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Abgtract. The diagnostic decision in medicine is frequengiyjcountered with
uncertainties. Modeling of uncertainties in the qess of diagnosis of disease under
fuzzy environment is an important subject. Variefferts have been made to model the
uncertainties in this area through fuzzy sets smdeneralizations. The theory of type-2
fuzzy sets is an intuitive and computationally fekes in addressing uncertain and
imprecise information in decision making. Preseatkproposes the application of type-
2 fuzzy relations to such problems by extending3bhachez’s approach. A hypothetical
example is discussed to illustrate the methodology.

Keywords: Type-1 fuzzy setstype-2 fuzzy sets, medical diagnosis, type-2 fuzzy
relations, secondary membership function

AMS Mathematics Subject Classification (2010): 03E72, 03B80

1. Introduction

Membership grades of elements of type-1 fuzzy setcaisp numbers in [0, 1]. The
utility of the concept of type-1 fuzzy set dependsthe capability of the user to construct
appropriate membership function. Further in a lohgrsituation, this estimation becomes
poorer [1]. Interval valued fuzzy set is a geneatibon of type-1 fuzzy set that uses a
closed interval contained in [0, 1] for the membarsgrades of its elements. Although
interval estimation of membership function in fuzats covers the disadvantage of point
estimation to some extent yet it gives same wdigfal the possibilities of membership
grade in the interval estimation.

Zadeh [2] initiated another important exien of the concept of type-1 fuzzy sets in
the form of type-2 fuzzy sets. These sets are fusstg whose membership grades
themselves are type-1 fuzzy sets. Mendel and Jbhgdve a simple representation for
Type-2 fuzzy sets. Due to the dependence of the bmeship functions on available
linguistic information and numerical data. Lingigstinformation (e.g., rules from
experts), in general, does not give any informatibout the shapes of the membership
functions when membership functions are determoreined based on numerical data,
the uncertainty in the numerical data e.g., notsenslates into uncertainty in the
membership functions. In all such cases, type-2hdsmork of fuzzy sets can be used to
model information about the linguistic, numericatartainty very well [3].

To diagnose the patient for diseaseseamarious stages which are certainly filled
with uncertainties upto some extent. Physiciansegdly collect information by

35



Kamesh Kumar

examining the patient physically and history of plagient. In physical examination, some
symptoms may be overlooked and some importantgbdine history may not be revealed
by the patient. Moreover physicians gather infoiomafrom the laboratory tests which

are often depend on the exact interpretation of rdseilts which are rare. However
technigues are available to measure some symptptoghe extent of its occurrence yet
a symptom may be the indicative of several diseddese information available to the

physician from different types of examinations daboratory tests may increase the
uncertainty (non-specificity).

One of the earliest works on medical diagnodmnaihg fuzziness was proposed
by Sanchez [4]. Thereafter some researchers hanghlnged in this area successfully. In
this concern, Esogbue and Elder proposed fuzzy enatical models [5,6,7]. An
application of fuzzy set theory was given by Adliagd8]. Chen [9] presented weighted
fuzzy algorithms and Belacel proposed PROCFTN nuilugy to handle uncertainties
[10]. In the same direction Yao and Yao used thacept of fuzzy number and
compositional rule of inference to make decisiotg].] Roychowdhury et al. gave
diagnostic decision model using a GA- fuzzy apphoft2]. Roy and Biswas [13]
defined compositions for interval valued fuzzy smtsl used them for the same. Type-2
fuzzy set is a generalization of type-1 fuzzy setvell as of interval valued fuzzy sets.
Quite recently, Own [14] proposed a switching fimttand type-2 fuzzy similarity and
presented applications of these in medical diagrasi pattern recognition. Pandey et al
[15] proposed diagnostic decision model using vaspts. Celik and Yamak [16] applied
fuzzy soft set theory to medical diagnosis. Thegduthe concept of fuzzy arithmetic
operations through Sanchez’s approach to makestisidns Elizabeth and Sujatha [17]
used interval valued fuzzy number matrices in neditagnosis present paper extends
the Sanchez’s approach of medical diagnosis irtye-2 fuzzy atmosphere.This work
uses the concept of type-2 fuzzy relations andffierdnt from the work given by Own.

A brief sketch of the paper is as follow&ection2 studies some relevant basics of
type-2 fuzzy sets. Composition operation betweepe-® fuzzy relations and a
proposition have been discussed in section 3. @eddi introduces the extended
Sanchez’'s approach for type-2 fuzzy sets. To et w&h example and Discussion based
conclusion of the work are presented in Sectioas®b6 respectively.

2. Preliminaries
In the present section we discuss type-2 fuzzpsgiosed in [1] and some relevant basic
concepts related to type-2 fuzzy sets.

Definition 1. A type-2 fuzzy sef defined on a universe of discouéds characterized
by a membership functiop; : X — F ([0,1]) and is expressed by the following set

notation:

A={(x 1 (x)): 30 % &)
F ([0,1]) [denotes the set of all type-1 fuzzy sets that @addfined on the set [0, 1].
f;(X) , itself is a type-1 fuzzy set for valuexdfl X and is characterized by a secondary

membership functiorf, : J. - [0,1].ThereforeA can be represented as:

A={(x{(u (W) w0 3}):0 3 @
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where J, [J[0,1] is the set of all possible primary membershipsesponding to an

elementx. In discrete case, a type-2 fuzzy Aetcan also be expressed in the following
ways:

A:{xz fx(u)/u} xd X ud 45[0,1]} 3)
A=>1> (0! q/x, where J_[0,1] . (4)
XOX uld,

The symbolzz used in (4) indicates inclusion of all admissiblues ofx andu.
Now, onwards, type-2 fuzzy set expression in (4jsisd.

Example 1. A type-2 fuzzy set defined on a finite universal @ed finite set of primary
membership can be represented by a 3-dimensioctargigiven in Fig. 1.
Let X={1, 2, 3, 4, bbe the universe of discourse and suppose

J,={0,0.2,0.4,0.6,0.8 J,=J,= J, J,={0.6,0.8}

be the sets of primary membership fox = 1, 2,3, 4,5 respectivelyLhe secondary
membership function associated witkr 4 is represented by a fuzzy set

p32) =025+ 03 o+ OA o+ OBy & 04

This secondary membership function can also beedetrough the five vertical lines at
points @,0), (4,0.2,(4,0.9, (4,0.6 and @,0.8 in the figure . Similarly we can define the
secondary membership function far= 1, 3, 4, 5 We have shown all secondary
membership functions in the following figure. Shadeortion is called the footprint
uncertainty.

Figure 1.
Definition 2. Uncertainty in the primary memberships of a typler2zy set consists of a

bounded region that we call the footprint uncetiaignd is denoted by FOJ(). It is
defined by

FOU(A)=U J,

xdX
The footprint uncertainty in the examglas
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FOU(A)= {0, 0.2, 0.4,0.6,0.€
Definition 3. For every valug =X, say, the 2-D plane whose axes arand f, (u) is

called the vertical slice. A secondary membershigfion is thus a vertical slice. It can
be represented by

pi(x)= > f.(u)/u, I, 00,9, inwhich0< f (u)<1, X OX.

ud Jx’

The domain of a secondary membership function lied¢téhe primary membership af
and the amplitude of a secondary membership fumdsiccalled a secondary grade. In

equation (2),f, (u) is a secondary grade.

Definition 4. A type-1 fuzzy setA can also be expressed as a type-2 fuzzy setpiszy
representation il;f,uA (x)/x [0 xO X. It means that the secondary membership function

has only one value in its domain, namely the primraembershigz; (x) at which the
secondary grade equals to 1.

Example2.Let X ={a b ¢ ¢ if 3 ={0.4}, J={0.6}, 1={3, J={0.3 then

A=1/0.4a+1/0.6b+ 1/ic+ 1/0/x
is a type-1 fuzzy set.

Definition 5. [3] Let A and B are two type-2 fuzzy sets in a discrete universe of
discourseX. Lety; (x)= > f (u)/u andy;(x)= > f,(v)/v are the membership

grades corresponding to evexylX for A andB respectively, wherel, v are primary
grades and, (u), f (V) are secondary grades. Then

AUB=>>" f(wOg(y/ ulv, ) (5
ANB=3%3 f(WDOg(vy/ Wy, )
A=Y f(u/1-u @)

where | represents the t-conorm afdrepresents a t-norm. For computation max, min
operations may be used for t- conorm and t-nornpewsrely. If more than one
computation olu andv give the same point[_ v then in the union we keep the one with
the largest membership grade. Similar logic willg®pted in case of intersection.

3. Type-2 fuzzy relations and their compositions
A n- ary type-2 fuzzy relation is a type-2 fuzzy gefined on the Cartesian product of

the crisp setx,, X, ..., X . Since the membership grade of association between

elements of a type-1 fuzzy relation is a real nunitog0, 1] while in case of type-2 fuzzy
relations, it is fuzzy set defined on [0,1]. Fanplicity, let us consider the case of binary
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relation i.e. X xY where X ={X, X,..., X,}andY ={Y, Y,..., ¥}.Then type-2 fuzzy
relation R on X xY is represented by type-2 fuzzy matrix in the foilog way

A HR (% W)

ﬂﬁ(XZ'yl) L [LR(XZ’XT\)
R(X,Y)=

FZAC N R A C 'S

where eacliz. (X, Y, ) is a type-1 fuzzy set, a membership grade.

Definition 6. [3] Let R and S are two type-2 fuzzy relations defined ohxY and
Y x Z respectively. Then compositions of relations iye-2 fuzzy relation oiX x Z
and is given by

Fs o(x2) = | A (% W (¥ 3] ®)

yay

(YO XxY,(y 0 ¥ Z( x ¥ X Zand Ly

U represents the union of two type-2 fuzzy sets ﬁnmheans intersection of two type-2
fuzzy sets. The formulae for union and intersectiomdefined in (5) and (6).
Now, we are able to prove the following propositfontype-2 fuzzy relations.

Proposition 1. If R and S are two type-2 fuzzy relations oX xY and Y xZ
respectively then

MO((R)™M =R ©)

(i) (Se R*= R & (10)
Proof (i): The inverse type-2 fuzzy relati@(x, Y), denoted byR™(Y, X), is defined
by Hea(YsX)=Hz(XY) O xU X andO yOY. The inverse relation matrix is
obtained by transposing the following relation rixatr

(B0GY - 060 W)]
BOo W) - - B(% )
RX V)=
OG0 - - 06 )]
An inverse relation matrix is given as: i
BOGW - - B4 ))
B0 W) - - 06 %)
R(Y, X)=
_'Z{i()s.’ ym) L [Iﬁ()%’ym)_
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It is obvious that

0O - - (X Y)]
3 ,[{:e()(z,yl) C e ﬂp(&%)
RY (XY=
LW - ER 6 W)
Hence (R)™M™*=R

Proof (ii):

SinceR:Y - X,8%:1Z- Y,Se R X= Z(SoR™*: Z- Xand
RSz, X

Now we have, (Se R™(z ¥= '8 "R x)i= |J| Z(x Y &(y. 2]

VoY
Since, S*: Z - Y is defined byds.(Z, Y)=fHs(Y, D and R™*:Y - X is

defined byl[[fz-l (y,x) = ,[IF}(X, Y), it is obvious that
UL N By )= U] a2 9N (% 3 ]=S R?
yay

VoY
Therefore, (Se R™* = S R-

5. Proposed approach for medical diagnosis based on type-2 fuzzy relations
This section extends Sanchez’'s approach for mlediegnosis using the concept of
type-2 fuzzy sets.

Let S={ s, .. s}, D={dy, d,..., d} andP={py, p.... pny denote the sets of
symptoms, diseases and patients respectively. Vilaedthat the physician medical
knowledge be represented as type-2 fuzzy relattmwig the association between
symptoms and diseases.Type-2 fuzzy relation reptiege the association between
patients and symptoms is another knowledge thaktsepts the severity of different
symptoms to patients. These associations are exiegkby type-2 fuzzy matrices whose
entries are type-1 fuzzy sets. Therefore, medi@rbsis on the basis of type -2 fuzzy
sets involves development of type-2 fuzzy relatiohe get the diagnostic decision
appropriate composition rules can be used.

Let A be the type-2 fuzzy relation showing the relatipdetween patients and
symptoms which is obtained using the type-1 fuztg 8s entries for the linguistic terms.
It can be defined as the following type-2 fuzzy rixat

FAC B AT
A - B (R)
A4(Ps) - - - B (R S)]
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and R be type-2 fuzzy relation showing the relationshiptween symptoms and
diseases, is obtained by the previous physiciariqaikhowledge. It is expressed as:

(s, d) - (s d)]
(s d) - - . (s, )

A(s,d) - (8. d)]

Use the composition rule of inference defined inv@ have

(A (pud) - A (RG]
o AEd  (Rad)
T =Ro A= : Co .
A(pnd) - (R )]
membership grades df are given by
(0. d) =] 2:.(n. )& (5. ¢)|Op 0P and ¢ O D. (12)

ThusT is a type-2 fuzzy matrix, showing the relationshgtween patients and
diseases.

The type-2 fuzzy relaionR used in the composition defined by (11) is the
solution of the following type-2 fuzzy equation

D=RoB (12)

B, a type-2 fuzzy relatiion that represents the sgvef the symptoms and,
the type-2 fuzzy relation showing the diagnoseshefknown patients. By solving the
type-2 fuzzy relation equation in (12) f; an accumulated medical knowledge can be
obtained to associate the symptoms and diseases ghio be used in the composition
defined in (11). Yan et al. [18] proposed semi tergroduct of matrices to solve the
type-2 fuzzy relation equations.

Property 1. Select an appropriate defuzzification method, Dafyzthe fuzzy sets
(entries of the type-2 fuzzy matiix) to obtain crisp entries, that are representative
corresponding entries of the matix. Defuzzifiedpnmatrix is written as

t, ...t
T, = ¢ :
tn1 tnm

If  max, t; =t;;, wherel <1 <m then patienp;s diagnosis agl;. If max;t;
occurs or closely occurs for more than one valuan@@oms can be reassessed and
weights can be given to the symptoms.
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Algorithm:

Step 1: Introduce type-2 fuzzy relation (type-2 fuzzy mdtr A to model the
uncertaintities of the state of the patient
Step 2: Using equation (12), obtain the physician medicalwledge in the form of type-

2 fuzzy relationR which shows the association between symptoms aedsks

Step 3. Use an appropriate compositional rule to infer dssociation between patients
and diseases. Here composition rule defined intamuéB) has been used to perform the
analysis.

Step 4: Property 1 is used to make diagnostic decision.

6. An example
Here we present an example to illustrate the metlogg defined in the section 5
numerically. This example has been already disscumsfL1, 15].

Let S={ S( Headade ,$ Fever,(S Phley
={d,(Cold), d,( Pulmonary tuberculosjs ,d Pertu}is,(d emonia}
P={R.P}

The state of the patients is transformed to theovidhg type-2 fuzzy relation whose
entries are linguistic terms:

A= High High High
| Medium Low Verylow
These linguistic terms can be written in the forfntype-2 fuzzy sets as follows:

1 %08 100t 0% 0+ Y00t 0N V0gt Hoo* %%
%)4 Y05+ %6 Vo1t Y02+ %803 %+°%1

The type-2 fuzzy relatioR , the association between symptoms and diseases is
obtained on the basis of previous medical knowledfeis relation can also be
constructed more logically by the approach givefLifj.

_ 905t Y04t %05 0170203 B0t Yor Do oot Host Poa
R= 0702+ %037 %4 %903 704" %05 %00+ 7027 %%03 oot For+ %oz
0’%.0”%).1+ 0%.2 0%.5*%.6* 0'%.7 0’%.0”%).1+ 0'%.2 O%.l* Yoo 09%.3

Using composition rule of type-2 fuzzy relatioAsandR defined in (8), we get a type-2
fuzzy relationT showing the relationship between patients ancdise

08) 504 %05 oa¥ 05 Por g 1,99 032057 1%
%3 %4 /qo5 0%01}/050/9039/7 1}/ 0”2%03?662/38 3/08
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To make diagnostic decision, the notion of defueatfon for each entry of the type-2
fuzzy matrix has been taken which gives a deffadifinatrix and using the probability
distribution rule, expected percentages of chatwasffer with different diseases for the
patients are obtained. For speciality, centre afaamethod has been adopted for

defuzzification. This results matris,
- {0.4083 0.6077 0.2120 0.311

0.4120 0.2333 0.2040 0.27%
Normalizing the above matrix, we get
- {0.2651 0.3946 0.1377 0.201

D

N 10.3674 0.2081 0.1819 0.242

Now, using probability distribution rule, we gektlexpected percentage of diagnosis as
follows:

For patientP;: Dis 26.51%D, is 39.46%, D5 is13.77%, D4is 20.26%,

For patiem®,. D, is 36.74%, D, is 20.81%, Dsis 18.19%D,is 24.26%

4.7. Discussion and conclusion
It is clear from the result of the example discdssethe previous section using proposed

methodology that patief is diagnosed to have diseaBg and patienP, is diagnosed

to have diseasP,. This example has already been discussed in [B]Lvik fuzzy

relations and vague sets respectively. In the ptesethodology, it has been discussed in
type-2 fuzzy environment by allowing more fuzzinésshe state of the patients and the
relation between symptoms and diseases. Diagndsgsl,015] and present paper for

both the patients are same but expected perceritagpossible diseases certainly

deviated.Thus, the role of type-2 fuzzy environmieitoduced in diagnostic decisions

may affect the result with more authenticity.

In the process of medical diagnosis, state of patie given by the patient
through linguistic terminology like as high headacmuch more vomiting, medium pain
in backbone etc., consideration of type-1 fuzzg ses grades for association instead of
membership grades in [0,1] is more advantageousddel the state of the patient.
Similarly type-2 fuzzy relation has been introducedresenting the association between
symptoms and diseases. Sanchez's approach hagxteeded for medical diagnosis in
this reference. The approach used to form typez2yfunatrix showing the association of
symptoms and diseases is based on the work medtiond8].This is computationally
costly. For future work, comparison may be madpretent approach with the approach
given by Own [14]. It would also be interesting éatend the existing work in the
framework of interval type-2 fuzzy sets.

REFERENCES

1. J.M.Mendal and R.B.l.John, Type-2 fuzzy sets mddwle, IEEE Transaction on
Fuzzy System&Q(2) (2002) 117-127.

2. L.A.Zadeh, The concept of a linguistic variable atsdapplications to approximate
reasoning|nformation Sciences8 (1975) 199-249.

43



10.

11.

12.

13.

14.

15.

16.

17.

18.

Kamesh Kumar

N.N.Karnik and J.M.Mendal, Operations on type-2 zfuzsets, Fuzzy Sets and
Systems122 (2001) 327-348.

E.Sanchez, Medical diagnosis and composite fuzigtioas, In: Gupta, M.M.,
R.K.Ragde and R.R.Yager, Advances in Fuzzy Set rihand ApplicationsNorth
Holland, NewYork(1979) 437-444.

A.O.Esogbue and R.C.Elder, Fuzzy sets and the lingdef physician decision
process Part | The initial interview- informatioatgering sessionguzzy Sets and
Systems2 (1979) 279-291.

A.O.Esogbue and R.C.Elder, Fuzzy sets and the nmgdeff physician decision
process Part-Il Fuzzy diagnosis decision modalzzy Sets and Systerig1) 1980.
A.O.Esogbue and R.C.Elder, Measurement and vatuatfoa fuzzy mathematical
model for medical diagnosiBuzzy Sets and Systerh@ (1-3) (1983) 223-242.
K.P.Adlassing, Fuzzy set theory in medical diagaoktEE Transaction systems
Man Cybernatics16 (2) (1986) 260 — 265.

S.M.Chen, Weighted fuzzy algorithm for medical diagis, Decision Support
Systems11(1) (1994) 37 — 43.

N.Belacel and M.R.Boulassel, Multicriteria fuzzy Issification procedure
PROCFTIN: methodology and medical applicatibiuzzy Sets and Systenisil
(2004) 203-217.

J.F.F.Yao and J. S.Yao, Fuzzy decision making fedinal diagnosis based on fuzzy
number and compositional rule of inferenEeizzy Sets and Systerd0(2) (2001)
351-366.

A.Roychowdhury, D.K.Pratihar, N.Bose, K.P.Sankarapanan and N.Sudhahar,
Diagnosis of the diseases- using a GA — fuzzy aagrolnformation Sciences
162(2) (2004) 105- 120.

M.K.Roy and R.Biswas, |-v fuzzy relations and Saxh approach for medical
diagnosisfFuzzy Sets and Systemg (1992) 35-38.

C.M.Own, Switching between type-2 fuzzy sets anuifionistic fuzzy sets: an
application in medical diagnosispplied Intelligence31(3) (2009) 283-291.
D.Pandey, K.Kumar and M.K.Sharma, Diagnostic deniginodel based on vague
sets, Journal of Indian Mathematical Socief§7(1-4), (2010) 141-157.

C.Yildirayan and Y.Sultan, Fuzzy soft set thequplaed to medical diagnosis using
fuzzy arithmetic operationspurnal of Inequalities and Applicatio2013 ):82

S. Elizabeth and L.Sujathdjledical Diagnosis Based on Interval Valued Fuzzy
Number MatricesAnnals of Pure and Applied Mathematics (1) (2014) 91-96.
Y.Yongyi, C.Zenggiang and L. Zhongxin, Solving typduzzy relation equations via
semi-tensor product of matriceSpontrol Theory and Technologg2 (2) (2014)
173-186.

44



