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Abstract. There are various types of generalizations of fuzntinuous functions in the

development of fuzzy topology. Recently some deamsitjpns of fuzzy continuity have

been obtained by various authors with the helpesiegalized fuzzy continuous functions
in fuzzy topological spaces. In this paper we abtaiecomposition of fuzzy continuity

by using a new generalized fuzzy continuity in fufapological spaces.
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1. Introduction
In the classical paper [19] of 1965, Zadeh gelimd the usual notion of a set and

introduced the important and useful notion of fuseys. Fuzzy continuity is one of the
main topics in fuzzy topology. Various authors havweoduced various types of fuzzy
continuity.

Various types of generalizations of fuzzy continsidunctions were introduced
and studied by various authors in the recent dewedmt of fuzzy topology. The
decomposition of fuzzy continuity is one of manglgems in fuzzy topology. Tong [18]
obtained a decomposition of fuzzy continuity byraaliucing two weak notions of fuzzy
continuity namely, fuzzy strong semi-continuity afudzy precontinuity. Rajamani [11]
obtained a decomposition of fuzzy continuity. listhaper, we obtain decomposition of

m

fuzzy continuity in fuzzy topological spaces byngsfuzzy g" - continuity.
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2. Preliminaries

Definition 2.1. [16, 19] If X is a set, then any function A:=%[0, 1] (from X to the
closed unit interval [0, 1]) is called a fuzzy sek.

Definition 2.2. [11] If X is a set, then A, B : X*[0,1] are fuzzy sets in X.

® The complement of a fuzzy set A, denoted hy & defined by A(X) = 1 —
A(x), OxOX.

(i) Union of two fuzzy sets A and B, denoted byB\ is defined by
(AvB) (X) = max{A(x), B(x)}, OxOX.

(i) Intersection of two fuzzy sets A and B, denoted\WB, is defined by
(AAB) (x) = min {A(x), B(x)}, OxOX.

Definition 2.3.[16, 19] Let f: X—Y be a function from a set X into a set Y. Let Ade
fuzzy subset in X and B be a fuzzy subset iThen the Zadeh's functions f(A) and f
(B) are defined by

() f(A) is a fuzzy subset of Y where

SupA(2) if f(y)ze
f(A)y) = {zO f (y)

0 otherwise
for each ¥ Y.
(i) f(B)is a fuzzy subset of X wheré(B)(x) = B(f(x)), for each xE X.

Definition 2.4.[5,16] Let X be a set an@l be a family of fuzzy sets in X. Théhis
called a fuzzy topology it satisfies the following conditions:

(i) O0,1eT.

iy FAET,i€lthenU;e; A; € TOr Vig; 4, ET.

(i) IfA,B E Tthen A IBET or AMABE T.

The pair (X,T) is called a fuzzy topological space (briefly.tdhe elements off
are called fuzzy open sets. Complements of fuzanaets are called fuzzy closed
sets.

Definition 2.5 .[16] Let A be a fuzzy set in a fts (T). Then
() the closure of A, denoted by cl(A), is defined by

cl(A)=A{F:A = FandFis afuzzy closed };
(ii) the interior of A, denoted by int(A), is defined by

int(A)= V{G : G = A and G is a fuzzy open}.
Definition 2.6. A subset A of a fts (X1) is called:

® fuzzy semi-open set [1] if A cl(int(A));
(i) fuzzy preopen set [4] if A< int(cl(A));
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(i)  fuzzy a -open set [4] if A< int(cl(int(A))).
The complements of the above mentionexkzyf open sets are called their
respective fuzzy closed sets.

For a subset A of a fuzzy topological spacebh¥, fuzzya-closure (resp. fuzzy
semi-closure, fuzzy pre-closure) of A, denoteddmy(A) (resp. scl(A), pcl(A)), is the
intersection of all fuzzyr-closed (resp. fuzzy semi-closed, fuzzy preclosedbsets of
X containing A. Dually, the fuzzyr-interior (resp. fuzzy semi-interior, fuzzy pre-
interior) of A, denoted byint(A) (resp. sint(A),
pint(A)), is the union of all fuzzg-open (resp. fuzzy semi-open, fuzzy preopen) sabset
of X contained in A.

Definition 2.7. [5, 11] A function f : (X,T) —* (Y, 0) is said to be fuzzy continuous if f
Y(A) is fuzzy open in X for each fuzzy open dein Y.

Definition 2.8. Let (X, T) be a fuzzy topological space. A fuzzy dein X is called:

® a fuzzy generalized-semi closed (briefly fuzzy tgsed) set [3] if sci) = i

wheneverA = tt and g is fuzzy open in (XT). The complement of fuzzy gs-
closed set is called fuzzy gs-open set;

(ii) a fuzzy g" -closed set [9] if ci) = it wheneverd = pi and [ is a fuzzy gs-

open in (X,T). The complement of fuzzg" -closed set is called fuzzg" -
open.

Definition 2.9. [10] A function f : (X, T) —*(Y, d) is said to be fuzzyg" -
continuous if for each fuzzy closed sktof Y, fi(A) is fuzzyg”-closed in X.

Proposition 2.10. [9] Every fuzzy closed set is fuzay" -closed but not conversely.

Example 2.11. [9] Let X= {a, b} with = = {Ox, A, 1k} where A is a fuzzy set in X
defined by A(a)=1, A(b)=0. Then (X) is a fuzzy topological space. Clearly B defined
by B(a)=0.5, B(b)=1 is a fuzzg" -closed set but not fuzzy closed in (R,

Proposition 2.12. [10] Every fuzzy continuous function is fuzay"” -continuous but not
conversely.

Example2.13.[10] Let X =Y ={a, b} witht = {0y, A, 1} where A is a fuzzy set in
X defined by A(a)=1, A(b)=0 and = {0y, B, 1y} where B is fuzzy set in Y defined

by B(a)=0.5, B(b)=0. Then (%) and (Y,c) are fuzzy topological spaces. Letf: (X,
T)— (Y, o) be the fuzzy identity function. Clearly f is fuzzg" -continuous but not
fuzzy continuous.

3. Decomposition of fuzzy continuity
We introduce the following definition.
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Definition 3.1. A subsetd in afuzzy topological space (¥, is called fuzzyy -

set if A=a A S wheret is fuzzy gs-open anfi is fuzzy closed in X.
Example 3.2. Let X= {a, b} with T ={0x, B4, 1k} and B, and B, are fuzzy sets in X

defined byp1(a)=0.6, 81(b)=0.5;82(a)=0.4,8:(b)=0.4. Then (XT) is a fuzzy topological
space. Clearlg; is fuzzyy -set.

Remark 3.3. Every fuzzy closed set is fuzgy-set but not conversely.

Example3.4. Let X= {a, b} with t={0x, 81, 1k} and B, and B, are fuzzy sets in X

defined byp,(a)=0.6,8.(b)=0.5;8:(a)=0.4,8,(b)=0.4. Then (X;I) is a fuzzy topological
space. Clearlg, is fuzzyy -set but not fuzzy closed in (X).

Remark 3.5. Fuzzy g" -closed sets and fuzzy -sets are independent of each other.

Example 3.6. Let X= {a, b} with T ={0y, A, 1«} where A is fuzzy set in X defined by
A(a)=1, A(b)=0. Then (XT) is a fuzzy topological space. Clearly B defingcBga)=0.5,
B(b)=1 is a fuzzyg" -closed set but not fuzzy-set in (X,7).

Example 3.7. Let X={a, b} with t ={0y, B1, 1k} and B, and B, are fuzzy sets in X
defined by Bi(a)= 0.6,81(b)= 0.5; B2(a)= 0.4,B5(b)= 0.4. Then (X1) is a fuzzy
topological space. Clears is fuzzyy -set but not fuzzg” -closed setin (Xg).

Proposition 3.8. Let (X, T) be a fuzzy topological space. Then a fuzzy sulsef (X,

T) is fuzzy closed set if and only if it is both fyzg" -closed set and fuzzy -set.

Proof: Necessity is trivial. To prove the sufficiency, sasie thatd is both fuzzyg” -

closed and fuzzy -set. Thend = @ A B, whered is fuzzy gs-open anff is fuzzy
closed in (XT). Therefore,A < @ andA < f§ and so by hypothesis, d){ < @ and
cl(d) = B. Thus cl) < @ A 8 = A and hence c)= 4 i.e., 4 is fuzzy closed in (X,
7).

Definition 3.9. A function f: (X,T) —* (Y, o) is said to be fuzzy -continuous if for
each fuzzy closed sgt of (Y, o), f'(14) is a fuzzyy -setin (X,T).

Example 3.10. Let X=Y={a, b} with t ={0y, &, 1} where &, is a fuzzy set in X
defined by, (a)=0.4, &; (b)=0.5 ando={0y, ¢, 1} where &, is a fuzzy set in Y
defined by, (a)=0.6,, (b)=0.5. Then (XT) and (Y,o) are fuzzy topological spaces.
Let f: (X, T)— (Y, o) be the fuzzy identity function. Clearly f is fuzg continuous.

Proposition 3.11. Every fuzzy continuous function is fuzzy-continuous but not
conversely.
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Example 3.12. Let X=Y={a, b} with T ={0x, &, 14} where &, is a fuzzy set in X
defined; (a)=0.4,ct; (b)=0.5 ands ={0y, &>, 1,} where &, is a fuzzy set in Y defined
by &, (a)=0.6,c, (b)=0.5. Then (XT) and (Y,oc) are fuzzy topological spaces. Let f:

(X, T)— (Y, o) be the fuzzy identity function. Clearly f is fuzg -continuous but not
fuzzy continuous.

Remark 3.13. Fuzzy g"-continuity and fuzzyy - continuity are independent of
each other.

Example 3.14. Let X=Y={a, b} with t ={0x, A, 1x} where A is a fuzzy set in X
defined by A(a)=1, A(b)=0 and={0y, B, 1y} where B is a fuzzy setin Y defined by
B(a)=0.5, B(b)=0. Then (Xf) and (Y,c) are fuzzy topological spaces. Let f : (X,
T)— (Y, o) be the fuzzy identity function. Clearly f iszty g" -continuous but not
fuzzy y - continuous.

Example 3.15. Let X=Y={a, b} with 7 ={0y, ¢, 1} where & is a fuzzy set in X
defined bya; (a)=0.4, &, (b)=0.5 ands={0y, &, 1y} where &, is a fuzzy set in Y
defined by, (a)=0.6,&, (b)=0.5. Then (XT) and (Y,c) are fuzzy topological spaces.
Let f: (X, T)— (Y, o) be the fuzzy identity function. Clearly f is fuzg -continuous but

m

not fuzzyg" - continuous.

Theorem 3.16. A function f. (X, T) — (Y, o) is fuzzy continuous if and only if itis
both fuzzy g" - continuous and fuzzy -continuous.

Proof: Assume that f is fuzzy continuous. Then byop®sition 2.12 and
Proposition 3.11, f is both fuzay”-continuous and fuzzy -continuous.

Conversely, assume that f is both fugZycontinuous and fuzzy -continuous. Let
V be a fuzzy closed subset of @) Then f(V)is both fuzzyg" -closed set and

fuzzy y -set. By Proposition 3.8,(V) is a fuzzy closed set in (XT) and so f is fuzzy
continuous.
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