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Abstract. Formula for the number of subgroups of a finiteliamegroup of rank two is
already determined. We can associate a quadratit fith finite abelian group of rank
two. We prove this quadratic form is positive diéin
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1. Introduction
One of the famous problems in group theory is ol the number of subgroups of an
abelian group. In [1], an explicit formula for thember of subgroups of a finite abelian
group of rank two is indicated. The numim, n) distinct subgroups of groufgm x
Z,n Withm,n € N U {0}, can be associated with quadratic form. Our gbaLio paper is
to show that the quadratic form is positive deénit

In [1], authors provides the formula for total rioen of subgroups of Group
Zym X Zpn are Zqum_pn)T(%) r(%) ¢(q). For Simplification of g|(p™,p™), one
can say that q is some power of p (3d8y, then above result can be rewritten as
T (M) T e ().

2. Main results

Let us consider the matrid, = (a;;) € M, (N) defined bya;; = f(i,j))Vi,j=
0,1,2,..,n. Clearly,A, is symmetric and so it induces quadratic forffy_,a;;x'y’.
Now we compute the principal minors in the top taftner of4,, for this we have to find
an explicit expression fatet (4;) for allk = 0,1,2,..,n.

Theorem 1. For each 0 < k < n, thefollowing equality hold
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det(d,) = ]_[ 0",

Proof: Letk € {0,1,2,..,n} be fixed. Use of Theorem 1, the determindet(4, ) is
given by: det(me{U}T(pl N(p/~ T)fp(Pr)) g

L,j=0,
Hence, for a fixedes {0,1,2,.., k}, the lineL of 4, is the following form:
L =
@@TE)e) L@ T e TPt ) 10 e((m")
...... I s 1 (pF ) (7).
We shall apply transformations on the ma#ijxin order to put it into upper triangular
matrix form. So, we consider consecutive transfeiona L, = L, — (t + 1)L, for every
=1k.

One obtains that
Ly = @@)t(@")e1) t(p)r(@e(1) (@)@ ... 7(p*)r(@*)e(1)

Ly = (0 t(@)t@)e®m) ZiiP @ )10  Mer") ...
ernﬂ{s k}‘r(ps ) T(pk r)(p(pr)) v s=1,2,....k

Now we apply consecutive transformatiohs= L; — (t)L, for everyt = 2, k.
One obtains that

Lo = @)@ t@HT®@MDe(1) t(@)t(@NeD) ... t(p¥)r(@De(1)
Ly =(0 @)@ tHTE)e®) ... T(P* ) (@Ne®))
Ly = (0 0 (P )TN ®°) ...

FIBSE 2 (ps ) T(pF )@ (PT)) V 5=2,... k.
So, after k steps of above algorithm continue phisess, we get

Lo = @@)t(@Me1) t@HT@Ne(1) t@HTt@Ne) ... (p¥)r(@)e(D)

Ly =(0 t@D@De®@) tEHTENDe@) ... (P ) (@)e®))

L, =(0 0 @@ ®?) ... T(P* )@ ®?))

Ly = (0 0 0 o (TP ("))

Hence

det(4;) =

|T(p°)f(p°)s0(1) T(@HTPNe()  (PHTMP)e(1) .. T(p")r(p‘))q)(l)l
0 @@ EHTEDe@) .. (P ) TP)e®)
0 0 @)@ ®@?) ... (P H)(Pe®?)
0 0 0 v TP (")

=TT @ (%)

Now, the following two corollaries are obvious frarheorem 1.

Corollary 1. The quadratic fornX}';_, f (i, j)x"y’induced by the matrit, is positive
definite, for allk € N.
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Corollary 2. For eachk € N, all eigenvalues of the matrik, are positive.
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