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Abstract.In this paper we define detour eccentric connedgtiihdex and detour

connective eccentric index of graphs. We compageptioperties of both these indices.
The values of these indices for some common gragks calculated. A relation

connecting average eccentricity and these indgatso derived.
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1.Introduction

In theoretical chemistry molecular structure dezorior topological indices, are used to
compute properties of chemical compounds. In tlaigep, we discuss two topological
indices namely, eccentric connectivity index andreztive eccentric index [4,5,8]. We
define these concepts analogously using the detistiance in graphs. We study the
differences between bothithese indices using some examples. We also dehige t
relation between these indices and the averageeioity. Throughout this paper, graph
means simple connected graph. A graph is a paV,E}(whereV is a finite non-empty
set ancE isa symmetric binary relation ovi. The following definitions are taken from
the book by Harary [6]. In a grap&, = (V, E), V (or V (G)) andE(or E(G)) denote the
vertex set and the edge se@frespectively. A graps = (V, E) is trivial, if it has only
one vertex, i.elV (G)| = 1; otherwiseG is nontrivial. The number of edges incident with
a vertex u is called degree of a vertex and is ehoydeg _(u). The complete graph am
vertices is denoted by, and it is that graph in which there exist an edgevben each
pair of verticesu, v in G. For a setSc V (G), G[Y is the subgraph induced I8 A
connected acyclic graph is called a tree. A graps $aid to be regular, if every vertex of
G has the same degree. If this degree is equaltteenG is r — regular or regular of
degree r. If G is a graph and u, v are two vertafeS, length of shortest path between u
and v in G is called the geodesic distance betweand v and is denoted biyu, v). The
eccentricity of the vertex is denoted by(v) and is defined as(v) = Max[d(u,v)/u/
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G].If a graph G is disconnected, thefv) = o for all vertices vi1 G. Radius of G is
defined as r(G) = E(v)/ve G] Diameter of G is defined aG) = Max[e(V)/v 7 G] If

e(v) = r(G) then v is called a central vertex of G and theplgrinduced by all central
vertices ofG is called Centre o6 and is denoted b@(G). A vertexv of G is called an
eccentric vertex o, if there exists a vertex u in G such td@t, v) = e(u). This means
that if the vertex v is farthest from another ventethen v is an eccentric vertex of u (as
well as G) and is denoted by= v. If G= C(G) then it is called self centered graph.

2. Detour distance, eccentric connectivity index,annective eccentric index

The concept of Detour distance and related pragsedie discussed in [2].Ufv are two
vertices in the grapls the detour distance between these vertices dehgtedu, v) is
the length of a longestv path inG [2]. Note that there exist graphs in whibku, v) =

d(u, v) [, v JV . The detour eccentricity of the vertex v is dedoly ep(v) and is

defined a®, (v) = Max [D(u,v)/ u € G]. If a graph G is disconnected, that (v) = o

for all verticesv /7G. Detour radius of G is defined gs = Min [ep (v)/ v € G. Detour
diameter ofG is defined ag,(G) = Max [ep(v)/ v € G.If ep(v) = rp(G) thenv is

called a Detour central vertex & and the sub graph induced by all Detour central
vertices of G is called Detour centre of G andésated byCp(G). A vertex v ofG is

called a Detour eccentric vertex wfand that of G) if there exists a vertexn G such
thatD(u,v) = e (u) and is denoted by=uv. If G = Cp(G) then it is called a detour self -

centered graph. The eccentric connectivity indexthef molecular graph GF,C(G),
was proposed by Sharma, Goswami and Madan [8].sltdéfined aséc(G) =
Yvev deg(v) e(v), wheredeg(v) denotes the degree of the vertei G ande(V) is the
geodesic eccentricity of v. A broom graBR ¢ is a specific kind of graph on n vertices,

having a path P with d vertices and n—d pendantcesy, all of these being adjacent to
either the origin u or the terminus v of the pathie® and Ranganayakulu [1] derived the
eccentric connectivity index and domination numtfeBroom graptBp, g.

The connective eccentric index of a graph was ddfiby Gupta, Singh and
Madan [4,5] a€¢ (6) = X,ey 22X The average eccentricity [3] of a graph is define

e()
asavec(G) = % [e(v)) +e(wy) + -+ e(vn)]where\{, Voo vnareverticesdﬁ. The thorny
graphs of G are obtained by attaching a numbenahs i.e., degree one vertices to each
vertex of G. De and Pal [7] have derived explicipressions for the connective

eccentricity index of some classes of thorny grefinslarly we have the average detour
eccentricity of a graph a®avec(G) = %[eD(vl) +ep(vy) + - ep(v,)].We discuss

some results concerned with the eccentric conrciivdex, average eccentricity and
connective eccentric index of graphs. In Sectiowe3 define the concepts of detour
eccentric connectivity index and detour connectiveentric index of graphs.

Proposition 1.Let G be a connected graph on n vertices2nThenavec(G) < £°(G).
Proof:
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n n

avec(G) = Z e(v;) < Z e(v)) < Z deg(v;) e(v;) = &€°(G)
Thereforeavec(G) < &€ (G_)1

Corollary 1. If Gis self-centered ther(G) < £°(G).
Proof: If G is self-centered, themvec(G) = r(G). So by Proposition 1 we gefG) <

§°(6).
Proposition 2. Let G be a connected graph witlf| =n and G isk- regular, then

£6(G) = nk avec(G).
Proof:

n n
£°(6) = ) deg(we(v) = ) ke(v)
i=1 i=
=kXize(v) = % v, e(;) = nk avec(G).
Proposition 3.Let G: (V,E) be a self- centered graph with| = n with e(v;) = m Vi,

thenéc(G) = 2m|E]|.
Proof:

£(6) = Z deg(v)) e(v;) = Z m. deg(v;) = mz deg(v;) = m.2|E|
Thereforef (6) =2m|E].

Proposition 4. Let G: (V,E)be a self- centered graph willi| = n ande(v;) = m Vi,

thencé(G) = 2&
Proof:

deg(v;) deg(vy) _ 1 2|E|
CE(G): ?:1%: ?:1% 1deg(vl)_ -—

Remark 1. From Proposition 3, i6 is self — centered witl/| = n, we haveé®(G) =
2m|E| wherem = e(v;)Vi.
S0 £6(6) = 2m|E| = m.m.C5(G) = m2C5(G).

Proposition 5.
1
CE(Ky) = n(n—1), €5 (Czn) = 4,C5(Con—) = 2(2+3),C¥ (Kpnn) =

mn and C%(S,) = E
Proof:
. deg(v;) -1
E = Z d = = —_
i= i=
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2n 2n
deg(v; 2 22
ci-F §2_ 2

l=12n+1 deg( )lzl 2n+1 2 2.(2n+1) 1
eg(v; .(2n ( )
f = = _—_——e—_— - = —_
C (C2n+1) é_ e(vi) _E n n 2(2+ "
Now K, , is self- centered and (v 2[Ji. Using proposition 4 we get,

2|E| 2mn
CE(Km’n) = ew) = - =mn.

The central vertex of $has eccentricity 1 and all the remaining verti@meshaving
eccentricity 2. Thus

n _
deg(v;) n 1 n -1 3n-1
S5y = ) B _ T Z_= -
C*(Sn) Z e(v;) 1 _12 2

=1

3. Detour eccentric connectivity index and detour@nnective eccentric index

The concept of detour distance and related pregseaie discussed in [8]. If u,v are two
vertices in the graph G, the detour distance batwikese vertices denoted by D(u,v) is
the length of a longest u-v path in G [8]. We hdeéined the average detour eccentricity
of a graph asDavec(G) = [eD(vl) +ep(vy) + - ep(v,)]. We now extend the

definition of eccentric connect|V|ty index and cestive eccentric index using detour
distance. The relations between average detoumety and these indices are also
studied.

Definition 1. The detour eccentric connectivity index of a gr&piD &€ (G) is defined as
DE(G) = Xyey deg(v) ep (v).

Definition 2. The detour connective eccentric index of a graptiefined asD¢?¢(G) =

deg (v)
ZVEV e (17)

In the below results we discuss some properti¢sase indices.

Proposition 6. If G is a connected graph on n vertices thervec(G) < DEC(G). Also
£°(G) < DEC(G), C5(G) =DC(6).

Proof:
For a connected graph @Qv) < ep(V)Vv e V. Hence

Davec(G) = izen(vl) < Zen(vl) Zdeg(v)epofl) = DEG)
ThereforeDavec(G) < DEC(G)

£(6) = Z deg(v) e(v)) < Z deg(v) ep(v:)

Thereforeg (G) < D&(G). B
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_ yn deg(w) n deg®y)
Now C5(6) = Xt~ 2 Tl
Therefore,C%(G) = DC4(G).
Next we investigate the values of detour eccentdnnectivity index and detour
connective eccentric index of some common graphs.fdllowing propositions give the
values of these indices for some common graphs.

Proposition 7.
1. D&éC(K,) = n(n— 1)%andCé(K,) =n

2. DE(C,) = 2n(n— 1andCi(C,) = 2=

n-1

3. DES(S,) = £°(Sy) = 3(n— DandCi(S,) = C4(S,) = 2

1. DE(Ky) = Yizdeg(v) ep(v) = XiL(n—D(n—1) = n(n—1)°

n

deg(v;)) ~on-1
DCE (Kn) = Z eig(gj-)): 22—1:”

i=1 i=1

2. DE°(Cp) = Kizgdeg(v)ep(v) = iz 2(n—1) =2n(n—1)

n

DCé(C,) = Z deg(v;)  2n

ep(vy) T n—-1

3. The star gragh is tree. Both geodesic and detastardie are same in trees. Hence
from proposition 5 we ge?¢¢(S,) = £¢(S,) = 3(n—1)and DC4(S,) =

3n-1
CE(sn) = =~

Remark 2. Proposition 3 and Proposition 4 also hold good wikpect to detour
distance. Hence these results will be true for utetmonnectivity index and detour
connective eccentric index. Hence if G is self egzd then

DEC(G) = 2m|E|andDCE(G) = 2Z!

g wheree(v;) =mVv; €G.

Proposition 8. The detour eccentric connectivity index and detmmnective eccentric
index of a wheel graph on n vertiddsare2(n — 1)(2n — 1) and% respectively.
Proof: The wheel graphV, is detour self centered and has detour radiusTind number
of edges inV, is 2n-1. Using remark 2 we get

DEEW,) = 2m|E|=(n—1).2.2n—1) = 2(n—1)(2n—1)

_20E]  2(2n-1)

n—1

Proposition 9. The detour eccentric connectivity index of a corteola partite graph
Kmn iISDEC(Kpmpn) = 2n2(2n—1),if m=n =mn[2(m+n) —3],if m # n.

Proof: Consider the complete bi partite grafh, . Let the bipartition b§ =
{ug, uy, .., uy} and T = {v,v,, ..., 0.}
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Casel:m=n

DEC(Km_n) = Z deg(u;) ep(u;) + Z deg(vj) ep (vj)
i=1 =

= nn+n—1) + nn+n—-1)= n(2n—-1) + n(2n—1)
=2n’2n-1)

Case2:m +n(saym<n)

Asm<n,ep(u;)) =m+n—2 andep(v;)) =m+n—-1
m n

DEC(Km_n) = Z deg(u;) ep(u;) + Z deg(vj) ep (vj)
i=1 j=1

= nm+n—2) + mn+n—1)

=mn(m+n—-2)+ mn(m+n—1) =mn[2(m + n) — 3]

Proposition 10.
The detour connective eccentric index of a compegartite graphp, is
DC4(Kmn) = 2n” if m=n
mry -1 B
2(m+n) -3
i m+n-2)(m+n-1)

,Jifm#n

Proof:
Consider the complete bi partite gr&ph. Let the bipartition
S = {upuy, ..., upt and T = {vy, vy, ..., U0} .

Casel:m=n

Cdeg(u) | xodeg(v) | N N
eg(u; eg(v;
DC¢ (Kpmy) = E + E E + E—
( m'n) = ep(u;) = eD(vl-) n+n—1 n+n—-1
1= j=
n n

j=1

n
B 2n—1+22n—1_2n—1
=1 Jj=1

Case2:m # n (saym < n)

Asm<n, ep(u;)) =m+n—-2and ep(v;)) =m+n-1

c _ edeg(u) | X deg(v)
Dg (Km'n) B Z ep(u;) * ; ep(vj)
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m n
Sy y_m
 Li(m+n-2) a(m+n—1)

i=1 j=1

B mn mn

= +
m+n-—2 m+n-—1
2(m+n)—3

mn m+n—-2)(m+n-1)

4. Conclusion

This chapter has introduced new concepts like detguentric connectivity index and
detour connective eccentric index of a graph. Tédaes of these indices are obtained for
some class of graphs. We hope that the new cong#ptsluced in this chapter will be
useful in further classification of chemical compds according to their molecular
structure.
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