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1. Introduction and basic definitions
One of the oldest topics in mathematics is the satiom of powers

n
S(n) =D r=1+2“+._.+n", (1)
r=1
for integersk = 0, and n=1. The interested reader may refer to [1, 2, 4, B, 12, 13,

14, 15, 16, 19, 22, 23, 24, 29, 31, 32, 33, 35,488,422, 43, 44] for the history of this
problem. Even nowadays there is a continual strefapublications on the topic. See for
instance, [6, 10, 11, 20, 21, 26, 27, 28, 34, 3, 4l] and the references therein.

Throughout this paperéij is the kronecker delta which is equal to 1 or Goading as

i =] ornot. Also[X"]P(x), denotes the coefficients of’ in the polynomial P(x),
and empty summation is assumed equal to zero.

Definition 1.1. [34] The exponential generating function (EGF) of a usege
<a,,a,a,,...> is defined by:

<) xn
f(x) = Zan—l.
n=0 n
The EGF satisfies:
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n

<) Xn <) Xn [ Xn n
(Z::Oan EJ(Z::‘,b” F) = Z::Ocn o where ¢, = Z(kjak b, n=0. (2

k=0
The EGF,G(n,x) of S (n) is given by:
enx_l © Xi
G(n,x) = =>»S(n)—. 3
(nX)="—= iz;,()” 3)
Definition 1.2. [37] For integer numbern and k with n>k >0, the Stirling

numbers of the first kind,s(n,k) and of the second kindS(n,k) are defined
respectively by:

(), =[x-n+1], = s, K)x*, (4)
and -~
X" = ZS(n, K)(X), (5)

where the falling factorial ofx, (X), and the rising factorial o, [X], are given
respectively by:

Q). = if n=0, 5
(X, = X(Xx=1)(x=2)....x=n+1) if n>1, ©)
and
if n=0,
[X]n={ _ 7)
X(x+1)(x+2)...x+n-1) if n>1.

It is well known that for integers,k 20, s(n,k) and S(n,k) satisfy the following
Pascal-type recurrence relations:

s(n,k) =s(n-1,k-1)-(n-1)s(n-1,k), (8)
and
S(n,k) = S(n-1,k-1)+kS(n-1,k), 9)
subject to:
s(k,k) = S(k,k) =1,1<k<n (10)
and
s(n,k) = S(n,k) =9,,,if k=0orn=0. (11)

The values of the Stirling numbers of the firsakis(n,k) and of the second kind
S(n,k) for 0<n,k <10 are the entries in the following tables:

nk | © 1 2 3 4 5 6 7 8 9 10
0 1
1 0 1
2 0 -1 1
3 0 2 -3 1
4 0 -6 11 -6 1
5 0 24 -50 35 -10 1
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6 o[ 274 -22E 85 15 1
7 o] 720 - 1764 1624 -735 175 21 1
8 | 0| -5040 | 13068 - 13132 6769]  -196 32 28 1
9 | 0| 40320 | -109584 118124 -6728% 22449 -453646 | -36 | 1
10 | 0| -362880 1026576  -117270D 723680 -269325 ©3279450| 870 | 45| 1
Table 1: The Stirling numbers of the first kind(n,k) for 0<n,k<10.
n/k 0 1 2 3 4 5 6 7 8 9 10
0 1
1 0 1
2 0 1 1
3 0 1 3 1
4 0 1 7 6 1
5 0 1 15 25 10 1
6 0 1 31 90 65 15 1
7 0 1 63 301 350 140 21 1
8 0 1| 127 966 1701 1050 266 28 1
9 0 1| 255 3035 7770 6951 264¢ 462 36 1
10 0 1| 511 9330] 34501 42525 228475880 | 750 45 1

Table 2: The Stirling numbers of the second kir&(n, k) for 0<n,k <10.
Definition 1.3. [20] The Bernoulli numbersB,,i 20 and polynomials,B (x),i 20 are
defined by:

(i+1
1 & :
B,=1,B =—— ] B, 121, (12)
1+195
and
(1
B()=>iB.,x, i20 (13)
i=0

respectively.
The exponential generating functions of the Bernouimbers, B.,i =0 and

polynomials, B, (x),i =0 are given by:

t "
H((t) = =B —. 14
0= =28 (14)
and
tetX 0 tn
F(xt)= = > B,(X)—, 15
() = 57 = 2B 00 (15)

respectively.
Properties of the Bernoulli numbef8,,n>0 and polynomialsB,(x), n=0
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include [18, 37]:

. (—l)k+1BZk>0, k>1.
« B,,,=0, k=1.
n
n-1
« >lk|B.,=4d, n=0.

k=0

« B(x+1)-B(x)=ix", i=1.

(16)
(17)

(18)

(19)

The first few Bernoulli numbersdB,, and Bernoulli polynomialsB (x) are given,

respectively, in the following tables:

njo[ 1 2[ 3] 4 [5] 6 [ 7] 8 [ 9 10[ 1] 12 1B 1p
o119 1 (0140 1195 0] 691 0|7
B, 2|6 30 42 3C 66 273(C 6
Table 3: The Bernoulli numbersB, for 0sn<14.
n 1 2 3 4 5
0

1 1],

N
N
N

B(x)| | X~5| X —x+ 2] =3t oo -t | 2201y
n 6 3C 3 6

2

Table 4: The Bernoulli polynomialsB,(x) for 0sn<5.

Definition 1.4. [37] For eachn >1, the Eulerian number&(n, k) are defined by:

) n+1
E(nk)=>(-1)'| j |(k+1-]))", Osksn-1.
j=0

(20)

The values of the Eulerian numbeEqn,k) for 1<n<10 and 0<k <9, are the

entries in the following table

nk |0 1 2 3 4 5 6 7 8 9
11
2 |1 1
3 |1 4 1
4 |1 11 11 1
5 1| 2€ 66 26 1
6 | 1| 57 30z 30z 57 1
7 11| 12C| 1191 241¢ 1191 12C 1
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8 | 1| 247 | 429:| 1561¢| 1561¢ 429: 247 1

9 | 1| 50z | 1460¢ | 8823¢ | 15619( 8823« 14608 | 50z 1

1C | 1| 101% | 4784( | 455192| 1310354| 1310354| 455192| 47840| 101% | 1
Table5: The Eulerian number€(n,k) for 1<n<10 and 0<k <9.

The Eulerian numberd&(n, k) satisfy:

*E(n0)=E(n,n-1)=1, n=1. (21)
* E(n,k) = E(n,n-1-k), n=1. (22)
e E(n,k) =(k+1)E(N-1,k)+(n-k)E(n-1,k-1), n=2. (23)

Definition 1.5. [26] The elementary symmetric ponnomia.‘rr(”) in X, X,...,X, is
defined by:

0 if (r>n)or (n<0),
T (X, Xy, X)) = 1 if r=0, (24)
Y, X% ..% iflsrsn

:lSil<i2<...<ir <n

It should be noted tha™ is a homogenous function and can be written as:

T (X, Xgyr s X)) = > X2 .. r=01,..,n (25
k1+k2+.u+kn:r
KKy ok 10,1}
The symmetric polynomialzfr(“) satisfies the recurrence relation:
T (%, %10 %) = 07D (X Xy X 1) + X007 06, % X ). (26)

A more general form of (26) is given by:
G (4, %1+ X) =004 Koo X X %) FX 0T X0 X1 Xy X,), (27)
where1<i, j<n.
Partial differentiation for both sides of (27) wittspect tox; gives:

aaX U(n) = 0—(n) = U(n l)(xl Xoreees Xjgs Xjags - cer %) (28)
Therefore by using (24), we get:
0 if (i>n)or(n<0),
G (%, %1 %) = 1 if i=1,  (29)

> XX, .%  if 2<isn

]ST1<I’2< <|‘I 1sn

TFo. ol _1¢j
In particular, we have:
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|
o(1,2,.,i-1i+1,....n)=" 1<i<n, (30)
|
n+l
and o{¥(1,2,..,i-1ji+1,..,n)=| 2 |-i, 1<i<n. (31)

Definition 1.6. [17] For the n+1 real valuesm, X, X,,...,X, we define a generalized
Vandermonde matri®/,™ (X, X,,...,X,) or simply V™ by:

Vn(m) - (X;mi —1): . (32)

The valuesx,,X,,...,Xx. are called the nodes of the math™. The determinant of
V™ is given by:

detV™) = (|‘Ixr) [1 6 =x). (33)

1<j<izn
Thus V™ is invertible if and only if the n parametess, X, ,...,x. are distinct. Note
that for any m, the two matrice¢™ and V.© =V, are related by:
v™ =DV, (34)
where D = diag(X", X3 ..., Xy )-
The explicit form of the inverse matrixV(™)™ = (@)= of the Vandermonde

matrix V(™ is given by [17]:

(n)
g, = (-1 i) g oy (35)
X" [ 6 =%)
r=1
Let ((V\™)")™" =(B,)! -, Then we have:
o™
,Bij:(_l) =i n|+1J(X1 X21 Xn)’ 1Si,j$n, (36)
r=1

r£j
since the inverse of transpose is the transpogeedhverse.
If x =i for i=1,2,...k+1, then (36) takes the form:

Definition 1.7. [20] The sequences: E,, E , E,,...> of the Euler numberskg,,n=0 is
defined by the exponential generating function
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2eX (<] Xn

P

. (38)
n=0 n!

In this paper, we are mainly interested in the grosum S, (n) =1 + 2 +...+n* for
integersk =0, and n>1. We are also interested in the use of the genegratirction of
S.(n) to obtain new identities. In this framework, sogmmputational methods for
computing S (n) are given in Section 2. In Section 3, we inveség®mme new identities

for S.(n). In Section 4, we deal with a method for computi8g(n) by solving a
special linear system of equations.

For the convenience of the reader we are goingtdHhe following facts about
S.(n) [9, 26, 30, 40]:

S.(n) is a polynomial of degre& +1 in n without constant term. Hence
S.(n) takes the form:

S(n) = fckﬂ,i n', k=0, (39)
where the coefficientls:lkﬂli i=1,2,...k+1 are to be determined.
The sum of the coefficients of any polynomi&| (n),k = 0 is always equals 1.
n is afactor ofS (n), k=0.
n and n+1 are factors ofS (n), k=1.
n, n+1 and 2n+1 are factors ofS, (n), for evenk = 2.
n® (n+1)* are factors ofS (n), for odd k = 3.

@ 8.0V =Co =1 5 K20, (40)
() VIS0 = Gy =3, k=1 @)
ONUSEYORELIESS k=2, @2)
(1) "2 (M =6uyr =0, k23 “3)
(k) [nk-3lsK(n)=ck+1,k_3:—1—20@, k24, (44)
() [nl]&(n)=ck+1,1:ﬁo(‘;]8j - (-1'B, k>0, 4s)

2. Some computational methodsfor computing S, (n)

Perhaps, the most famous formula for computfdn) is the one involving the binomial
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P
coefficients| q | and the Bernoulli numberd3, which is given by:

k+1 k+1
S<( ):_Z( 1)k+l_ J Bk+1—jnj1 k=0.

From (39) and (46), we see that the coefficiegtg ; are given by:

(k +1J
Canj = K+l (- 1)k+1_J Bey-jr 1 j<k+1.

Formula (46) can also be written in the form:
j+1

k [(k
S(n) = Z(—l)k"(JBk_j’?—

j+1
From (46)-(48), we see that:
S.(n) = (-1)B,n+k['S,,(x)dx= (-1)B n+chk] '_”
j=1

j+l

(46)

(47)

(48)

(49)

The formula (49) reveals that we can obt&n(n) from Sk_l(n) recursively fork 21

with the initial condition S;(n) = n. For example, we have:

1 1
1 1 2 1 E 2 E 3 1 1 2 1 3
n)==n+=n-. N==n+2(%=n"+%n —n+=n“+=n".
S(n) >Nt S,(n) 5 (2 3 )= gtsn +3
1 1 1

_ 6 2 n3 + 1,151,
n)=0n+3(-=2n n =—nN“"+—n"+—n",
S;(n) (2 3" f) = 2

4 4 2
having used Table 3 and (49).

There are many other ways to express the power Sy¢n). See for instance [3,

25, 34]

S =nd, +n(n+1)z <

(n=1),.,
S = 1= (Bu(n+1)- Bm(l)),
n+m+1

SK(n)=kiE(k,m) k+1 |-, k=O0.

222
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S((n)=min(kzn_l)(n—m)s(n+1,n+1—m)S(n+k—m,n), k=0. (53)
m=0
and S (n) = XQY, (54)
where
ny(n n i—-1
X=[1]l2].|k+1], Q=[(-1)7| j-1]54 and

Y =[1% 2" ...(k +1)]".
An easy proof for (47) can be found in [30]. Alseery easy proof for the formula
(51) can be obtained by using the property:
xG(n,x) = F(n+1,x) - F(1,X). (55)
By using the property (19) together with the tetgsng sum, an additional proof for the
formula (51) can be obtained.

3. New identitiesfor S (n)
The main objective of this section is to introduesv identities involving the power sum,

Sc(n).
By noticing that the coefficientst,,; ;1,C.1 5, Crarysn IN (39) satisfy the
Vandermonde linear system:

1 12 i 1t Crot 1 11 S(1) ]
2 2° 2° .. 2k Cis1,2 S(2)

3 % P 3| G S.(3)

, (56)

(k+1) (k+1)* (k+1)* ... (k+1)"| Coypa| |Si(k+1)

then following [17], together with (37) we obtatre coefficientsC,,; ;,Cyuy 51e+-1Ciap 1

as follows:

k+1 i+]
—_ (_1) k+1 (k+1) : <i<
Cearj = o (k_+1)! J 0’k+2—i,jsk(l), 1<i<k+1. (57)

We are now ready to formulate the following result.

Theorem 3.1. The power sumS, (n) enjoys the following identities:
k+1

(K
(i) Z(—l)”{ ;rljSK(j):(—l)"k!, k=0. (58)
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(ii) ki( -1)’ [k( J (J]SK(J) (-1)K!, k=1, (59)
0
(i f( i s ()= (1B, k20 (60)
(iv) Z( 1)”1'( Js (n)=n'-3,, i=0. (61)
(v) Z(_Jsj(n—l):s(n)—n, i >0. (62)
(vi) Zn”( js (n)=S(2n)-2S(n), i=0. (63)
(vii) Z( 1) [ ]s (M =3,+S(n-1), i20. (64)
2S(n-1) if iisodd,
(viii) Z( 1) 'J( jS(n 1)= i>1, (65)
J 0 if iiseven
(ix) Z( )" ( js (M) =(-1)'S(n-1)+3,, i20. (66)
Proof: (i) Putting i =k +1 in (57) together with (40) gives:
(k+1j (k+1j
o1 =20 et s = (kﬂ),sK(J) (67)

having used (29). Therefore
k+1

Z( 1)”1( j&(i)=(—1)kk!, k=0,

on simplification.
(ii) Setting i =k in (57) together with (41) yields:
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) o
1 k+1 k+J ™ k+1 K+ )
2 Z;, (K+1) o578 () = Z( 1) [( j J](k+1),SK(J), (68)

having used (31). Then

k+1 k
oy 2 =3 1)[[ j ]( .”jsK(J)
—f( w[ ]( ]skwf( 1)“1(k+1)( ]sK(J) o1

k+1 k+1k
j+1) " j+al)

(-1 (‘”2)21( 1)( j&wf( 1)“1[ jsK(J), K21

having used the identity:
Therefore

Hence

(DK =23 1)( JSK(J)+2_Z+1( 1)“1( JSK(J)
k+1 k+1 k
—kZ( 1)[ jSK(J)+2_Z( 1) [( J (j—J]S“(D (69)
k+1 1
—Z( 1)’ [k( j+ (J]SK(J), k=1,
having used the |dent|ty
(TG
i) -y )
Consequently, we obtain:
k+1 1 k
Z( 1)’ [k( j+2(jj]3‘(j):(_1)kk!’ k=>1.

(iii) Putting i =1 in (57) together with (45) gives:

e k+1( 1)1+1 D +1 . - i K
(-1)" B, Z(k+1)| k+11[ J J%(J) zgk];)l)l(k‘;‘l)'( +1JS<(J) k>0

having used (30). Therefore
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[k+1j
i(‘l)jﬂ;.%(]) =(-1)*B,, k=0.

(iv) From (3), we have(l e )G(n X) = e”x—l then

[Z(do—( 1))—_][23( )—_]‘Z( -5.0) (70)
By using (2), we get:
Z(JJO (-1)’ )[ J i(n) _ Z( 1)1+1( ]s (n). (71)
Replacing j by i~ j in (71), we obtain:
Z( 1)'*1‘( js (n)=n'"-4,, i=0. (72)
In partlcular we have:
Zi:(—l)“l(_i_ Jsj_l(n) =n', ix1. (73)
(v) Using (3), we have:  G(n,X) =€"(1+G(n=1,X), then
ZS( )—_—[Z—_][Z(5.0+S(n 1))—] (74)

Comparing the coefficients of',i =0 on both sides in (74) and using (2), we get:

S (n) —Z( j(5 (n=1)= Z( J(5jo+3(n 1)

j=0

_1+z( js (n-1) 7
Equation (75) can be written in the form:
E(J]S (n-1)=S(n)-n, i=20. (76)
(vi) Using (3), we have: (" +1)G(n, ) = G(2n,), then
OYGREN _1[23( ) i1= 35 en’ a7
By using (2), we get:
Zm(n +8,)S., (M) =S (2n). 79

Equation (78) can be written in the form:
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Zn' '( jS (n)=S@2n)-2S(n), i=0.
(vii) Using (3), we havee'xG(n X) =1+G(n-1,x), then

[Z( 1) —_][ZS(”)—_]—Z(5.O+51(n 1))— (79)

Using (2) gives:

Z( j( 1)'S_,(n) =, +S(n-1). (80)

j=0
Equation (80) can be wrltten in the form:

Z( 1)'1( jS(n) J,+S(n-1), i=0.

j=0

(viii) Using (3), we have: €™(1+G(n-1,-x)) =G(n,X), then

(S 53 o+ (1 S (-1) 51 = T8 (- )
Using (23, yields: _ _
zmn (010 +(-)7'S,(n-1) = S (0 )

Equation (82) can be written in the form:

Z( 1) "( jS(n 1)=S(n-1), i=0,

from which the required result follows.

(ix) Using (3), we have: e "G(n,Xx) = (1+G(n—1,-x)), then

3 2ES (0211 = 30+ (-1 S (-1 3
By using_ (2), we havé: _
'Z<—n)i('.js_-(n) = 3, +(-1)'S (n-1). 84

Equation (84) can be written in the form:

Z( n)"- '( js (n) = (-1)' S (n-1)+3,, i=0.

More identities can be obtamed We list sometamithl identities whose proofs are left to
the reader as exercises.

Z( 1)" '2'( JS (n) =§(@2n)-2"§(n)i 20. (85)
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* izj(ijJSi (n)= S (2n+1)_2i+13 (n)-1,=0. (86)
) Zlms, (n-1)=n'-1j=0. 87)
¢ 2(_1)i_j(ijJ[(4n +1)j —1]Ei_j - 2i+1[2i+13(n) _S(@2n)iz0. (88)

) ZJZ; ZJ-iJrljSzJ'ﬂ(n)=(n+1)i +n' -1-9,, iiseven (89)

) 222: Zijj%i(n) =(n+1) +n'-1-4,, iisodd (90)

’ 2.22_: ZIJSZJ(n) =(n+1) -n' -1+9,, iiseven (91)

i-1

2

) 22(2;+1J521+1(n)=(n+1)i‘”i -1+25(n)+J,, iisodd. (92)

i=0
For integersk =0 and n> k, we have:

S(n)=S(k) +2(;jk‘—isj (n—Kk),i 20.(93)

<3S =na - ismizo o
<3| s o=n-se-n-izo 5

All the above identities are tested using the Caempéilgebra System (CAS), MAPLE.
We finish this section by giving the following réisu

Theorem 3.2. For k=0, define the matricesA, B, S and N as follows:

)
A=) 2B T, B:[(—l)"i(j '_J]r;il, S=IS,(M).S(M).... S (M

and N =[nn?,....n"".

Then we have B= A™,
Proof. In matrix form the formula (46) can be written as:
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AN =S, (96)
Also, the matrix form of (73) gives:
BS=N. (97)

From (96) and (97), we get: B= A™.

4. Computing S, (n) by Solving a Special Linear System
Our main goal in this section is to obtain the posten S (n) by solving a special linear
system of equations fo€, ., ;,C,,1 51--1Car sy (SEE (39)):

To do this consider the identity:
k+1

=0 1) =Sl o]

i [
K+ i k+1 i-1

:Z,Ck+1,i n' _z j|(-1)7n] :ZCKHJZ i |(-1)7nl.

j=0 i=0
Reordering the order of summation, we get

[
k+1

D Cen 2| 0 |CDT ! =0t (98)
j=0 i=j+
Comparing the coefficients afi’, for 1< j <k +1, we obtain
i
k+1 o
D (DT ey, =0y, 1 jsk+L (99)
i=j+l
The system in (99) can also be written as:
k+1 o :
DD -1y =0, 1 j<k+1 (100)

i=]j

Using Theorem 3.2, we get the solution of theesysf100) in the form:

(k +1]
— J k+1-j H
s, —W(—l) "By, 1sjsk+l (101)
These values are in complete agreement with (47).

Corallary 4.1. For any integerk = 0, we have:

T(M = Y (2r -1 = §,(2n) - 25, (0.
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Proof. We have

T (n) = i(Zr -1)¢ = i[(Zr -1 +@2r)F - (2r)¥]
[(2r =1)* +(2r)"] —i(Zr)k = irk —Zkirk.

M-

!
iy

r

Thus T.(n) =) (2r -1)* =5 (2n) - 2“S, ().
r=1
For example, by applying Corollary 4.1 ofi (n) = Z(Zr -1)°, we get:

Ty(n) =S;(2n)-2°S;(n)
= % n*(2n+1)*(8n° +4n-1)- 32[1—12 n*(n+1)*(2n* +2n-1)]

= %n2(16n4 -20n% +7).
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