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Abstract. Classical game theory assumes that the structurdneofgame is common
knowledge among the players but in most of the héalgame theoretic problems
incomplete information available about payoffs géats. But it is possible to determine
lower and upper bounds on payoffs. In this papeslgarithm to determine the value of
game in fuzzy environment, using octagonal fuzaybers is proposed. Octagonal fuzzy
numbers are converted into interval numbers usingut method. The effectiveness of
proposed algorithm is illustrated by means of a exical example.
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1. Introduction

Fuzzy numbers are widely used in the research myfset theory. In order to identify
the preference ranking of the fuzzy numbers, omd swmbers need to evaluated and
compared with the other fuzzy numbers. This iseasty in practical situations. Game
theory had its beginnings in the 1920s, and sigaifily advanced aPrinceton
University throughthe work of Nash [3,4]. The method of finding thezy game
value using intervals as elements of matrix is @&xgd in [5, 7]. By defining a ranking
of octagonal fuzzy numbers, transportation problesalved in [1]. Also using the
ranking of these fuzzy numbers in [2] a two persero sum game is solved. Definitions
of intervals and interval arithmetic are studied6ih By comparing the intervals and
using dominance principle in [8] a fuzzy environmem find the fuzzy game value of
the interval valued matrix.

2. Octagonal fuzzy numbers
An octagonal fuzzy number denoted Jy, is defined to be the ordered quadruple,

Ay = (1(r), silt), so(t),l o(r ), wherer O[O, k] andt O[k, w] , where
(1) 14(r) Is a bounded left continuous non decreasing fanaiver[0, w;],[0 < w; < k]
(2) s(t) Is a bounded left continuous non decreasing fanaiver

[k wal.[k < wo < W
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(3) sy(t) Is a bounded left continuous non increasing famctiver[K, w.],[K < w,<W

(4) 1,(r) Is a bounded left continuous non increasing famctiver[0, w;],[0 < w; < K]

If w=1, then the above defined number is calledoamal octagon number. A fuzzy
number A is a normal octagon fuzzy number denoted(fya, asasas,aeaz.as)
where gy a,<asfasfasSas<a;<ag are real numbers and its membership
function 1/;(X) is given as following

0,Xx<a
( 1a:|.S S
k,azSXSas

k-

HUi(X) =1l as< X< as

k+(1-Kk) J < X<ag

K,as< X<a7

k(as Xj,aySXSas
ds—ar

0,x=ag

whereO<k <1.

3. Theinterval number system
Closed interval denoted l{y(Y] is the set of real numbers given by,

[X.,Y]={xO0 : X <x<Y}

Although various other types of intervals (open,lf-bpen) appear throughout
mathematics, our work will center primarily on adsintervals. In this paper, the term
intervalwill mean closednterval. We will adopt the convention of denotintervals and
their endpoints by capital letters. The left arghtiendpoints of an intervaX will be

denoted byX andX , respectively. Thus =[X, X]

Two intervals X and Y are said to be equal if theg the same sets. Operationally, this
happens if their corresponding endpoints are equal:

X=Y < X=Y And X=Y

We say that X is degeneratexif= X . Such an interval contains a single real number x.
By convention, we agree to identify a degeneratmial [ X, X] with the real number x.
Operations on intervals:
Intersection of the intervals : X nY =[max{X,Y},min{ X, Y}]
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Union of intervals ; X OY =[min{ X, Y}, max{ X, Y}]
Interval hull of intervals ~ : X OY =[min{ X, Y}, max{ X, Y}]

Intersection plays a key role in interval analyffisve have two intervals containing a
result of interest, regardless of how they weraioled, then the intersection, which may
be narrower, also contains the result.

In general, the union of two intervals is not ateival. However, the interval hull of
two intervals is always an interval and can be ugeidterval computations. We have:
Xgyogxgy

The width of an intervalX is defined and denoted by: W(X)=X-X
The absolute value of, denoted bt/X| and is the maximum of the absolute values of
its endpoints: | X| = max{X],|X[} note thafx <|X|,0x0X
The midpoint of X is given by: m(X) =%()_( +X)
Order Relations for Intervals: X <Y means thatX <Y
Transitive order relation for intervals is set irgibn: X OY - Y< X and X <Y
The sum of two intervals : X+Y={x+y: xOX,yOvY}
Subtraction of two intervals : X =Y ={x-y: xOX, ydY}
Product of two intervals : XOVY={xy: xOX, yOY}
Quotient of two intervals : XY ={x/ y: xOX, yOY} .

a -cut of an octagonal fuzzy number
The a -cut of an normal octagonal fuzzy numbAr= (anarazasas.aemaz.ag) for
a [1[0,1] is given by

[aﬁ(%j(az—a]),[as—(%j(as—a7)1, a0, K
(A, =

oo+ 95 Jlaamad ae| 958 Jlaemadl @t

4. Algorithm
Step 1: formulate the given problem in the form of octaglditnzzy number.

Step 2: convert the octagonal fuzzy numbers into interuahbers usingr -cut method
to get the interval matrix.

Step 3. For each rOV\{1,2, ..... m} find the entrygij that is less than or equal to all other

entries in thej " row.
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Step 4: For each columlﬁl,Z, ...... n} find the entrygij that is greater than or equal to all

other entries in thej " column.

Step 5: Determine if there is an entrg that is simultaneously the minimum of the
ij

. . - th . ,
|th row and the maximum of the}t column which is known as saddle point and value of

saddle interval is known as value of game, if ahyhe above values cannot be found
then saddle point does not exist. Then we go faridance principle.

Step 6: if all the elements of thiath row are less than or equal to the corresponding

« th - th . .
elements ofj row then J row will be dominated row.

Step 7. if all the elements okth column are greater than or equal to the correspgnd

th th . .
elements ofy column thenk column will be dominated column.

Step 8 dominated row or column can be deleted to redheesize of payoff matrix as
optimal strategies will remain unaffected. A giv@rategy can also said to be dominated
if it is inferior to an average of two or more atlpeire strategies. More generally if some

. . . . . - th .
convex linear combination of some rows domlnatesﬁi"n row thenj" row will be
deleted. Similar arguments follow for columns.

Step 9: using the above arguments matrix can be reducedsimple matrix for game
value can be evaluated easily.

Step 10: if there is no saddle point and dominance prigciglso failed then we define
fuzzy membership of an interval being a minimum andaximum of an interval vector
and then we define the notion of a least and gseatterval inl as defined in next step.

Step 11: The binary fuzzy operatdr of two intervalsX andY returns a real number
between 0 and 1 as follows:

X <Y

The binary fuzzy operatat of two intervals X andY is defined as,
X+Y=1lf X=Yand X+ Y =1-(X"° Y)otherwise, i.e.
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LX=YY<SX,XZ2Y

O,X<Y,X2Y;X<Y<X<YY<X<Y<X
X+Y= A,\_(s)_(s)?s\?,wwpo,x £Y

(Y) = a(X)

L,)_( <YY< X,w(X)>0X2Y

W(X) = aY)

5. Numerical example
If pay off matrix of a game is given as following

(0,1,2,3,45 .67 ) §9 ,10,11,12,13,18,1 ) %4, 7/,9,10,11)
(2,3,45,6789) (11,12,1451 ,1/181 ,21)5 (8®,10,11,12,5
(3,6,789,10,12,13) § ,8 ,10,12,1317,1) (5%,78,10,12)

Now we will usea -cut method to convert given octagonal fuzzy nuraleto intervals.
Using,

[a1+(%j(az—a1),[as—(%j(as—a7)], a0, K

(A, =
[ +[”—‘kj( ~a) —(”—‘kj( -9l aO(k.1
as 1-Kk as—ashas 1-K as~ as)ls )
For this problem taking k=0.5 ar@=1, we get following,
Octagonal fuzzy numb Corresponding
interval number

(0,1,2,3,4,5,6,7) [3, 4]

(8,9, 10, 11, 12, 13, 14, 15) [11,12]
(4,5,6,7,8,9, 10, 11) [7, 8]
(2,3,4,5,6,7,8,9) [5,6]

(11, 12, 14, 15, 16, 17, 18, 21) [15, 16]

(5, 6, 8,9, 10, 11, 12, 15) [9, 10]
(3,6,7,8,9, 10, 12, 13) [8, 9]

(5, 6, 8,10, 12, 13, 15, 17) [10, 12]
(1,3,5,6,7,8, 10, 12) [6,7]

Hence we get the following interval matrix,
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[3,4] [11,12] [7.,8]

[56] [1516] [9,10]

[8,9] [10,12] [6,7]
First of all we check weather saddle interval egishot for this,
min{[3,4],[11,12],7 8]} =[3, 4], min{[56],[1516],[9,10]} =[5 6], min{[8,9],[10,12],[6, 7]} =[6,7]
max{[3,4],[5,6],(8,9]} { 8 9, max{[11,12],[1516,[10,12]} =[1516], max{[7,8],[9,10],[6,7]} =[ 910]

From above discussion saddle interval does not.exis
Since all the interval numbers of first row aresléfsan or equal to the interval numbers of
second row hence first row is dominated by secomad 5o we can delete first row.

([5,6] [15,16] [9, 10])
[8,9]1 [10,12] [6,7]

Now all the interval numbers of second column aestgr than or equal to the interval
numbers of first column hence second column is dated by first column. So we can
delete second column. Remaining matrix will be,

([5, 6] [9,10]j
(89 [6,7]

Now firstly we are looking for least intervals,

min{[56] <[910],[56] <[8 9,[36] <[6, 7} =min{1,1,1} =
min{[910] <[56],[910]<[8 9],[910] <[6, 7]} =min{0,0,0} =0
min{[8 9 <[56],[8 9 < 9101,[8 9 6, T} min{0,1,0} 0
min{[6, 7] <[56],[6, 7] <[ 910],[6, 7] <[8,9]} =min{0,1,1} =0

Hencmax{l,0,0,0}= 1, is corresponding to interval [5, 6].
For greatest intervals,

max{[5, 6] ~[9,10],[5,6] - [8,9],[5 6] ~[6, 7]} =max{0,0,0} =0
max{[9,10] > [5, 6],[9,10]> [8,9],[9,10] > [6,7]} =max{l,1,1} =1
max{[8 9] ~[56].[8 9 ~[910],[8 9 ~[6, 7} =max{l,0,1} =1
max{[6,7] > [5,6],[6,7] >~[910],[6,7] >~ [8,9]} =max{L,0,0} =1
Henaain{0,1,1,1}= 0, is corresponding to interval [5, 6]. So from rmiaix
theorem [5, 6] is saddle interval.

6. Conclusion

In the above discussion an algorithm for solving ames having payoffs in form of
octagonal fuzzy numbers is suggested. A numerigamele is given to clarify the
proposed algorithm. Many problems in the presergnagos having competitive
situations require best strategy for the agentes&ltompetitive situations may be seen
in business, military battles, sports, electiortsjestising, marketing and different cases
of conflict.
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