.For terminology and
notation not given here,the reader may refeetoor! Refer ence sour ce not found..
For a connected graph a subsefS of vertices ofG is said to be a convex set if for
any two verticesu, v of S, S contains all the vertices of evety— v shortest path ir&.
The convexity number of is the maximum cardinality of a proper convexafet. For a
graphG = (V,E), a subsefl of VV is independent if no two vertices Th are adjacent.
The independence numbgg(G) is the maximum cardinality of an independent sef i
Convexity number of a graph have been studied,B14%]. Clique number of a graph is
the maximum cardinality of a clique ifi denoted byw(G).

Example 1.1. By(Cs) = con(Ce), Bo(Cs) < con(Cs), Bo(Kz3) > con(K,3). Thus there
are graphs for which8,(G) = con(G), Bo(G) < con(G), By(G) > con (G). For
prescribed values gf, andcon(G) = k graphs can be constructed.

2. Realization theorems

Theorem 2.1. For every pair 8y, k of integersthere exists a non-complete connected
graph G with 8, = Independence number and con(G) = k.

Proof: For a non-complete connected grapleither2 < o <k<n—-1or2<k<
Bo <n—1 holds.



S.V.Padmavathi

(@) Consider2 < gy <k<n-—1.

Case (i) By = k.

When g, =k =2, C, is the required graph. Whefy =k =n—-1, K;,_, is the
required graph. Therefore < B, = k <n — 2, andC,, hasp, = k.

Case (ii) By < k.

Whenk =2, K; hasp, = 1. For 8, =1 and anyk > 1, K;,, is the required graph.
Whenk =n -1, K, hasp, =1. For f, =2 and anyk > 2, K;;..1, (a k - partite
graph) is the required graph. Therefore <, <k <n-—2, considerF =
Ky_p,+1 + Kpg,—1- Now order of the graplt is k. Let Kg 1 = {vy, v, vp,-1}. Let
Ki_p,+1 = {1, up, ", ug_p,+1}- FOor n=k+1, constructF; from F by joining a
pendantu to one of the verticea; of F .

Clearly By (F1) = {vy,v5,**+,vg,-1,u} andcon(Fy) is the whole graplF; with k
vertices .

For n = k + 2, constructF, from F such thatw,u,uv andvv,; are edges.

Bo(F2) = {vy,v3,*+,vg,—1,u} and con(F,) =k vertices as neither nor v can
be in con(F,).

For n =k + 3, constructF; from F such thatu,u,uv,vu,, wv and wv; are
edges Bo(F3) = {v1,v2,+,vp,-1,u OF v} andcon(Fs) hask vertices.

Now let n>k+4. Consider Ky_g ., and Kg _p, . Let V(Ki_pg 4+m) =
{u, Uz, Uk—gy+m}- Lt V(Kg _m) = {v1,V5,+,Vg,—m}. Obtain G of ordern from
Ky_p,+m andKp _,,, by the following construction steps . LBt= Ky_g 1m + Kg,—m-
Let v € V(G) be such thav ¢ V(H) andvv, € E(G) . Now splitn —k — 1 vertices
of G amongm partitions. Suppose — k — 1 is even and equal tdm thenm K,s can
be obtained. Let one of thé, be uw and letuv, vv,, uu,, wv,, uv,, wu, be in E(G)
.For rest of theX, s, one of the vertex must be joineditpother tou, and both tov,.

For this graph neither nor theK,s are included in the convexity number as they all
come together. con(G) = {vy,V3, ", Vg,—m) U1, U, ", Uk—g,+m} aANA  Bo(G) =
{v1, v, , vg,—m, m Vertices joined to,}. Supposen —k — 1 # 2m and greater than
2m then rest of the vertices must befAp , and one vertex aP; must be joined tat, rest
of the two vertices joined ta, and all the three vertices 1q.

Supposen — k — 1 < 2m thenK, is transformed td{; in some partitions . Here
K; should be joined tac as well as tav;. In all the above casg, (G) = B, vertices and
con(G) = k vertices.

(b) Consider2 <k <p,<n-—1. Whenk =2,K,5 where2<p,<n-—1.
When gy =n—-1,K,,_, is the required graph. TherefoBe< k <pfy<n—-2. If
n <9 then for k =3 one of the graphs(;,4,K;,5 K116 holds good. Fork =
4,K; 1,5 is the required graph witf, = 5. If n > 9 the construction is as follows. Let
V(Kis1) = {ug, U, Uy ) V(Kg,—1) = {v1, V2, ,Vg,—1} and V(Pp_(g,+k)) =
{wi,wa, -, Wn_(g,+k)} - Lt H = Ky 41 —uju,. Now join the vertices oKp _; to u,
andu,. Order ofH is k + 8,. Restofn — (k + ) vertices are formed as a path. One of

the end vertexv; (say) of the path is joined to, andv,. Now w, is joined tov;, ws
to v, and so on untilw; is joined tovg _,. Herew;,, is joined tov; and the process
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repeated till all the vertices of the path exhalst.the resulting graph constructed ke
Clearly con(G) = k consisting of vertice$us, uy, -+, U1} With exactly one ofu; or
u,. Also independence number 6f consists of vertice$vy, vy, -+, vg 1} With exactly
one vertex ofK, ;1.

3. Graph characterisation

Lemma3.l. Let S beasubsetof V(G). S isamaximum convex set if and only if S is

not a geodetic setin (SU{u}) forany u € V. — S and SUT isageodetic setin < G; >
forany T inV —S ,forsome G, , Gy =G forsome T c (V —5).

Proof: Let S is a maximum convex set ifA. Then there is na € V — S such thatu lies

on ax —y geodesic for any, y in S thatisS is not a geodetic set ksU{u}) for any

u €V — 5. SinceS is a maximum convex sef, is not contained in any proper convex set
of G. ThereforeSUT for any T cV —S is not a convex set. ThusUT for any

T cV — S is a geodetic set ir. G; > for someG;. If G; # G foranyT c V — S then

G, becomes a proper convex set with cardinality grehanS. Thus a contradiction t§

a maximum convex set @f. ThereforeSUT is a geodetic set for aflyc V — S in (G;)

for someG, = G. Conversely supposg satisfies the condition given in hypothesis then
clearly S is a maximum convex set @f.

Theorem 3.2 Let G be a non-complete connected graph of order n. Then g, = k iff G
is one of the following graphs.

()K1n1

(inC, wheren is even.

(ii)Kn, n,,m, With max|Vy| =r.

(iv) r —partitegraph with B,(G) =r and a setS with r vertices having
property in 3.1.
Proof: Let G be a connected graph. Let= ;.

Acyclic: Let v € V(G). SupposeA # n — 1. Then there exists a € V(G) such that
uv € E(G). Clearly any two neighbors of are non-adjacent. Therefoi® (G) =
deg(v) andk =n—1. But deg(v) < n—1 which is a contradiction. Hende=n —
1. ThusG = K 1.

Cyclic: If G has asingle cycle of ordet < n then rest ofr — m vertices are pendants
or paths joined to some vertex of the cycle. Theeek =n — 1 but fy # n — 1. Thus
G = Cp=cven-

If ¢ has multicycles then as we know any graph camarsfiormed to am-partite
graph with maimum cardinality of; = B,(G), G is either a complete -partite or
non-completer-partite. Clearly ifG is completer-partite thenk = r. Let these set of
vertices be a sef (say).k = r = 8, if and only if maximum cadinality o¥; is r. If G
is transformed to a non-completepartite graph then lef be a subset df (G) with r
vertices. Supposé has an independent set wify = r vertices.k = r if and only if S
satisfies the hypothesis of 3.1. Converselg ifs one of the following in the hypothesis
thenk = B,.

11



S.V.Padmavathi

Theorem 3.3. Let G be a noncomplete connected graph of order n. Then 8, > k if and
only if G is an r - partite graph with max.|Vi| > r and a subset S with r vertices
satisfying the hypothesis of 3.1.

Proof: Let 8, > k. Then G has the following properties; has a cycleG has no
pendant andleg(u) = 2 for all u. Let max. |Vi| > r. By 3.2 we are through.

Theorem 3.4. For a non-complete connected graph G of order n , By < k if and only if

G isone of the following graph.

G = acyclic with A <n—1, Ch—qd, Kn,n,,.n, With max.|V;| <r or non-complete
r-partite withmax. |V;| < r and a subsef of cardinalityr satisfying the hypothesis in
3.1

Proof: If G is acyclic then clearla <n — 1. If G is cyclic then the proof is same as in
3.2.

Theorem 3.5. Let G be a non-compl ete connected graph. Then clique number w = k if

and only if G isacomplete r-partitegraph or G hasa maximum clique set S satisfying
hypothesisof 3.1 .

Proof: Clearly w = k # 1. Let w(G) = k . ThenG is not acyclic. IfG is unicyclic then
w=2hbutk>2 forn=5.If Gis acomplete graph then(G) =n butk =n—1.
Let S be a set containing maximum clique set . Supgosiees not satisfy the hypothesis
of 3.1 then there exists a subgein (V — S) such thatSUT is a geodetic set ifi; # G.
Clearly w(G) < k. Thus a contradiction. Conversely if a maximungué setS of G
satisfies the hypothesis of the theorem thgl¢) = k.

4. Conclusion

In this paper, | have compared two different nurabermely convexity and independence
number of a graph. Both the parameters are of harggroperty. | have constructed and
characterised graphs using these two parameteesc&nsimilarly compare two or more
parameters of same nature. | shall explore theeapakameters on product graphs as a part
of my future work.
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