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Abdtract. In this paper we introduce the concept of stratg domination in fuzzy graphs.
We determine the strong total domination numjagrfor several classes of fuzzy graphs.
A lower bound and an upper bound for the strongl domination number in terms of
strong domination number is obtained. Strong tdahination in fuzzy trees is studied. A
necessary and sufficient condition for the setwz§ cut nodes to be a strong total
dominating set is discussed. Also it is establighatliin a non trivial fuzzy tree each node
of a strong total dominating set is incident omzzly bridge .
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1. Introduction
Fuzzy graphs were introduced by Rosenfeld [14].eRfidd has described the fuzzy
analogue of several graph theoretic concepts ldtbsp cycles, trees and connectedness
and established some of their properties [14]. Bhivind Rosenfeld have introduced the
concept of strong arcs [7]. Different parameteke um distance in fuzzy graphs and
chromatic number of fuzzy graphs were discuss¢g, ir8]. The work on fuzzy graphs was
also done by Akram, Samanta, Nayeem, Pramanik,Raslou and Pal [1, 2, 3, 4, 17, 19,
20, 21, 22, 23, 24, 25, 26, 27]. It was during %0study of dominating sets in graphs
started purely as a problem in the game of chdsss€enthusiasts in Europe considered
the problem of determining the minimum number ofepus that can be placed on a chess
board so that all the squares are either attackead dueen or occupied by a queen. The
concept of domination in graphs was introduced by &nd Berge in 1962 ,and further
studied by Cockayne and Hedetniemi [10]. Somasamdand Somasundaram introduced
total domination in fuzzy graphs using effectivegesl [29]. It is further studied by
Depnath[18]. In this paper, we define the total dwtion in fuzzy graphs using strong
arcs.

This paper is organized as follows. Section 2 doatareliminaries and in section
3, the strong total domination of a fuzzy graphiédined in a classic way(Definitions
3.2,3.4). It is shown that the strong total domorahumber of complete fuzzy graph and
complete bipartite fuzzy graph is two times the imim arc weight of the fuzzy graph
(Propositions 3.7,3.8). A necessary and suffiabenidition for the strong total domination
number of a fuzzy grapli to be the order off (Theorem 3.10) is established. An upper
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bound for the sum of the strong total dominatioombar of a fuzzy graph and its

complement both having no isolated nodes is obta{iTheorem 3.18). A lower bound

and an upper bound for the strong total dominatiomber of fuzzy graphs in terms of
strong domination number are given (Theorem 3.EBjally, in section 4 strong total

domination in fuzzy trees is studied. A necessawy sufficient condition for the set of

fuzzy cut nodes to be a strong total dominatingEetorem 4.6) is established. It is shown
that in a non trivial fuzzy tree each node of arggrtotal dominating set is incident on a
fuzzy bridge (Theorem 4.7).

2. Preliminaries

It is quite well known that graphs are simply madef relations. A graph is a convenient
way of representing information involving relatitifs between objects. The objects are
represented by vertices and relations by edgesn\Wisze is vagueness in the description
of the objects or in its relationships or in baths natural that we need to design a 'Fuzzy
Graph Model'. We summarize briefly some basic didims in fuzzy graphs which are
presented in [6,7,11,14,15,16,28,29,30].

A fuzzy graph is denoted bg: (V,o,u) whereV is a vertex sety is a fuzzy
subset of andp is a fuzzy relation ow. i.e., u(x,y) < a(x) Aa(y) forall x,y € V.
We call g, the fuzzy node set af andpu, the fuzzy arc set ofi, respectively. We
consider fuzzy graplt with no loops and assume tHatis finite and nonemptyy is
reflexive (i.e.u(x,x) = a(x), for all x) and symmetric (i.eu(x,y) = u(y,x), for all
(x,y)). In all the exampleg is chosen suitably. Also, we denote the underlyrigp
graph by G*:(¢*,u*) where ¢*={u€eV:o(w) >0} and u*={(wv)€EV X
V:u(u,v) > 0}. Throughout we assume that = V. The fuzzy graplH: (z,v) is said to
be a partial fuzzy subgraph & (o,u) if vEu andt S o. In particular we call
H:(t,v), a fuzzy subgraph of: (o,p) if t(w) =o(u) for all u € t* andv(u,v) =
u(u,v) forall (u,v) € v*. Afuzzy graphG: (V, o, i) is called trivial if |o*| = 1. A node
u is said to be isolated fi(u, v) = 0 for all v + u.

A path P of lengthn is a sequence of distinct nodeg, u,,...,u, such that
u(u;_1,u;) >0,i =1,2,...,n and the degree of membership of a weakest arefised
as its strength. iy = u,, andn > 3 thenP is called a cycle an# is called a fuzzy
cycle, if it contains more than one weakest are 3thength of a cycle is the strength of the
weakest arc in it. The strength of connectednetsgdam two nodex andy is defined as
the maximum of the strengths of all paths betweerand y and is denoted by
CONN;(x,y).

A fuzzy graphG: (V, g, 1) is connected if for every,y in ¢*, CONN;(x,y) >
0. An arc of a fuzzy graph is called strong if itsight is at least as great as the strength of
connectedness of its end nodes when it is delddegpending orCONN;(x,y) of an arc
(x,y) in a fuzzy graphs, Sunil Mathew and M.S.Sunitha [30] defined thréiéedent
types of arcs.

Note thatCONN;_(,,y(x,y) is the the strength of connectedness betweamd
y in the fuzzy graph obtained frof by deleting the ar€x,y). An arc(x,y) in G is
a — strong if u(x,y) > CONNg_(xy)(x,y). An arc (x,y) in G is p— strong if
u(x,¥) = CONNg_(xyy(x,y) . An arc (x,y) in G is &§— arc Iif
p(x,y) < CONNg_(xy)(x,¥). Thus an ardx, y)is a strong arc if it is eithex — strong

24



Total Domination in Fuzzy Graphs Using StrongsArc

or B — strong. A pathP is called strong path iP contains only strong arcs.

Two nodesu andv in a fuzzy graph; are said to be adjacentfu,v) > 0
andu andv are called neighbors. The set of all neighbora @ denoted by (u). An
arc (u,v) of a fuzzy graph is called an effective arc (Maaty arc) ifu(u, v) = o(u) A
o(v). Thenu andv are called effective neighbors. The set of ak&ffre neighbors oft
is called effective neighborhood af and is denoted b N (u).

Also v is called strong neighbor of if arc (u,v) is strong. The set of all strong
neighbors ofu is called the open strong neighborhoodiofnd is denoted by, (u). The
closed strong neighborhodd,[u] is defined adVg[u] = Ns(u) U {u}.

A fuzzy graphG is said to be complete ifi(u,v) = o(u) Aa(v), for all
u,v €c*. The orderp and sizeq of a fuzzy graphG: (V,o,u) are defined to be
P =2xev 0(x) and q = ¥ yevxy u(x,y). Let G:(V,o,u) be a fuzzy graph and
S € V. Then the scalar cardinality ¢f is defined to b& s o(v) and it is denoted by
|S|s- Let p denotes the scalar cardinality 6f also called the order df. The complement
of a fuzzy graph G, denoted I is defined to b&& = (V, g, 1) wherez(x,y) = o(x) A
o(y) — u(x,y) for all x,y € V [32]. A fuzzy graphG is said to be bipartite [29] if the
vertex setl/ can be partitioned into two non empty sBtsandV, such thatu(v,,v,) =
0 if vy,v, €V, oOr vy, v, €V,. Further if u(u,v) =a(u) Aa(v)) for all u € V; and
v €V, thenG is called a complete bipartite graph and is dehtte K., whereag;
and g, are respectively the restrictions @fto V; andV;.

1,02

3. Strong total domination in fuzzy graphs

A precise notion of a dominating set, that is pnege the current literature can be said to
be given by Berge (1962) and Ore (1962). Since thaomber of graph theorists, Allan
and Laskar (1978) Allan et al., (1984); Cockaynd &atedetniemi (1977); Haynes and
Slater (1998); Kulli and Sigarkant (1992) etc., dnatudied various domination parameters
of graphs. For the terminology of total dominatiorcrisp graphs we refer to [9].

In a graph a vertex dominates a vertex if eitheru = v or v is a neighbor of
u. But if we could restrict domination so that ategru is only permitted to dominate a
vertex v if v is a neighbor ofs. In this context, a vertex would not dominatelfts&/e
refer to this type of domination as open or totahihation. If w € N(v) then we say here
that v openly dominatesv. That is, a vertew openly dominates the vertices in its open
neighborhoodvV (v).

A setS of vertices in a grapl¢ is an open dominating set 6f if every vertex of
G is adjacent to atleast one vertexSofTherefore, a graply contains an open dominating
set if and only ifG can contain no isolated vertices and the subgraph> induced bysS
contains no isolated vertices. The minimum cardinalf an open dominating set is the
open domination number, (G) of G.

Somasundaram and Somasundaram [29] introduced ¢imeept of total
domination using effective arcs. These conceptsiviaietd researchers to reformulate
some of the concepts in total domination more éffety. This paper is our main
motivation and we introduce total domination inZugraphs using strong arcs. Here we
restrict the domination so that a nodds only permitted to dominate only its strong
neighbors and not to itself. That is a nadelominates openly in nodes &% (u). This
definition is required due to the fact that thegmaeter ‘total domination number' defined
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by Somasundaram and Somasundaram is based on edglgsainstead of arc weights.
Using the new definition of total domination numbee reduce the value of old total
domination number and extract classic resultsfirzay graph.

According to Nagoorgani [15] a nodein a fuzzy graph: is said to strongly
dominate itself and each of its strong neighbdwt iis v strongly dominates the nodes in
Ng[v]. A setD of nodes ofG is a strong dominating set 6f if every node of/' (G) — D
is a strong neighbor of some nodelin

Definition 3.1. [12] The weight of a strong dominating set D is defined as W (D) =
Yuep M(u, v),where u(u, v) isthe minimum of the weight of the strong arcs incident on
u. The strong domination number of a fuzzy graph G is defined as the minimum weight of
strong dominating sets of G and it is denoted by y,(G) or smply y,;. A minimum strong
dominating set in a fuzzy graph G is a strong dominating set of minimum weight. Let
¥s(G) or ¥, denote the strong domination number of the complement of a fuzzy graph G.
Now we define total domination in fuzzy graphsngsstrong arcs as follows.

Definition 3.2. A set D of nodes in a fuzzy graph G: (V,o,u) is a strong total (open)
dominating set of G if every node of G isa strong neighbor of atleast one node of D.

Remark 3.3. Notethat afuzzy graph G: (V, o, ) containsa strong total dominating set if
and only if G contains no isolated nodes and further the induced fuzzy subgraph < D >
contains no isolated nodes.

Definition 3.4. The weight of a strong total dominating set D is defined as W (D) =
Yuep u(u, v),where u(u, v) isthe minimum of the weight of the strong arcs incident on
u. The strong total domination number of a fuzzy graph G is defined as the minimum
weight of strong total dominating sets of G and it is denoted by y:(G) or smply y. A
minimum strong total dominating set in afuzzy graph G isastrong total dominating set of
minimum weight. Let y,,(G) or ¥,; denote the strong total domination number of the
complement of a fuzzy graph G.

w g U

Figure 1: lllustration of strong total domination
Example 3.5. In the fuzzy graph in Figure 1, (u,w), (w,x), (x,v) are strong arcs and
(u,v) isa & arc. Hence D = {w,x} is a minimum strong total dominating set and
W(D) = Yyep u(u,v) where u(u, v) isthe minimum weight of strong arcs incident on
u.Hence W(D) = u(w,x) + u(x,v) =.6 +.5 = 1.1. Therefore y;, = 1.1.

Remark 3.6. Inanontrivial fuzzy graph G: (V, o, 1) ys < ys: aways, since every strong
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total dominating set is a strong dominating set of G.

Proposition 3.7. If G: (V,a,u) isa complete fuzzy graph, then y:(G) = 2u(u, v) where
u(u, v) istheweight of a weakest arcin G.

Proof: SinceG is a complete fuzzy graph, all arcs are strond EBid each node is
adjacent to all other nodes. Then the end node$isay of any weakest aru, v) in G
form a strong total dominating set. Henge(G) = u(u,v) + u(u,v) = 2u(u, v). Hence
the proposition.

Proposition 3.8. For a complete bipartite fuzzy graph K, o,, Vst (Ko, 6,) = 21(u, v)
where pu(u, v) istheweight of aweakest arcin Ky, g, .
Proof: In K;; ,,, all arcs are strong. Also each nodé/jnis adjacent with all nodes iw,.
Hence inK, ,,, the minimum strong total dominating set is anycamtaining 2 nodes,
one inV; and other in/,. Then the end nodes séy, v} of any weakest ar€u, v) in
K, 5, form a strong total dominating set.

Henceys: (Ks,,0,) = 1(w,v) + u(u,v) = 2u(u, v). Hence the proposition.

Remark 3.9. Note that min,ey0(v) < ys < p, Since every strong total dominating set
contains atleast 2 nodes and in a connected fuzzy graph with distinct node weights,
Yer < p, always.

Theorem 3.10. Inanontrivial fuzzy graph G: (V,o,u) of order p, ys: = p ifand only if
the following conditions hold.

1. All nodes have same weight.

2. All arcs are M-strong arcs.

3. Each node ofi has a unique strong neighbor.
Proof: If all nodes have same weight, all arcs are Mrggrarcs and each node 6fhas a
unique strong neighbor then obviousty = p since V is the only strong total dominating
set.

Conversely suppose that; = p. If any one of the conditions 1,2,3 violated then
Yst < p, @ contradiction from the definition of;.

Theorem 3.11. In a non trivial fuzzy graph G: (V, o, 1), if v, = p then the number of
nodesin G iseven.

Proof: Supposey,; = p then by theorem 3.10 each node (bfhas a unique strong
neighbor, all nodes have same weight and all aecMastrong arcs. If; contains an odd
number of nodes sagn + 1, then G contains atleast one node having two strong
neighbors. But this is a contradiction since noeofiG has two strong neighbors. Hence
the theorem.

Definition 3.12. A strong total dominating set D of a fuzzy graph G is said to be a
minimal strong total dominating set if no proper subset of D isa strong total dominating
set of G.

Proposition 3.13. Every minimum strong total dominating set of a fuzzy graph is a
minimal strong total dominating set.
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Remark 3.14. The converse of proposition 3.13 need not be true. For the fuzzy graph G
givenin Figure 2, theset {u,w} isaminimal strong total dominating set with weight 0.9;
but not a minimum strong total dominating set as y,; = 0.8.

u

W
o A

Figure2: lllustration of minimal strong total dominating set
Remark 3.15. In the case of strong domination if D isa minimal strong dominating set
then V\D isa strong dominating set [15]. But this need not be true in the case of strong
total domination as we see in the following example.

Example 3.16. Consider the fuzzy graph in Figure 3.

u ; v
L
7 .3
® L
w 4 z

Figure 3: lllustration of Remark

In Figure 3,D = {u,w, x} is a minimal strong total dominating set. BIRD =
{v} is not a strong total dominating set.

Remark 3.17. Let y and y, bethe domination number and total domination number of a
fuzzy graph respectively defined by A Somasundaram and S Somasundaramin [29]. They
have proved that y; + y; < 2p and eguality holdsif and only if

1. The number of vertices i is even say@n

2. There is a sef; of n mutually disjoint effective edges .

3. There is a sef, of n mutually disjoint effective edges i and

4. For any edgecy € S; U S,, 0 < u(x,y) <o(x) Aa(y)

We observe that equality does not hold with totahohation using strong arcs.
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Theorem 3.18. For any fuzzy graph G: (V, o, 1) without isolated nodes yg; + ¥ < 2p.
Proof: Sinceyg: <p, Vst < p-

We havey,; + Vg < 2p
Claim: yg + ¥V # 2p
Suppose if possibleg; + V5 = 2p. Thenyg =p, Yo =D

Now ys: = p implies the number of nodes 6f is even sayn, all nodes have
same weight, every node 6f has a unique strong neighbor and all arcs arerthgt
[Theorem 3.10, 3.11].

If |o*| =2 theny, =p implies G is complete and all the nodes th are
isolated and this contradicts thaf, = p.

If |6*| > 2 then|o*| = 2n for somen > 1. Sincey,; = p, each node it has
a unique strong neighbor and all arcs are M-stromthis caseG *is disconnected and is a
forest contains trees each of which iKa, because otherwise some node will have more

than one strong neighbor. Hen6eis connected ang; < p [Remark 3.9], which is a
contradiction. Similarly we get a contradictiomi¢ start withy,; = p. Hence our claim is
true.

Thereforeys: + 74 < 2p.

Next we present the fuzzy analogue of a famousltresgarding domination
number and total domination number of a graph dyéjt

Theorem 3.19. In any fuzzy graph G: (V, o, 1) without isolated nodes
Vs < Vst < 2¥s.

Proof: Since every strong total dominating set is a gfrdominating set we have
Ys < Vst-
Next to proveyg, < 2ys.

Let D = {v4,vy,...,v,} be a minimum strong dominating set®f The nodes of
V\D are therefore openly strong dominated by the nadeB. SinceG contains no
isolated nodes each open strong neighborhiédga;) is non-empty. Now let; € Ny(v;)
(1 <i < k) such thatu(u;, v;) is minimum among all strong arcs incident with and let
D' = {uy,u,,...,u,}. Thus the nodes db are dominated by the nodes@t. Therefore
DuD! is a strong open(total) dominating set 6f. Hencey,, <W(DuD?!) <
2W (D) = 2vs.

Thereforey; < yg < 2ys.

u

®
g w

Figure 4.
Remark 3.20. The two bounds given in Theorem 3.19 are sharp . For example, consider
thefuzzy graph G inFigure4.
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In this fuzzy graphy; = 0.5, s =05+ 05 =1, 2y, =2x 0.5 =1.
Thereforey,, = 2ys.
Next consider the fuzzy graph in Figure 5.

Figure5: lllustration of theorem 3.20

In this fuzzy graphD = {u,v} is both minimum strong dominating set and
minimum strong total dominating set. Therefore
Ys =05+ 05=1=yg. Also 2y, = 2.

4. Strong total domination in fuzzy trees

A fuzzy subgraphH: (t,v) spans the fuzzy grap®: (V,o,u) if © = o [14]. A connected
fuzzy graphG = (V, 0, u) is called a fuzzy tree(f-tree) if it has a fuzpasning subgraph
F:(o,v), which is a tree (in crisp sense), where for elb&x, y) notin F there exists a
path fromx to y in F whose strength is more tharx, y) [14]. Note that herd is a
tree which contains all nodes 6f and hence is a spanning treeGofAlso note thatF is
the uniqgue maximum spanning tree (MST)b114], where a maximum spanning tree of a
connected fuzzy graph: (V, g, u) is a fuzzy spanning subgrafih (o, v), such thatT* is

a tree in crisp sense, and for whigh.,, v(u, v) is maximum [14].

Definition 4.1. [8,14] An arcis called a fuzzy bridge(f-bridge) of afuzzy graph G: (V, o, 1)
if its removal reduces the strength of connectedness between some pair of nodesin G .
Smilarly a fuzzy cut node(f-cut node) w isa nodein G whose removal from G reduces
the strength of connectedness between some pair of nodes other than w. A node z is
called a fuzzy end node (f-end node) if it has exactly one strong neighbor in G .

Remark 4.2. [7,8,14,30]A non trivial fuzzy tree G contains at least two fuzzy end nodes
and every nodein G iseither afuzzy cut node or afuzzy end node. Inanf-tree G anarcis
strongifand onlyifitisanarc of F where F isthe associated unique maximum spanning
tree of G. Note that these strong arcs are a-strong and there are no §-strong arcsin an
f-tree. Also note that in an f-tree G an arc (x,y) is a-strong if and only if (x,y) isan
f-bridge of G.
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Theorem 4.3. [28] The strong arc incident with a fuzzy end node is a fuzzy bridge in any
non trivial fuzzy graph G: (V, o, u).

Corollary 4.4. [28]In a non trivial fuzzy tree G: (V, o, u) except K,, the strong neighbor
of a fuzzy end node is a fuzzy cut node of G.

Remark 4.5. In a non trivial fuzzy tree G: (V, 0, 1) except K, the set of all fuzzy end
nodesisnever be a strong total dominating set since no two fuzzy end nodes are dominated
by themselves by the corollary 4.4.

Theorem 4.6. In a non trivial fuzzy tree G: (V, 0, u) except K,, the set of all fuzzy cut
nodes is a strong total dominating set if and only if every fuzzy cut node has at least one
fuzzy cut node as strong neighbor.

Proof: First assume that every fuzzy cut node has at tewsfuzzy cut node as a strong
neighbor inG. Let D be the set of all fuzzy cut nodes 6f SinceD is a strong
dominating set [11] every node IA\D is openly strong dominated by some noddin
By our assumption every fuzzy cut node has atleast fuzzy cut node as strong
neighbor. Hence every node ih is strongly dominated by some nodelinHenceD is a
strong total dominating set @f.

Conversely assume that the detof all fuzzy cut nodes is a strong total
dominating set ofz. Then every node of is strongly dominated by atleast one node of
D. To prove that every fuzzy cut node has atleastfanzy cut node as strong neighbor.
Suppose on the contrary that there exists someyfamt nodeu whose all strong
neighbors are fuzzy end nodes. Siritds a strong total dominating set 6f there exists
some nodev in D which dominatea:. That isv is a fuzzy cut node. Hence the strong
neighbor ofu is a fuzzy cut node, a contradiction. Sincés arbitrary, every fuzzy cut
node has at least one fuzzy cut node as a straghghoe in G.

Theorem 4.7. In a non trivial fuzzy tree G:(V,0,u1), each node of a strong total
dominating set isincident on a fuzzy bridge of G.

Proof: Let D be a strong total dominating set®f Let u € D. SinceD is a strong total
dominating set, there existse D such that(u, v) is a strong arc. Thefu, v) is an arc
of the unique MSTF of G [7,14]. Hence(u,v) is an f-bridge ofG [14]. Sinceu is
arbitrary, this is true for every node of the sgaotal dominating set of. This completes
the proof.

5. Conclusion

The concept of domination in graph is very richhbaot theoretical developments and
applications. More than thirty domination parameteave been investigated by different
authors, and in this paper we have introduced timeeapt of strong total domination in
fuzzy graphs. We have proved the fuzzy analogua dédmous result regarding the
domination number and total domination number gfraph. Also we have studied the
strong total domination in fuzzy trees. Work oneststrong domination parameters will be
reported in forthcoming papers.
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