Annals of Pure and Applied Mathematics Annals of
Val. 9, No. 1, 2015, 13-22

ISSN: 2279-087X (P), 2279-0888(online) Pure and App'l@d
Published on 1J 2015 i
Wl\jvml/ resec;?ch rr?ggf?srzi .0rg Mathematlcs

The Split Majority Domination Number of a Graph
J.Josdline Manora‘and S.Veeramanikandan®

PG & Research Department of Mathematics, T.B.M.l€2@, Porayar
Tamilnadu, India — 609307
'Email: joselinemanora@yahoo.co jAEmail: mathveeramani@gmail.com

Received 14 September 2014; accepted 25 September 2014

Abstract. A majority dominating set D of a graph G = (V, B) a split majority
dominating set if the induced sub graph < V — Dsxisconnected. The split majority
domination numbeyg, (G) of G is the minimum cardinality of a minimallispnajority
dominating set. In this paper, we study the spéfarity dominating set of a graph G and
its number. Also some bounds pf,, (G) and the relationship ofg, (G) with other
known parameters of G are obtained.
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1. Introduction

The graphs considered here are finite, undirectétthout loops or multiple edges and
have at least one component which is not complest east two components neither of
which are isolated vertices. Unless otherwise diaddl graphs are assumed to have p
vertices and g edges. For a vertex\M(G), the open neighborhood of v, N(v) is the det o
vertices adjacent to v and the closed neighborhidpd = N(v) u{v}. Other graph
theoretic terminology not defined here can be foun@].

Definition 1. [3] A set DEV(G) of vertices in a graph G = (V, E ) is a doating set if
every vertex v V is either an element of D or adjacent to an eletmof D. A
dominating set D is called minimal dominating setno proper subset of D is a
dominating set. The minimum cardinality of minimdbminating set is called the
domination number of a graph G and it is denoteg/16§). A setD= V(G) of vertices in

a graph G is called an independent set if no twdices in D are adjacent. An
independent set is called a maximal independerif aaly vertex set properly containing
D is not independent. The minimum cardinality afnaximal independent set is called
the lower independence number and also independemination number and the
maximum cardinality of a maximal independent sefaibed the independence number in

a graph G and it is denoted by i(G) afid(G) respectively.

Definition 2. [7] A subset D=V(G) of vertices in a graph G = ( V, E ) is called
majority dominating set if at least half of the tiegs of G are either in D or adjacent to
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the vertices of D. 1.@.\1[D]|2 [g—l A majority dominating set D is minimal if no

proper subset of D is a majority dominating sete Thinimum cardinality of a minimal
majority dominating set is called the majority daation number and it is denoted by

Y (G).
Definition 3. [5] A set D of vertices of a graph G is said to be aontgjindependent set

if it induces a totally disconnected sub graph hyWit[D]| > [Ep—‘ and [pn[v,D]| >

|N[D]| - [g—l , for every ve D. If any vertex set Dproperly containing D is not majority

independent then D is called maximal majority inglegent set. The maximum
cardinality of a maximal majority independent sst dalled majority independence

number and it is denoted hf,, (G). The above two parameters have been studied by
Swaminathan and JoselineManora.

Definition 4. [5] A majority dominating set D of a graph G = ( V, Hs)called an
independent majority dominating (IMD) set if thelirted sub graph < D > has no edges.
The minimum cardinality of a maximal majority indsment set is called lower majority
independent set of G and it is also called thepeddent majority domination number of
G, denoted byi(G).

Definition 5. [9] A dominating set D is said to be split dominatieq i§ the induced sub
graph < V\D > is disconnected. The split dominatimmber y,(G)is the minimum
cardinality of a split dominating set.

2. Definition and example

Definition 2.1. A majority dominating set DE V(G) is said to be split majority
dominating set if the induced sub graph < V — Ds>disconnected. A split majority
dominating set D is minimal if no proper subsebDafk split majority dominating set.The

split majority domination numbeyy, (G) of G is the minimum cardinality of a minimal
split majority dominating set of a graph G.

Example 2.2.Consider the following graph G.

Figure 2.1.A graph with differenty,, (G) =1and y, (G) = 2.

14



The Split Majority Domination Number of a Graph

3. Split majority domination number for some standad graphs

. Suppose G =PThenyy, (G) {E—l .

=

6
.Let G =W, p>3. Theryg, (G)=3.
.LetG =Km——{e},m§ n. Thenyg, (G) =1.
. Suppose G =FThenyg, (G)=2.
. For G =Kp1, S(Kip), Drs Yoy (G)=1.
. Let G be Hajos graph. Then,, (G) = 2.
. Suppose G is Petersen graph. Thgp(G) = 3.
. For any graph G =« {e}, yqu (G)=p- 2.
.LetG =m_K2 . Thenyg, (G)=p-2.
10. Suppose G =,, m< n. Thenyg, (G)=m.

© 00 N O 0o b~ WN

Observations 3.1.

1. For any graph Gyg, (G) = max {y,,,|S|}, where S is set of cut vertices.
2. If there exists a cut vertex v which is alsoaarity dominating vertex then
Ym (G)= Yau (G) = 1.

3. If there exists a cut vertex which is also ddelgree vertex v in G then
Y(G)= y5(G)= yu(G)=ya (G) = 1.

2if4<p<e6.
Theorem 3.2.For any cycle €, p> 4. Then,yq,(C,)= {

B ifp > 6.
Proof:
Case liLetGbe G, 4 < p < 6 and D bey,, - set of G. Assume p takes the at most

value 6.For any vertex&C, , | N[v] | = 3 {g—‘ Since G is a closed walkD| # 1.

Therefor¢D| >2. Suppose | D | = 3. Then any set D — { v}, whereD would be split
majority dominating set of G resulting D cannotrbmimal. Therefore | D ¢ 2 which

implies | D | = 2. Thereforgyg, (G) <|D| = 2if4< p <6.
Case 2:Let G = G, p > 6. Since gis closed walk, | D | must be at least 2 which is
proved in casel. Let D = {iyv, ...V, } be a yq, - set of G, where | D | = t %, (G)

.ThenN[D]|z {g—l Therefore |N[D]K Zt:(d(vi)+ Yau (G) ) =Vaqu (G) (d(v) + 1).

i=1

Then[g—ls 3¥q (G). When p = 2r +1, By, (G)zg and yq, (G) > g if pis

odd.When p = 2r, §, (G)z%and Yau (G) = g if p is even. Thus in all cases
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Yau (G) = g Conversely, Let S = {v, Vb, ...t }, where t =[g—| such that N[\f n

N[v]=0,i#jand|S | {gw Therefore, | N[S] | = Fgw This implies that S is a split

majority dominating set of G, (G) <|S| {g—l Hence the result.

4. Characterization of minimal split majority dominating sets
Theorem 4.1.A split majority dominating set D of G is minimifland only if for each
vertex ve D one of the following holds:

(i) |N[D]|>[Ep—‘ and|pn[v, D] >|N[D]| - Ew

(i) IN[D]| = [g—‘ and either v is an isolate of D or pn[v,D}V-D) # @.

(i) <(V — D) U {v} > is connected.

Proof. Suppose D is minimal split majority dominating s‘éhlen,|N[D]|z [—ﬂ and <

P

V - D > is disconnected. Suppo$¢[D]| >[E—‘ . Let ve D.ThereforeD’ =D —-{v}is

not a split majority dominating set of G. Thenheit |[N[D']| {g—‘ or<(V-D')>is

connected.
Case 1: When |[N[D']] {g—‘ IN[D']|= IN[D]|- |pn[v,D]|. Therefore, |pn[v,D]|> |N[D]]

E} . Condition (i) holds,

Case 2: When <( V — D) > is connected. Then, <(V — ( D — {v} ) > is cwmcted. This
implies that < (V — DV {v} > is connected. Condition (iii) holds. Let |[N]| = [g]
Suppose that v is a neither an isolate of D norahpsvate neighbor in <V — D >. That
is, pn[v,D] =@. Then, |[N[D - v]| = IN[D]J- |pn[v,D]|{gl which implies that ( D — {v})

is a split majority dominating set of G which is@ntradiction to the assumption that D is
minimal split majority dominating set. Hence cdiai (ii) holds.Conversely, suppose
any one of the above conditions holds. Let D bplia majority dominating set. Suppose

D is not minimal. ThenD’ = D — {v} is a split majority dominating set of @&r some v
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€ D. This implies that [ND']| > [g—‘ or <V —D’> is disconnected -(*) Suppose (i)

holds for v. Then, |pn[v,D]| > [N[D]| [g—‘ and |N[D]|- IN[D-{V}]] = |pn[v,D]|. This

implies that, [N[D]| %gl which is a contradiction. Therefore, |N[D_>]|[§]Suppose

(i) holds for v. Then, |N[D]| {g—‘ and either v is an isolate of D or |pn[v/®]|V - D

) # @. By (*), IN[D']| > [g—‘ for some veD. This implies that, [N[D]| - [pn[v,D]| =

IN[D']] > [g—‘ That is, |N[D} [pn[v,D]|+ [g—‘ If v is an isolate of D, then v

epn[v,D] and |pn[v,D]p 1. If pn[v,D]N(V-D) # @ then |pn[v,D]j> 1. Hence, |N[D}

[g—‘ + 1 which is a contradiction to |N[D]| [zg—‘ Suppose (iii) holds for & D. Then

<(V — D )u{v} > is connected and hence < V B’ > is connected which is

contradiction to the assumption < VB > is disconnected. Hence, D is minimal split
majority dominating set of D.

Proposition 4.2.Let G be a graph. Theryg, (G) = 1 if and only if there exists a cut
vertex v in G with d(v)> [g—‘ -1

Proof: Let g, (G)= 1 and D = {v} is ayy, - set of G. It is clear that < V — {v} > is
disconnected and v dominates at least half of éices of G. This implies that v is a cut

vertex with d(v)> EW -1. The converse part is obvious.

Theorem 4.3.1f the graph G has no cut vertex, thgg, (G) > 2.
Proof: Let G be a graph without cut vertex. Let D)g -set of G. Suppose

VYau (G) = 1. This implies that D = {v}. It is possiblenly when v isa cut vertex such
that V — {v} isdisconnected. This is contradictitmthe fact that G is graph without cut
vertex. Thereforgrg, (G) > 2.

Theorem 4.4.A majority dominating set D of G is a split majgridlominating set if and
only if there exists two vertices;w w, from two components of V — D such that every
w; — W, path contains a vertex of D.
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Proof: Suppose D is split majority dominating set of Gefikk V — D > is disconnected
and it must contain at least two componeniaf® G. Let we G, wo€ G,. Now, w —
w, would be a path through a vertexevD. This path contains a vertex u of D.
Conversely, Let D be a majority dominating set stiet V — D is disconnected. This
implies that D is split majority dominating set®f

Theorem 4.5.If G has one cut vertex v and at least two bldékand H with v adjacent
to all vertices of Hand H, then v is in everyyg, set of G.

Proof: Let D be a), set of G. Suppose& V — D. Then, each of Hand H contributes

at least one vertex to D say u and w respectividhis implies that D — {u,w} is a split
majority dominating set of G, a contradiction as adjacent to all vertices of;tdnd H.

Hence, v is in everyy, set of G.

Theorem 4.6.A tree T has a majority dominating vertex adjacenimore than one
pendant vertex or T has a non support vertex if@mlg if every y,, set of T is also a

Yau S€tOf T.

Proof: Let S be ay,, setofatreeT.
Case 1:Suppose T has a majority dominating vertex v adjgttemore than one pendant
vertex. Then v must be in Sand so S igg setof T

Case 2 Suppose T has a non support v. Then S contdinarai or at least one support
adjacent to v or a non support adjacent to v. imdhse, <V — S > is disconnected and so

S is ay, -set of T.Conversely, Suppose every-set S of T is also g, -set of T.
Then, every <V — S >is disconnected.

Case 1:Supposey,, = Vg, = 1. Then, T has a majority dominating vertex v &he
{v}. Since <V — S > is disconnected, v is adjacenmore than one pendant vertex.
Case 2:Suppose),, = Vqu = 2. Then T has no majority dominating vertex v. 8@,

following cases arise.
(i) S contains only supports.
(ii) S contains only non — support vertices and
(i) S contains non support and support vertices.
Thus the proof.

Theorem 4.7.1f a majority dominating set S of G is also a tspiajority dominating set
then there exists two verticeg v in different components of (V-S) such that (\x»)>2.
Proof: If not, assume that for any two vertices w in different components of V — S,
d(v,v2) = 1. Then <V — S > is connected which is a atittion to S is a split majority
dominating set of G.

Theorem 4.8.Let G, and Gbe two connected graphs and (&G, ) be the corona of G
and G. If y,, set contains at least one vertex eftlen ),, (G, 0 G ) = Jq, (G110 Gy).
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Proof: Let D be they,, setof (G o G;) containing at least one vertex v of. Gince the
removal of v from G makes the graph (:Go G; ) disconnected, < V — D > is
disconnected. Then D is the,, set of G. Thereforey,, (G10 G ) = yqy (G110 Gy).

5. Bounds onyyg, - set
Proposition 5.1.For any graph G, & yq, (G)<p-2.

Proof: Let G be any graph with a cut vertex v such tha} E([Ep—‘ - 1. Then,

Yau (G) = 1. Suppose G is a graph with verticeglvose d(y > p — 2. Let D ={ v, v,,
...,Vp2 } be majority dominating set of G. Then, <V — Ds>disconnected. This implies
that D is split majority dominating set of G impig y,(G) <| D | = p — 2 .These

bounds are sharp forK..and mK, .

Theorem 5.2.For any graph Gy, (G) < a,, (G).

Proof: Let D be a majority vertex covering set of G sthudit d(v,v;) > 2, i# j for every
Vi , € D. Since D covers at mo (Z_l) edges, |N[D]p [Ep—‘ D would be a

majority dominating set of G. Since d{) > 2, <V — D > is disconnected and D would
be a split majority dominating set of G. Therefopg, (G) < |D| = a,,(G). Thus the
result.

Theorem 5.2.For any graph Gy,, (G) + yq, (G) < [g—l +1

Proof: Sincey, (G) < B, (G) andyg, (G) = ay (G), y\ (G) + yau (G) = B, (G)

+a,(G) < [gw + 1.

Theorem 5.3. [4]For any graph G,

. p -
0| s @

i | Pl i <Pl

(i) yu (G) < [2—‘ A(G) if AG) [z—l 1.
- p-A(G) | . P
(i) yy(G)=1< {—2 —‘ if AG) > [—2—| 1.

p
Theorem 5.4.For any graph G G)>|——M—.
y graph Gyg, (G) {2(A(G)+1—‘
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Proof: Since yg, (G) > y,, (G) and[LWS yu(G),

2(A(G) +1
N
Vau (G) = [Z(A(G) +11 '

Theorem 5.5.For any graph G, (iyq, (G) < A(G) + 1ifA(G) {g—‘ - 1.

(i) Ve (G) < [Eﬂ if AG)> [g} 1

Proof: (i)When A(G){Eﬂ -1,y (G) + Yqu (G) < [gw + 1 andy,, (G) < [g]

A(G), we haveyy, (G) < A(G) + 1. The bound is sharp for G being P

(i) When A(G) > [g—l 1, yu(G) + you (G) < [g—‘ + 1 andy,, (G) = 1, We have

Yau (G) < A(G). This bound is sharp for G being K {e}.
PA+1) . . .
{ 26D ifpiseven.
p(2A+1) o
2064 D) +1 ifpisodd.
whereA(G) is the maximum degree of G.
Proof: Let D be ayg, set in G. Since D is minimak,,(D) < |V — D | and so

Theorem 5.6.For any graph Gy, (G) <

Yu (D) <p - Yo (G). Sincey,, (G) > {Z(Ap+ 1)—| , Two cases arise.
Case 1: When p is even.
P ) (G)<p-yy (G)and—P— <p-y., G
2(A+l)_yM( )<P-Vaqu (G)an 2(A+1)_p Yau (G).
This implies thayg, (G) <p - 2(Ap+1) which yieldsyg, (G) < %
] p p+2(A+1)
Case 2: When p is odd: +1<p- G) and G)p-——m.
pi 20 +1) Sp-Ya (G)andygy, (G)< p 20 +1)
On simplification, we get yq, (G) < M+

2(A+1)

6. Relationship of yg, (G) with other domination parameters of G
Theorem 6.1.For any tree Ty, (T)= ¥, (T).

20



The Split Majority Domination Number of a Graph

Proof: Suppose R and Dy are the majority dominating set and split majority
dominating set of T. Sincg,, (G) < yq, (G), we have QS Dgy. Since T is minimally

connected, |By| cannot be greater thanjDTherefore, gy Dy. Hence, ), (T)
= yu(T).

Theorem 6.2. For any graph G,
(i) k(G) < ¥Yqu (G) < ¥<(G) , wherex is vertex connectivity.

(i) Yu(G)< yau (G).
(i) ¥ (G) < Yau (G) < ¥(G)< y5(G).
Proof: (i) Let D be ay;- set of a graph G. Then, D is also a split majalitminating set

of G. Therefore ), (G) < |D| = y5(G). Let S be ayy, - set of a graph G. Then,

<V — S > is disconnected. Therefore, the minimuomber of vertices S would
disconnect G and heneg(G) <| S | =y, (G) .

(ii) Since everysplit majority dominating set S ®fis a majority dominating set of G,
Y (G) < IS =y (G).

(i) Since yg, (G) < Y(G), 144 (G) < yay (G)and y(G) < y4(G) , we have,, (G) <
Yan (G) < ¥(G) < y5(G).

Theorem 6.3.For any tree T with a vertex of degree)k,, (G) < p — k. This bound is
sharp if G = K.

Proof: Let v be a vertex in tree T with degree k. Ther{\§N is disconnected and

V — N(v) is split majority dominating set. TheredofV-N(v)|> Vg, (G) and hencg/g,
(G)<p-k

Theorem 6.4.If diam (G) = 2, thenyg, (G)<§(G) wheré(G) is the minimum degree
of G.
Proof: Since, yg, (G) < ys(G) and y(G) < 8(G), we haveyy, (G) <&(G).

Theorem 6.5.For any graph G,
i) 9 (G) 4 Bu(G) EW L 1p5]

i) @+ (6) < M ‘1,
(i) in(G) + Yau (G) < [ﬂﬂ.

Proof: Since ,,(G) < f,,(G)and y, (G) < a,,(G),
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Yo (G)+ Var (G) < 1y (G)+ B (G)< [g} ‘1
(iii) Since 4(G)< B, (G)and yg, (G) < a,, (G),

iMG) + Y (G) < a, (G)+ By (G)s[gw + 1.

7. Conclusion

In this article, we have extended the notion ofarigj dominating set D of a graph G to
its complement V-D such that <V-D> is disconnectéde have characterized some
theorems for a majority dominating set to be atspigjority dominating set and

establishedy,, (T) = yq, (T) for any tree T. It would be interesting to provett for
which graphsy,, (G)= yq, (G).
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