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1. Introduction

Fuzzy closure spaces were first studied by Mashhour and Ghanim [2]. Recently, Chawalit
Boonpok [1] introduced the notion of biclosure spaces. Such spaces are equipped with
two arbitrary closure operators. He extended some of the standard results of separation
axioms in closure space to a biclosure space. Thereafter a large number of papers have
been written to generdize the concept of closure space to a biclosure space. Now Tapi
and Navalakhe [3] has introduced the nation of fuzzy biclosure spaces and generalized
the concept of fuzzy closure space to fuzzy biclosure space.

2. Preliminaries
Definition 2.1. A fuzzy biclosure space is atriple (X,ul,uz) where X is a non empty

set and u,u, are two fuzzy closure operators on X which satisfy the following
properties:

() w(0,)=0, andu,(0,)=0,

(i) u< up and p<u,u for al u<1”

(i) u (#00)=uwuOuw and u,(x00)=u,uOuw for dl pus<i*.

Definition 2.2. [3] A subset y of afuzzy biclosure space (X,u,,u,) is caled fuzzy
closed if uu,u = . The complement of fuzzy closed set is called fuzzy open.
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Definition 2.3, [3] A fuzzy closure space (Y,V;,V,) is said to be a subspace of
(X,ul,uz) if Y<X and vu=uull, or v,u=u,ull for each fuzzy subset
H<1Y.1f 1, is fuzzy closed in (X,u,u,), then the subspace (VY,v,,V,) of
(X,ul,uz) is also fuzzy closed.
Definition 2.4. [3] Let (X,u,,u,) and (Y,V,V,) be fuzzy biclosure spaces. A map
f:(X,u,u,) - (Y,v,V,) is caled fuzzy continuousif f~*(u) isa fuzzy closed
subset of (X, u,,u,) for every fuzzy closed subset 1z of (Y,V;,V,).

Clearly, it is easy to prove that a map f :(X,ul,uz) - (Y,vl,vz) is fuzzy
continuousif and only if f (v) isa fuzzy open subset of (X,u,,u,) for every fuzzy

open subset U of (Y,vl,vz).

Definition 2.5. The product of a family {(Xa,u},,ui):aDJ} of fuzzy biclosure
spaces denoted

by rl(xa,ucl,,uf,) is the fuzzy biclosure space (l_l Xa,ul,uzj where
all all

(rl Xﬂ,ui] for 10{1,2} is the product of the family of fuzzy closure spaces
all
{Xa,ui :aDJ} :

Remark 2.6. Let ﬂ(xa,uf,,u;):(” Xa,ul,UZ].Thmforeach U< I_l X,,
0 all ad

a
u'uly = |_l uuzi, (u).
all
Proposition 2.7. [3] Let {(Xa,u},,ui):aDJ} be a family of fuzzy biclosure spaces.
a' Ya'"a

Then for each F0J, the projection map ﬂﬁ:rl(X ut u2) - (Xﬁ,ullg,uz) is
all

fuzzy continuous.

Proposition 2.8.[3] Let {(Xa,uf,,u;) : a'DJ} be a family of fuzzy biclosure spaces and

letF0J. Then <X, is a fuzzy closed subset of (X,,uj,u3) if and only if
qxl‘!yxaisafuzzyclosedsubsetof ﬂ(xa,u;,uf,).
a# adl

alld
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Proposition 2.9. [3] Let {(Xa,ull,,ui) , aDJ} be a family of fuzzy biclosure spaces and
let fOJ. Then y<X, is a fuzzy open subset of (X ,,u},uz) if and only if
yxlD?XHisafuzzyopensubsetof !’:l(xa,u;,u;).
alls

3. Pairwise fuzzy bicontinuous maps
Definition 3.1. Let (X,u,u,) and (Y,v,V,) be fuzzy biclosure spaces. A map

f:(X,u,u,) - (Y,\,Vv,) is caled parwise fuzzy bicontinuous if maps
f :(X,ul) N (Y,Vz) and f :(X,uz) N (Y,Vl) are fuzzy continuous.
Remark 3.2. Every pairwise fuzzy bicontinuous map is fuzzy bicontinuous map.
Proposition 3.3. Let (X,u,u,) and (Y,v,V,) be fuzzy biclosure spaces. Then
f:(X,u,u,) - (Y,v,Vv,) is pairwise fuzzy bicontinuous if and only if
uf*w) £ fH(vw) and u,f () < fH(vw) for every <Y .
Proof: Let U<Y.Then f*(v)<X.Sincethemap f ispairwise fuzzy bicontinuous,

f (ulf‘l(u))svzf (f'l(u))svzu and f (uzf‘l(u))svlf (f'l(u))svlu

Therefore, u, f *(v) < f*(v,0) and f (uzf‘l(u))svlf (f'l(u))svlu.
Therefore, u, f *(v) < f *(v,0) and u,f *(v) < £ (w).

Conversely, let < X . Then f ()<Y .Thus ulf'l(f (,u))s f'l(vzf (,u))
and u, f ™ (f (1)< f™(wf (4)). Consequently
fup)< f(uf(F ()< (7 (vf())<v,f (k) and
f(up) < f(uf(F()) < f(FH(wf(w))<wf(w).

Hence, themap f is pairwise fuzzy bicontinuous.
Proposition 3.4. Let (X,u,,u,), (Y,v,V,) and (Z,w;,w,) be fuzzy biclosure spaces.
it f:(X,u,u,) - (Y,v,Y,) is parwise fuzy bicontinuous and

h:(Y,v,v,) - (Z,w,w,) is fuzzy continuous, then ho f :(X,u,u,) - (Z,w,w,)
is pairwise fuzzy bicontinuous.
Proof: Let 4< X . Since ho f (uu) =h(f(ug)), ho f (uu)=h(f(u,u)) andthe

map f is parwise fuzzy bicontinuous, therefore h( f(uw))<h(v,f(x)) and
h(f(uu))<h(vf(x)). Snce the map h is fuzzy continuous,
h(v, f (1)) <w,h(f(x))and h(v; f () <wh(f()). Thus
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ho f (uu)<swho f (1) and ho f(uu)<who f (4). Consequently, the map

ho f ispairwise fuzzy bicontinuous.

Proposition 35. Let (X,u,u,) and (Y,v,V,) be fuzzy biclosure spaces and let

(Z,w,w,) be a fuzy closed subspace of (X,u,u,). If the map

f:(X,u,u,) - (Y,\,v,) is parwise fuzzy bicontinuous, then the map

flz:(Z,w,w,) - (Y,\,V,) is pairwise fuzzy bicontinuous.

Proof: Letthemap f be pairwise fuzzy bicontinuous. If U< Z , then
flz(w@))=f|z(uwDOZz)=f|z(uw)=f(w)<v,f(v)=v,f|z(v) ad
flz(w,))=f|z(uwDZ)=f|z(uw)=f(uw)<svf(v)=vf|z(v).

Consequently, themap f |z is pairwise fuzzy bicontinuous.

Proposition 3.6. Let (X,ul,uz) be a fuzzy biclosure space, {(Y v vz):aDJ} bea

al! "a’a

a’ "a’

family of fuzzy biclosure spaces and f : (X, u,,u,) - r!(Y Y vf,) be a map. Then
aldl
themap f:(X,u,u,) - rl(Ya,vcl,,v[f) is pairwise fuzzy bicontinuous if and only if
all

the map 77,0 f :(X,u,u,) - (Ya,vtl,,vf,) is pairwise fuzzy bicontinuous for each

allld.

Proof: Let f be pairwise fuzzy bicontinuous. Since 7z, is fuzzy continuous for each

alJ, it follows that 77,0 f is pairwise fuzzy bicontinuousfor each a 0 J .
Conversely, let themap 77, o f be pairwise fuzzy bicontinuous for each a 0 J .

Suppose that the map f is not pairwise fuzzy bicontinuous. Consequently,

fi(X,u) - rl(Y v2) is not fuzzy bicontinuous or f :(X,u,) - l_!(Y vl) is

all all

a' "a a' “a

a' “a

not fuzzy bicontinuous. If the map f :(X, ul) . l_l (Y v2) is not fuzzy bicontinuous.
all

Then there exists a fuzzy subset g of X such that f(uu) £ rlvirra(f(,u)).

adl

Therefore, there exists S0J  such that 77, (  (u,t)) £ Vo, ( f (4)). This contradicts

the continuous for esch a0 J , it followsthat 77, o f is pairwise fuzzy bicontinuity of

a’ “a

meof . f fi(X,u,) - l_l(Y vl) is not fuzzy bicontinuous. Then there exists a
adl

fuzzy subset g of X such that f(u,u)% rlvin;, (f (1)) . Therefore, there exists
ald
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B0J such that 77, ( f (u,u)) £ v, ( (1)) . This contradicts the fuzzy bicontinuity
of themap 77,0 f . Hence, themap f is pairwise fuzzy bicontinuous.

Proposition 3.7. Let {(Xa,ull,,uj,):aDJ} and {(Ya,v},,vﬁ):aDJ} be families of
fuzzy biclosure spaces. For each a0OJ, f,:X, -Y, be a map and let

a

f:|‘lxa q|‘lYﬂ be defined by f((X,)p) =(f,(X,)),,- Then the map

f: l_l X Ul u? l_l(Y Y v2) is pairwise fuzzy bicontinuous if and only if the
all

a'a'a

a’

map f, .(Xa,ua,ua) - (Ya,vl vf,) is pairwise fuzzy bicontinuousfor each a 0J .
Proof: Let themap f be pairwise fuzzy bicontinuous, let S0J and

M < X, Then fﬂ(u};,u):nﬁ fﬁ(uj},u)x fa(ufyxa) =1,| £ upux r!yufrxa)
o) a3

I
=

1 2
f I—luﬂﬂa X[ X, || |7, rlvﬂnﬂ fl ux[]X,)
adl a# all a#
alld alld

7T Elvint; fﬂ('u)x fﬂ(xﬂ) =7l V/Z?fﬁ('u)xlz!]\/;fa(xa) :"/foﬁ(ﬂ)

a#

alld ald
and
fﬂ(UZ,A)ZlTﬂ fﬁ(uf;,u)x fa(uﬁxa) = 1my| f uﬁ,ux )J
ZEJ ODJ
| 1| [ wx[] % || <] Qe o ]
alld aDJ

:ﬂﬂ I_lvtlrﬂa fﬁ('u)xl_!?fa(xa) =7Tﬂ V/lJ’fﬂ(/J)xl_!?V;fa(xa) =V2f/3(,u)
- pha phal
Hence, the map f 5 1spairwise fuzzy bicontinuous.

Conversely, let the map f, be pairwise fuzzy bicontinuous for each a1J and
let p < l_l X, - Then

155



R. Navalakhe and U.D.Tapi

(e )= (e )= [ (e )

Therefore, themap f is pairwise fuzzy bicontinuous.
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