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Abstract. In this paper we introduce the concept of strong total domination in fuzzy graphs. 
We determine the strong total domination number ��� for several classes of fuzzy graphs. 
A lower bound and an upper bound for the strong total domination number in terms of 
strong domination number is obtained. Strong total domination in fuzzy trees is studied. A 
necessary and sufficient condition for the set of fuzzy cut nodes to be a strong total 
dominating set is discussed. Also it is established that in a non trivial fuzzy tree each node 
of a strong total dominating set is incident on a fuzzy bridge .  
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1. Introduction 
Fuzzy graphs were introduced by Rosenfeld [14]. Rosenfeld has described the fuzzy 
analogue of several graph theoretic concepts like paths, cycles, trees and connectedness 
and established some of their properties [14]. Bhutani and Rosenfeld have introduced the 
concept of strong arcs [7]. Different parameters like sum distance in fuzzy graphs and 
chromatic number of fuzzy graphs were discussed in [5,13]. The work on fuzzy graphs was 
also done by Akram, Samanta, Nayeem, Pramanik, Rashmanlou and Pal [1, 2, 3, 4, 17, 19, 
20, 21, 22, 23, 24, 25, 26, 27]. It was during 1850s, a study of dominating sets in graphs 
started purely as a problem in the game of chess. Chess enthusiasts in Europe considered 
the problem of determining the minimum number of queens that can be placed on a chess 
board so that all the squares are either attacked by a queen or occupied by a queen. The 
concept of domination in graphs was introduced by Ore and Berge in 1962 ,and further 
studied by Cockayne and Hedetniemi [10]. Somasundaram and Somasundaram introduced 
total domination in fuzzy graphs using effective edges [29]. It is further studied by 
Depnath[18]. In this paper, we define the total domination in fuzzy graphs using strong 
arcs. 

This paper is organized as follows. Section 2 contains preliminaries and in section 
3, the strong total domination of a fuzzy graph is defined in a classic way(Definitions 
3.2,3.4). It is shown that the strong total domination number of complete fuzzy graph and 
complete bipartite fuzzy graph is two times the minimum arc weight of the fuzzy graph 
(Propositions 3.7,3.8). A necessary and sufficient condition for the strong total domination 
number of a fuzzy graph � to be the order of � (Theorem 3.10) is established. An upper 
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bound for the sum of the strong total domination number of a fuzzy graph and its 
complement both having  no isolated nodes is obtained (Theorem 3.18). A lower bound 
and an upper bound for the strong total domination number of fuzzy graphs in terms of 
strong domination number are given (Theorem 3.19). Finally, in section 4 strong total 
domination in fuzzy trees is studied. A necessary and sufficient condition for the set of 
fuzzy cut nodes to be a strong total dominating set (Theorem 4.6) is established. It is shown 
that in a non trivial fuzzy tree each node of a strong total dominating set is incident on a 
fuzzy bridge (Theorem 4.7).  

 
2. Preliminaries  
It is quite well known that graphs are simply models of relations. A graph is a convenient 
way of representing information involving relationship between objects. The objects are 
represented by vertices and relations by edges. When there is vagueness in the description 
of the objects or in its relationships or in both, it is natural that we need to design a 'Fuzzy 
Graph Model'. We summarize briefly some basic definitions in fuzzy graphs which are 
presented in [6,7,11,14,15,16,28,29,30]. 

A fuzzy graph is denoted by �: ��, 	, 
� where � is a vertex set, 	 is a fuzzy 
subset of � and 
 is a fuzzy relation on 	. i.e., 
��, � � 	��� � 	�� for all �,  � �. 
We call 	, the fuzzy node set of �  and 
, the fuzzy arc set of � , respectively. We 
consider fuzzy graph � with no loops and assume that � is finite and nonempty, 
 is 
reflexive (i.e.,
��, �� � 	���, for all �) and symmetric (i.e., 
��, � � 
�, ��, for all 
��, �). In all the examples 	 is chosen suitably. Also, we denote the underlying crisp 
graph by ��: �	�, 
��  where 	� � �� � �: 	��� � 0�  and 
� � ���, �� � � �
�: 
��, �� � 0�. Throughout we assume that 	� � �. The fuzzy graph �: ��, �� is said to 
be a partial fuzzy subgraph of �: �	, 
�  if � � 
  and � � 	 . In particular we call 
�: ��, ��, a fuzzy subgraph of �: �	, 
� if ���� � 	��� for all � � ��  and ���, �� �

��, �� for all ��, �� � ��. A fuzzy graph �: ��, 	, 
� is called trivial if |	�| � 1. A node 
� is said to be isolated if 
��, �� � 0 for all �  �. 

A path ! of length " is a sequence of distinct nodes �#, �$, . . . , �&  such that 

��'($, �'� � 0, ) � 1,2, . . . , " and the degree of membership of a weakest arc is defined 
as its strength. If �# � �& and " + 3 then ! is called a cycle and ! is called a fuzzy 
cycle, if it contains more than one weakest arc. The strength of a cycle is the strength of the 
weakest arc in it. The strength of connectedness between two nodes � and  is defined as 
the maximum of the strengths of all paths between �  and   and is denoted by 
-.//0��, �. 

A fuzzy graph �: ��, 	, 
� is connected if for every �,  in 	�, -.//0��, � �
0. An arc of a fuzzy graph is called strong if its weight is at least as great as the strength of 
connectedness of its end nodes when it is deleted . Depending on -.//0��, � of an arc 
��, � in a fuzzy graph �, Sunil Mathew and M.S.Sunitha [30] defined three different 
types of arcs. 

Note that -.//0(�1,2���, � is the the strength of connectedness between � and 
 in the fuzzy graph obtained from � by deleting the arc ��, �. An arc ��, � in � is 
3 4  strong if 
��, � � -.//0(�1,2���, � . An arc ��, �  in �  is 5 4  strong if 

��, � � -.//0(�1,2���, � . An arc ��, �  in �  is 6 4  arc if 

��, � 7 -.//0(�1,2���, �. Thus an arc ��, �is a strong arc if it is either 3 4 strong 
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or 5 4 strong. A path ! is called strong path if ! contains only strong arcs. 
Two nodes � and � in a fuzzy graph � are said to be adjacent if 
��, �� � 0 

and � and � are called neighbors. The set of all neighbors of � is denoted by /���. An 
arc ��, �� of a fuzzy graph is called an effective arc (M-strong arc) if 
��, �� � 	��� �
	���. Then � and � are called effective neighbors. The set of all effective neighbors of � 
is called effective neighborhood of � and is denoted by 8/���. 

Also � is called strong neighbor of � if arc (�,�) is strong. The set of all strong 
neighbors of � is called the open strong neighborhood of � and is denoted by /����. The 
closed strong neighborhood /�9�: is defined as /�9�: � /���� ; ���. 

A fuzzy graph �  is said to be complete if 
��, �� � 	��� � 	��� , for all 
�, � � 	� . The order <  and size =  of a fuzzy graph �: �V, 	, 
�  are defined to be 
< � ∑  1�@ 	���  and = � ∑  �1,2��@�@ 
��, � . Let �: ��, 	, 
�  be a fuzzy graph and 
A � �. Then the scalar cardinality of A is defined to be ∑  B�C 	��� and it is denoted by 
|A|�. Let < denotes the scalar cardinality of �, also called the order of �. The complement 
of a fuzzy graph G, denoted by � is defined to be � � ��, 	, 
� where 
��, � � 	��� �
	�� 4 
��, � for all �,  � � [32]. A fuzzy graph � is said to be bipartite [29] if the 
vertex set � can be partitioned into two non empty sets �$ and �D such that 
��$, �D� �
0 if �$, �D � �$  or �$, �D � �D . Further if 
��, �� � 	��� � 	���� for all � � �$  and 
� � �D then � is called a complete bipartite graph and is denoted by EFG,FH, where 	$ 
and 	D are respectively the restrictions of 	 to �$ and �D. 

 
3. Strong total domination in fuzzy graphs 
A precise notion of a dominating set, that is present in the current literature can be said to 
be given by Berge (1962) and Ore (1962). Since then a number of graph theorists, Allan 
and Laskar (1978) Allan et al., (1984); Cockayne and Hedetniemi (1977); Haynes and 
Slater (1998); Kulli and Sigarkant (1992) etc., have studied various domination parameters 
of graphs. For the terminology of total domination in crisp graphs we refer to [9]. 

In a graph a vertex � dominates a vertex � if either � � � or � is a neighbor of 
�. But if we could restrict domination so that a vertex � is only permitted to dominate a 
vertex � if � is a neighbor of �. In this context, a vertex would not dominate itself. We 
refer to this type of domination as open or total domination. If I � /��� then we say here 
that � openly dominates I. That is, a vertex � openly dominates the vertices in its open 
neighborhood /���. 

A set A of vertices in a graph � is an open dominating set of � if every vertex of 
� is adjacent to atleast one vertex of A. Therefore, a graph � contains an open dominating 
set if and only if � can contain no isolated vertices and the subgraph 7 A � induced by A 
contains no isolated vertices. The minimum cardinality of an open dominating set is the 
open domination number �J��� of �. 

Somasundaram and Somasundaram [29] introduced the concept of total 
domination using effective arcs. These concepts motivated researchers to reformulate 
some of the concepts in total domination more effectively. This paper is our main 
motivation and we introduce total domination in fuzzy graphs using strong arcs. Here we 
restrict the domination so that a node � is only permitted to dominate only its strong 
neighbors and not to itself. That is a node � dominates openly in nodes of /����. This 
definition is required due to the fact that the parameter 'total domination number' defined 
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by Somasundaram and Somasundaram is based on node weights instead of arc weights. 
Using the new definition of total domination number we reduce the value of old total 
domination number and extract classic results in a fuzzy graph. 

According to Nagoorgani [15] a node � in a fuzzy graph � is said to strongly 
dominate itself and each of its strong neighbors, that is � strongly dominates the nodes in 
/�9�:. A set K of nodes of � is a strong dominating set of � if every node of ���� 4 K 
is a strong neighbor of some node in K.  

 
Definition 3.1. [12] The weight of a strong dominating set K is defined as L�K� �
∑  M�N 
��, ��,where 
��, �� is the minimum of the weight of the strong arcs incident on 
�. The strong domination number of a fuzzy graph � is defined as the minimum weight of 
strong dominating sets of � and it is denoted by ����� or simply ��. A minimum strong 
dominating set in a fuzzy graph � is a strong dominating set of minimum weight. Let 
����� or �� denote the strong domination number of the complement of a fuzzy graph �.  

 Now we define total domination in fuzzy graphs using strong arcs as follows. 
 

Definition 3.2. A set K of nodes in a fuzzy graph �: ��, 	, 
� is a strong total(open) 
dominating set of � if every node of � is a strong neighbor of atleast one node of K.  

  
Remark 3.3. Note that a fuzzy graph �: ��, 	, 
� contains a strong total dominating set if 
and only if � contains no isolated nodes and further the induced fuzzy subgraph 7 K � 
contains no isolated nodes.  

  
Definition 3.4. The weight of a strong total dominating set K is defined as L�K� �
∑  M�N 
��, ��,where 
��, �� is the minimum of the weight of the strong arcs incident on 
�. The strong total domination number of a fuzzy graph � is defined as the minimum 
weight of strong total dominating sets of � and it is denoted by ������ or simply ���. A 
minimum strong total dominating set in a fuzzy graph � is a strong total dominating set of 
minimum weight. Let ������ or ��� denote the strong total domination number of the 
complement of a fuzzy graph �. 

 
Figure 1: Illustration of strong total domination 

Example 3.5. In the fuzzy graph in Figure 1, ��, I�, �I, ��, ��, �� are strong arcs and 
��, ��  is a 6  arc. Hence K � �I, ��  is a minimum strong total dominating set and 
L�K� � ∑  M�N 
��, �� where 
��, �� is the minimum weight of strong arcs incident on 
�. Hence L�K� � 
�I, �� O 
��, �� � .6 O .5 � 1.1. Therefore ��� � 1.1. 
 
Remark 3.6. In a non trivial fuzzy graph �: ��, 	, 
� �� � ��� always, since every strong 
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total dominating set is a strong dominating set of �. 
Proposition 3.7. If �: ��, 	, 
� is a complete fuzzy graph, then ������ � 2
��, �� where 

��, �� is the weight of a weakest arc in �.  
Proof: Since � is a complete fuzzy graph, all arcs are strong [31] and each node is 
adjacent to all other nodes. Then the end nodes say ��, �� of any weakest arc ��, �� in � 
form a strong total dominating set. Hence ������ = 
��, �� O 
��, �� � 2
��, ��. Hence 
the proposition.  
 
Proposition 3.8. For a complete bipartite fuzzy graph EFG,FH , ����EFG,FH� � 2
��, �� 
where 
��, �� is the weight of a weakest arc in EFG,FH .  
Proof: In EFG,FH, all arcs are strong. Also each node in �$ is adjacent with all nodes in �D. 
Hence in EFG,FH, the minimum strong total dominating set is any set containing 2 nodes, 
one in �$ and other in �D. Then the end nodes say ��, �� of any weakest arc ��, �� in 
EFG,FH form a strong total dominating set.  
 Hence ����EFG,FH� = 
��, �� O 
��, �� � 2
��, ��. Hence the proposition.  
 
Remark 3.9. Note that R)"B�@	��� 7 ��� � <, since every strong total dominating set 
contains atleast 2 nodes and in a connected fuzzy graph with distinct node weights, 
��� 7 <, always.  

  
Theorem 3.10. In a non trivial fuzzy graph �: ��, 	, 
� of order <, ��� � < if and only if 
the following conditions hold. 

1. All nodes have same weight. 
2. All arcs are M-strong arcs. 
3. Each node of � has a unique strong neighbor.  

Proof: If all nodes have same weight, all arcs are M-strong arcs and each node of � has a 
unique strong neighbor then obviously ��� � < since V is the only strong total dominating 
set. 

Conversely suppose that ��� � <. If any one of the conditions 1,2,3 violated then 
��� 7 <, a contradiction from the definition of ���.  

 
Theorem 3.11. In a non trivial fuzzy graph �: ��, 	, 
�, if ��� � < then the number of 
nodes in � is even. 
Proof: Suppose ��� � <  then by theorem 3.10 each node of �  has a unique strong 
neighbor, all nodes have same weight and all arcs are M-strong arcs. If � contains an odd 
number of nodes say 2" O 1 , then �  contains atleast one node having two strong 
neighbors. But this is a contradiction since no node of � has two strong neighbors. Hence 
the theorem. 

 
Definition 3.12. A strong total dominating set K of a fuzzy graph � is said to be a 
minimal strong total dominating set if no proper subset of K is a strong total dominating 
set of �.  

  
Proposition 3.13. Every minimum strong total dominating set of a fuzzy graph is a 
minimal strong total dominating set.  
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Remark 3.14. The converse of proposition 3.13 need not be true. For the fuzzy graph � 
given in Figure 2, the set ��, I� is a minimal strong total dominating set with weight 0.9; 
but not a minimum strong total dominating set as ��� � 0.8.  

  

 
Figure 2: Illustration of minimal strong total dominating set 

 
Remark 3.15. In the case of strong domination if K is a minimal strong dominating set 
then �\K is a strong dominating set [15]. But this need not be true in the case of strong 
total domination as we see in the following example. 

  
Example 3.16. Consider the fuzzy graph in Figure 3. 
               

 
Figure 3: Illustration of Remark 

 
In Figure 3, K � ��,I, �� is a minimal strong total dominating set. But �\K �

��� is not a strong total dominating set.  
 

Remark 3.17. Let � and �� be the domination number and total domination number of a 
fuzzy graph respectively defined by A Somasundaram and S.Somasundaram in [29]. They 
have proved that �� O �� � 2< and equality holds if and only if  

1. The number of vertices in � is even say 2" 
2. There is a set A$ of " mutually disjoint effective edges in �. 
3. There is a set AD of " mutually disjoint effective edges in � and 
4. For any edge � U A$ ; AD, 0 7 
��, � 7 	��� � 	�� 
We observe that equality does not hold with total domination using strong arcs. 
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Theorem 3.18. For any fuzzy graph �: ��, 	, 
� without isolated nodes ��� O ��� 7 2<. 
Proof: Since ��� � <, ��� � <.  

 
We have ��� O ��� � 2<  
Claim: ��� O ���  2< 
Suppose if possible ��� O ��� � 2<. Then ��� � <, ��� � < 

Now ��� � < implies the number of nodes of � is even say 2", all nodes have 
same weight, every node of � has a unique strong neighbor and all arcs are M-strong 
[Theorem 3.10, 3.11]. 

If |	�| � 2  then ��� � <  implies �  is complete and all the nodes in �  are 
isolated and this contradicts that ��� � <. 

If |	�| � 2 then |	�| � 2" for some " � 1. Since ��� � <, each node in � has 
a unique strong neighbor and all arcs are M-strong. In this case ��is disconnected and is a 
forest contains trees each of which is a ED , because otherwise some node will have more 
than one strong neighbor. Hence � is connected and ��� 7 < [Remark 3.9], which is a 
contradiction. Similarly we get a contradiction if we start with ��� � <. Hence our claim is 
true. 

Therefore ��� O ��� 7 2<. 
Next we present the fuzzy analogue of a famous result regarding domination 

number and total domination number of a graph due to [9].  
 
Theorem 3.19. In any fuzzy graph �: ��, 	, 
� without isolated nodes  

 �� � ��� � 2��. 
  

Proof: Since every strong total dominating set is a strong dominating set we have 
�� � ��� . 
Next to prove ��� � 2��. 

Let K � ��$, �D, . . . , �V� be a minimum strong dominating set of �. The nodes of 
�\K are therefore openly strong dominated by the nodes of K. Since �  contains no 
isolated nodes each open strong neighborhood /���'� is non-empty. Now let �' � /���'� 
(1 � ) � W) such that 
��' , �'� is minimum among all strong arcs incident with �' and let 
K$ � ��$, �D, . . . , �V�. Thus the nodes of K are dominated by the nodes of K$. Therefore 
K ; K$  is a strong open(total) dominating set of � . Hence ��� � L�K ; K

$� �

2L�K� � 2��. 
Therefore �� � ��� � 2��.  

 
Figure 4: 

Remark 3.20. The two bounds given in Theorem 3.19 are sharp . For example, consider 
the fuzzy graph � in Figure 4. 
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In this fuzzy graph �� � 0.5, ��� � 0.5 O 0.5 � 1, 2�� � 2 � 0.5 � 1. 

Therefore ��� � 2��. 
Next consider the fuzzy graph � in Figure 5. 

 
Figure 5: Illustration of theorem 3.20 

 
In this fuzzy graph K � ��, ��  is both minimum strong dominating set and 

minimum strong total dominating set. Therefore  
�� � 0.5 O 0.5 � 1 � ���. Also 2�� � 2.  
  

4. Strong total domination in fuzzy trees 
A fuzzy subgraph �: ��, �� spans the fuzzy graph �: ��, 	, 
� if � � 	 [14]. A connected 
fuzzy graph � � ��, 	, 
� is called a fuzzy tree(f-tree) if it has a fuzzy spanning subgraph 
X: �	, ��, which is a tree (in crisp sense), where for all arcs ��, � not in X there exists a 
path from � to  in X whose strength is more than 
��, � [14]. Note that here X is a 
tree which contains all nodes of � and hence is a spanning tree of �. Also note that X is 
the unique maximum spanning tree (MST) of � [14], where a maximum spanning tree of a 
connected fuzzy graph �: ��, 	, 
� is a fuzzy spanning subgraph Y: �	, ��, such that Y� is 
a tree in crisp sense, and for which ∑  MZB ���, �� is maximum [14]. 

 
Definition 4.1. [8,14] An arc is called a fuzzy bridge(f-bridge) of a fuzzy graph �: ��, 	, 
� 
if its removal reduces the strength of connectedness between some pair of nodes in � . 
Similarly a fuzzy cut node(f-cut node) I is a node in � whose removal from � reduces 
the strength of connectedness between some pair of nodes other than I. A node [ is 
called a fuzzy end node (f-end node) if it has exactly one strong neighbor in � .  
 
Remark 4.2. [7,8,14,30] A non trivial fuzzy tree � contains at least two fuzzy end nodes 
and every node in � is either a fuzzy cut node or a fuzzy end node. In an f-tree � an arc is 
strong if and only if it is an arc of X where X is the associated unique maximum spanning 
tree of �. Note that these strong arcs are 3-strong and there are no 5-strong arcs in an 
f-tree. Also note that in an f-tree � an arc ��, � is 3-strong if and only if ��, � is an 
f-bridge of �.  
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Theorem 4.3. [28] The strong arc incident with a fuzzy end node is a fuzzy bridge in any 
non trivial fuzzy graph �: ��, 	, 
�.  

  
Corollary 4.4. [28]In a non trivial fuzzy tree �: ��, 	, 
� except ED, the strong neighbor 
of a fuzzy end node is a fuzzy cut node of �.  

  
Remark 4.5. In a non trivial fuzzy tree �: ��, 	, 
� except ED, the set of all fuzzy end 
nodes is never be a strong total dominating set since no two fuzzy end nodes are dominated 
by themselves by the corollary 4.4.  

  
Theorem 4.6. In a non trivial fuzzy tree �: ��, 	, 
� except ED, the set of all fuzzy cut 
nodes is a strong total dominating set if and only if every fuzzy cut node has at least one 
fuzzy cut node as strong neighbor. 
Proof: First assume that every fuzzy cut node has at least one fuzzy cut node as a strong 
neighbor in � . Let K  be the set of all fuzzy cut nodes of � . Since K  is a strong 
dominating set [11] every node in �\K is openly strong dominated by some node in K. 
By our assumption every fuzzy cut node has atleast one  fuzzy cut node as strong 
neighbor. Hence every node in K is strongly dominated by some node in K. Hence K is a 
strong total dominating set of �. 

Conversely assume that the set K  of all fuzzy cut nodes is a strong total 
dominating set of �. Then every node of � is strongly dominated by atleast one node of 
K. To prove that every fuzzy cut node has atleast one fuzzy cut node as strong neighbor. 
Suppose on the contrary that there exists some fuzzy cut node �  whose all strong 
neighbors are fuzzy end nodes. Since K is a strong total dominating set of � there exists 
some node � in K which dominates �. That is � is a fuzzy cut node. Hence the strong 
neighbor of � is a fuzzy cut node, a contradiction. Since � is arbitrary, every fuzzy cut 
node has at least one fuzzy cut node as a strong neighbor in �.  

 
Theorem 4.7. In a non trivial fuzzy tree �: ��, 	, 
� , each node of a strong total 
dominating set is incident on a fuzzy bridge of �. 
Proof: Let K be a strong total dominating set of �. Let � � K. Since K is a strong total 
dominating set, there exists � � K such that ��, �� is a strong arc. Then ��, �� is an arc 
of the unique MST X of � [7,14]. Hence ��, �� is an f-bridge of � [14]. Since � is 
arbitrary, this is true for every node of the strong total dominating set of �. This completes 
the proof. 

 
5. Conclusion 
The concept of domination in graph is very rich both in theoretical developments and 
applications. More than thirty domination parameters have been investigated by different 
authors, and in this paper we have introduced the concept of strong total domination in 
fuzzy graphs. We have proved the fuzzy analogue of a famous result regarding the 
domination number and total domination number of a graph. Also we have studied the 
strong total domination in fuzzy trees. Work on other strong domination parameters will be 
reported in forthcoming papers.  
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