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1. Introduction and basic definitions  
One of the oldest topics in mathematics is the summation of powers  

,...21==)(
1=

kkkk
n

r
k nrnS +++∑                                             (1) 

for integers 0,≥k  and 1.≥n  The interested reader may refer to [1, 2, 4, 5, 7, 8, 12, 13, 
14, 15, 16, 19, 22, 23, 24, 29, 31, 32, 33, 35, 38, 40, 42, 43, 44] for the history of this 
problem. Even nowadays there is a continual stream of publications on the topic. See for 
instance, [6, 10, 11, 20, 21, 26, 27, 28, 34, 36, 39, 41] and the references therein. 
Throughout this paper, ijδ  is the kronecker delta which is equal to 1 or 0 according as 

ji =  or not. Also ),(][ xPxr  denotes the coefficients of rx  in the polynomial ),(xP  
and empty summation is assumed equal to zero. 

 
Definition 1.1. [34] The exponential generating function (EGF) of a sequence 

>,...,,< 210 aaa  is defined by:  
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 The EGF satisfies:  
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The EGF, ),( xnG  of )(nSk  is given by:  
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 Definition 1.2. [37] For integer numbers n  and k  with 0,≥≥ kn  the Stirling 

numbers of the first kind, ),( kns  and of the second kind, ),( knS  are defined 
respectively by:  

,),(=1][=)(
0=

k
n

k
nn xknsnxx ∑+−                                            (4) 

and  

,)(),(=
0=

k

n

k

n xknSx ∑                                                          (5) 

 where the falling factorial of x , nx)(  and the rising factorial of x , nx][  are given 

respectively by:  





≥+−−− ,11)2)...(1)((

,0=1
=)(

nifnxxxx

nif
x n
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 and  





≥−+++ 1.1)2)...(1)((

,0=1
=][

nifnxxxx

nif
x n

                      
(7) 

 It is well known that for integers 0,, ≥kn  ),( kns  and ),( knS  satisfy the following 
Pascal-type recurrence relations:  

 ),1,(1)(1)1,(=),( knsnknskns −−−−−                          (8) 
 and  

 ),1,(1)1,(=),( knkSknSknS −+−−                              (9) 
 subject to:  

 nkkkSkks ≤≤11,=),(=),(                                    (10) 
and 

 0.=0=,=),(=),( norkifknSkns nkδ                        (11) 

 The values of the Stirling numbers of the first kind ),( kns  and of the second kind 

),( knS  for 10,0 ≤≤ kn  are the entries in the following tables:  
  

 n/k  0  1 2 3 4 5 6 7 8 9 10 

0  1               
1  0   1             
2  0   -1 1            
3  0   2 -3 1           
4  0   -6 11  -6 1        
5  0   24 -50  35 -10 1        
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6  0   -120 274  -225 85 -15  1      
7  0   720 - 1764  1624 - 735 175 -21  1     
8 0   - 5040  13068  - 13132  6769 - 1960 322  -28 1    
9 0   40320 - 109584  118124 - 67284  22449 - 4536  546  -36 1  
10 0   - 362880  1026576  - 1172700  723680 - 269325 63273  - 9450  870 -45 1 

  
Table 1: The Stirling numbers of the first kind ),( kns  for 10.,0 ≤≤ kn  

  
n/k 0  1 2 3 4 5 6 7 8 9 10 

 0   1               
1   0   1             
2   0   1 1            
3  0   1 3 1           
4   0   1 7  6 1        
5  0   1 15  25 10 1        
6   0   1 31  90 65 15  1      
7   0   1 63  301 350 140 21  1     
8  0   1 127  966 1701 1050 266  28 1    
9  0   1 255  3035 7770 6951 2646  462  36 1  
10  0   1 511  9330 34501 42525 22827  5880  750 45 1 

  
Table 2: The Stirling numbers of the second kind ),( knS  for 10.,0 ≤≤ kn  

Definition 1.3. [20] The Bernoulli numbers, 0, ≥iBi  and polynomials, 0),( ≥ixBi  are 

defined by:  
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 respectively. 
The exponential generating functions of the Bernoulli numbers, 0, ≥iBi  and 

polynomials, 0),( ≥ixBi  are given by:  
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 respectively. 
Properties of the Bernoulli numbers 0, ≥nBn  and polynomials 0),( ≥nxBn  
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include [18, 37]: 
 

1.0,>1)( 2
1 ≥−• + kB k

k                                              (16) 

        1.0,=12 ≥• + kB k                                                    (17) 

0.,= 1
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        1.,=)(1)( 1 ≥−+• − ixixBxB i
ii                                      (19) 

 The first few Bernoulli numbers ,nB  and Bernoulli polynomials )(xBn  are given, 

respectively, in the following tables:  
  

 n   0 1  2 3   4 5 6 7 8 9 10 11 12 13 14  
 

nB   

1 
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 Table 3: The Bernoulli numbers nB  for 14.0 ≤≤ n  

  
 n    

0 
1  2  3   4 5  
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Table 4: The Bernoulli polynomials )(xBn  for 5.0 ≤≤ n  

 
Definition 1.4. [37] For each 1,≥n  the Eulerian numbers ),( knE  are defined by:  
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 The values of the Eulerian numbers ),( knE  for 101 ≤≤ n  and 9,0 ≤≤ k  are the 
entries in the following table  

  
n/k 0  1 2 3 4 5 6 7 8 9 
 1  1              
2  1   1            
3  1   4 1           
4  1   11 11 1          
5  1   26 66  26 1       
6  1   57 302  302 57 1       
7  1   120 1191  2416 1191 120  1     
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8  1   247  4293  15619 15619 4293 247  1    
9 1   502 14608  88234 156190  88234  14608  502 1   
10 1 1013 47840 455192  1310354  1310354  455192  47840  1013 1 

 Table 5: The Eulerian numbers ),( knE  for 101 ≤≤ n  and 9.0 ≤≤ k  
 

The Eulerian numbers ),( knE  satisfy:  

1.1,=1),(=,0)( ≥−• nnnEnE                                       (21) 

1.),1,(=),( ≥−−• nknnEknE                                       (22) 

2.1),1,()()1,(1)(=),( ≥−−−+−+• nknEknknEkknE           (23) 
  

Definition 1.5. [26] The elementary symmetric polynomial )(n
rσ  in nxxx ,,, 21 …  is 

defined by:  
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 It should be noted that )(n
rσ  is a homogenous function and can be written as:  
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 The symmetric polynomials )(n
rσ  satisfies the recurrence relation:  
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A more general form of (26) is given by:  
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 where .,1 nji ≤≤  

Partial differentiation for both sides of (27) with respect to jx  gives:  
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 Therefore by using (24), we get:  
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 In particular, we have:  
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 Definition 1.6. [17] For the 1+n  real values nxxxm ,...,,, 21  we define a generalized 

Vandermonde matrix ),...,,( 21
)(

n
m

n xxxV  or simply )(m
nV  by:  

( ) .=
1=,

1)( n

ji

im
j

m
n xV −+                                                          (32) 

 The values nxxx ,...,, 21  are called the nodes of the matrix .)(m
nV  The determinant of 

)(m
nV  is given by:  

).()(=)(det
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m
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m
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                                        (33) 

 Thus )(m
nV  is invertible if and only if the n parameters nxxx ,...,, 21  are distinct. Note 

that for any m, the two matrices )(m
nV  and nn VV =(0)  are related by:  

                 n
m

n VDV =)(                                                        (34) 

 where ).,...,,(= 21
m
n

mm xxxdiagD  

The explicit form of the inverse matrix, n
jiij

m
nV 1=,

1)( )(=)( α−  of the Vandermonde 

matrix )(m
nV  is given by [17]:  
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 Let ,)(=))(( 1=,
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 since the inverse of transpose is the transpose of the inverse. 
If ixi =  for 1,1,2,...,= +ki  then (36) takes the form: 
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Definition 1.7. [20] The sequences >,...,,< 210 EEE  of the Euler numbers, 0, ≥nEn  is 

defined by the exponential generating function  
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 In this paper, we are mainly interested in the power sum kkk
k nnS +++ ...21=)(  for 

integers 0,≥k  and 1.≥n  We are also interested in the use of the generating function of 

)(nSk  to obtain new identities. In this framework, some computational methods for 

computing )(nSk  are given in Section 2. In Section 3, we investigate some new identities 

for ).(nSk  In Section 4, we deal with a method for computing )(nSk  by solving a 

special linear system of equations. 
For the convenience of the reader we are going to list the following facts about 

)(nSk  [9, 26, 30, 40]:   

)(nSk  is a polynomial of degree 1+k  in n  without constant term. Hence 

)(nSk  takes the form:  

      0,,=)( 1,

1

1=

≥+

+

∑ kncnS i
ik

k

i
k                                           (39) 

 where the coefficients 11,2,...,=,1, ++ kic ik  are to be determined.  

The sum of the coefficients of any polynomial 0),( ≥knSk  is always equals 1.  

n  is a factor of 0.),( ≥knSk   

n  and 1+n  are factors of 1.),( ≥knSk   

,n  1+n  and 12 +n  are factors of ),(nSk  for even 2.≥k   
2n 21)( +n  are factors of ),(nSk  for odd 3.≥k    
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(43) 
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2. Some computational methods for computing )(nSk  

Perhaps, the most famous formula for computing )(nSk  is the one involving the binomial 
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 and the Bernoulli numbers, kB  which is given by:  
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 From (39) and (46), we see that the coefficients jkc 1,+  are given by:  
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 Formula (46) can also be written in the form:  
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 From (46)-(48), we see that:  
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 The formula (49) reveals that we can obtain )(nSk  from )(1 nSk−  recursively for 1≥k  

with the initial condition .=)(0 nnS  For example, we have:  
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 having used Table 3 and (49). 
There are many other ways to express the power sum ).(nSk  See for instance [3, 

25, 34]  
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An easy proof for (47) can be found in [30]. Also a very easy proof for the formula 

(51) can be obtained by using the property:  
).(1,)1,(=),( xFxnFxnGx −+                                           (55) 

 By using the property (19) together with the telescoping sum, an additional proof for the 
formula (51) can be obtained. 
 
3. New identities for )(nSk   

The main objective of this section is to introduce new identities involving the power sum, 
).(nSk  

By noticing that the coefficients 11,1,21,1 ,...,, ++++ kkkk ccc  in (39) satisfy the 

Vandermonde linear system:  
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 then following [17], together with (37) we obtain the coefficients 11,1,21,1 ,...,, ++++ kkkk ccc  

as follows:  
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We are now ready to formulate the following result. 
 

Theorem 3.1. The power sum )(nSk  enjoys the following identities:  
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Proof: (i) Putting 1= +ki  in (57) together with (40) gives:  
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 on simplification.  
(ii) Setting ki =  in (57) together with (41) yields:  
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 having used the identity:  
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Consequently, we obtain:  
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(iii) Putting 1=i  in (57) together with (45) gives:  
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having used (30). Therefore  
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By using (2), we get:  
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 Replacing j  by ji −  in (71), we obtain:  
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 In particular, we have:  
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 Comparing the coefficients of 0, ≥ixi  on both sides in (74) and using (2), we get:  
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 Equation (75) can be written in the form:  
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 By using (2), we get:  
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 Equation (78) can be written in the form:  
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 Using (2), gives:  
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 Equation (80) can be written in the form:  
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 Using (2), yields:  
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 Equation (82) can be written in the form:  
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 from which the required result follows.  
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 By using (2), we have:  
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 Equation (84) can be written in the form:  
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 More identities can be obtained. We list some additional identities whose proofs are left to 
the reader as exercises. 
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 For integers 0≥k  and ,> kn  we have: 
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All the above identities are tested using the Computer Algebra System (CAS), MAPLE. 
We finish this section by giving the following result. 

 
Theorem 3.2. For 0,≥k  define the matrices A , B , S  and N  as follows:  

,]1)[(= 1
1=,

+
−

−









− k
jiji

ji B
i

j

i

A     ,]
1

1)[(= 1
1=,

+−









−
− k

ji
ji

j

i
B

 

T
k nSnSnSS )](),...,(),([= 10  

 and    .],...,,[= 12 TknnnN +  

 Then we have  .= 1−AB  
 Proof. In matrix form the formula (46) can be written as:  



Notes on the Power Sum 1k+2k+...+nk  

229 
 

        .= SNA                                                                     (96) 
 Also, the matrix form of (73) gives:  

 .= NSB                                                           (97) 

 From (96) and (97), we get:   .= 1−AB  
 
4. Computing )(nSk  by Solving a Special Linear System  

Our main goal in this section is to obtain the power sum )(nSk  by solving a special linear 

system of equations for 11,1,21,1 ,...,, ++++ kkkk ccc  (see (39)):  
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 Reordering the order of summation, we get  
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 Comparing the coefficients of ,jn  for 1,1 +≤≤ kj  we obtain  
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 The system in (99) can also be written as:  
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 Using Theorem 3.2, we get the solution of the system (100) in the form:  
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 These values are in complete agreement with (47). 
 

Corollary 4.1. For any integer 0,≥k  we have:  
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 Proof. We have  
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