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Abstract. In this paper we introduce Fibonacci cordial lafgliAn injective function f
from vertex set V of a graph G to the se§,{F, F,, . . . , R}, where Fis the I Fibonacci
number (j=0, 1, ..., n), is said to be Fibanaordial labeling if the induced function f
from the edge set E of graph G to the set {0, Hjnael by f(uv) = (f (u)+ f (v))(mod2)
satisfies the condition¢|0) — ¢ (1)|< 1, where g(0) is the number of edges with label O
and e (1) is the number of edges with label 1. A graghicly admits Fibonacci cordial
labeling is called Fibonacci cordial graph. In tipiaper we discuss Fibonacci cordial
labeling of different graphs.
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1. Introduction

The graphs considered here are finite, connectadiracted and simple. The vertex set
and edge set of a graph G are denoted by V (GE&BJ respectively. For various graph
theoretic notations and terminology we follow Grassl Yellen [3]. Sridevi, Nagarajan,
Nellaimurugan and Navanaeethakrishnan [4] proveat thath, Cycle are Fibonacci
divisor cordial graph. A dynamic survey of graphdling is published and updated every
year by Gallian[2]. In this paper we introduce avneoncept called Fibonacci cordial
labeling. We have derived different graph famikegisfying the conditions of Fibonacci
cordial labeling. We have also discussed Fibonemdial labeling in context of different
graph operations.

Definition 1.1. A function f: V (G)— {0, 1} is called a binary vertex labeling of a gha
G and f (v) is called label of the vertex v of Gdenf.

For an edge e = uv, the induced edge labeling fGE— {0, 1} is given by

f(e) = If (u) = f (V)I.

Notations:

vt (0) : number of vertices with label 0.
vt (1) : number of vertices with label 1.
& (0) : number of edges with label 0.
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& (1) : number of edges with label 1.
Definition 1.2. A binary vertex labeling of a graph G is callexddial labeling if |y (0) -
Vi (1)|< 1 and |e(0) — g (1)|< 1. A graph G is cordial if it admits cordial lalve.

Cahit [1] introduced the concept of cordial labglin

Definition 1.3. Fibonacci numbers can be defined by the linear recce relation =
Fr1 + Fio, N> 2, where =0, R = 1. This generates the infinite sequence of imgege
beginning 0,1,1,2,3,5,8,13,21,34,55,89,144,. . ..

Definition 1.4. An injective function f: V (G)- {Fo, i, F., . . ., F}, where Fis the I
Fibonacci number (j=0, 1, . . ., n), is said&Fibonacci cordial labeling if the induced
function * : E (G) — {0, 1} defined by f*(uv) = (f (u) + f (v))(mod2) satisfies the
condition |e (0) — & (1)|< 1. A graph which admits Fibonacci cordial labelingcalled
Fibonacci cordial graph.

Definition 1.5. Bistar B,,, is the graph obtained from two copies af,Ky joining the
apex vertices by an edge.

Definition 1.6. The joint sum of two graphs G and H is the grabtained by the joining
a vertex of G with a vertex of H by an edge.

Definition 1.7. Ring sum G @ G, of two graphs 6= (V, E;) and G = (V,, E) is the
graph G® G, = (ViU Vy, (B1 U B) - (E1 N Ey)).

Definition 1.8. For a simple connected graph G the square ohg@js denoted by G
and defined as the graph with the same vertex set@sand two vertices are adjacent in
G’ if they are at a distance 1 or 2 apart in G.

Definition 1.9. Subdivision of a graph G is a graph resultingrfrthe subdivision of
edges in G. The subdivision of some edge e withpeints {u, v} yields a graph
containing one new vertex w, and with an edgeegglacing e by two new edges, {u, w}
and {w, v}.

2. Main results

Theorem 2.1.Petersen graph is Fibonacci cordial.

Proof. Let u, W, U, W, Us be the internal vertices and, wy, us, Uy, Uip be the external
vertices of Petersen graph such that eachadjacent toju, 1<i<5.

We ddine labeling function f: V (G}» {Fq, F1, I, . . ., Ro} as follows.

f(ul) = F(), f (Uz) = F]_, f (Ui) = F|, 3< i <10.

Then we have;€0) = 7 and g(1) = 8. Therefore {€0) — ¢ (1)| = 1.

Hence, Petersen graph is Fibonacci cordial.

Example 2.1.Fibonacci cordial labeling of Petersen graph @ashin Fig. 1.
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Figure 1: Fibonacci cordial labeling of Petersen graph

Theorem 2.2.Wheel W, is Fibonacci cordial for B 3, ne N .

Proof. Letu, W, ..., W be successive rim vertices andbe the apex vertex of W
We define labeling f: V (W — {Fo, F, F, . . ., R+, we consider the following two
cases.

Case 1 n= 0(mod3).

f(UO) = F]_, f (Ui) = F|+1, lf i <n.

Case 2 n does not congruent to 0(mod3).
f(u)=F, f(w) =R, f(u)=FRy,2<i<n.
Then in each case we havd® =g (1) = n.

Hence wheel Wis Fibonacci cordial for r 3, n€ N.

Example 2.2.Fibonacci cordial labeling of Ws shown in Fig. 2.
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Figure 2: Fibonacci cordial labeling of W

Theorem 2.3.Shell § is Fibonacci cordial for r 3, n€ N.

Proof. Letuw, W, . .., Wbe successive vertices of shell Bhere uis the apex vertex of
shell S. We define labeling f: V ($— {Fo, FL. F, . . ., R} as

f(u)=F,f(w) =k fu)=F 3<i<n

With this labeling the edge labels produced witlssg the condition as shown in
following table.

Letn=3a+b,a, BN.
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b edge conditions
0.1 [ ef(0)+1=es(1)
2 er(0) =ep(1)+1

Table 1: Table for Fibonacci cordial labeling of.S

From the above table |©®) — e (1)|< 1.
Hence, shell Sis Fibonacci cordial for i 3, n€ N.

Example 2.3.Fibonacci cordial labeling of;Sis shown in Fig. 3.

Figure 3: Fibonacci cordial labeling of,;S

Theorem 2.4 Bistar B, , is a Fibonacci cordial, for all n.

Proof. Let w, Vo be the apex vertices of, B Let u, W, . . ., 4 be the pendant vertices
adjacent to the vertexand v, v, . . ., 4 be the pendant vertices adjacent to the vertex
Vo.

We define labeling function f: V (G» {Fo, F1, F, . . ., Bnia as follows.

Case 1 n=2(mod3).

f(U)=F, f(u)=F, f(u)=FRy2<i<n
f(Vo)=Fo, f(v)) =R, f (V) = Fsisr. 25 1 < 1.
Then we have:;€0) =n + 1 andg1) = n.

Case 2 n does not congruent to 2(mod3).
flu)=F, f(u)=FKp 1< i < n.

f(vo)=Fo, f (V) = Rsisg, 1< 0 < 0.

Then we have;€0) = n + 1 and€1) = n.

Hence, B, is a Fibonacci cordial graph, for all n.

Example 2.4.Fibonacci cordial labeling of B is shown in Fig.4.
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Figure 4: Fibonacci cordial labeling &,

Theorem 2.5.G =< B, ,: w > is Fibonacci cordial graph.
Proof. Let w, Vo be the apex vertices of Band w be the vertex added as a result of

subdivision of the edge joining and . Let u, W, . . ., W be the pendant vertices
adjacent to the vertexand \, v, . . ., \ be the pendant vertices adjacent to the vertex
Vo.

We define vertex labeling f: V (Gp {Fo, Fi, F, . . ., bn+3 as follows.

Case 1 n= 1(mod3).

f(W) = FZ! f(U()) = Fll f(ul) = F2n+3, f(u|) = F|+2‘2§ | <n.
f(VO) =k, f(Vi) = I:n+i+2,-’]-§ i<n.

Then we have:€0) =g (1) =n + 1.

Case 2 n does not congruent to 1(mod3).

fw) = F, f (W) =F, f(U) =R 1< i < n.

f(vo) =F, (Vi) = Ruirz, 1< 1 < .

Then we have;€0) =g (1) =n + 1.

Hence G =< B,: w > is Fibonacci cordial graph.

Example 2.5.Fibonacci cordial labeling of subdivision of Bs shown in Fig.5.
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Figure 5: Fibonacci cordial labeling of subdivision Bf ;
Definition 2.1. Let (V4, V>) be the bipartition of K, where M = {uy, W, . . ., t} and

V,={vy, Vs, . .., \i}. The graph K, 0 u(K,) is defined by attaching a pendant vertex to
the vertex ufor some i.
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Theorem 2.6.The graph K, O uxK,) is Fibonacci cordial graph.
Proof. Let G = K,0 uy(K,). Let V =V, U V, be the bipartition of K, such that

Vi={uy, W} and V>, ={vy, v, . .., ¥} and pendant vertex w is adjacent to verteiu
G.
We define vertex labeling f: V (G) {Fo, Fi, F, . . ., F+3} as follows:

f (uy) = Fy, f (W) = k. Assign the largest Fibonacci prime number to @ assign the
remaining Fibonacci numbers to the verticgss, . . . v in the Fibonacci sequence.
Then we have;€0) =nand g1) =n + 1.

Hence, K, O uy(K}) is a Fibonacci cordial graph.

Example 2.6.Fibonacci cordial labeling of the graph O u,(K) is shown in Fig. 6.
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Figure 6: Fibonacci cordial labeling of 5 O uy)(K,)

Theorem 2.7.The graph €@ K., is Fibonacci cordial, i 3.

Proof. LetV (G) =\, U V,, where \f ={uy, W, . . ., W} be the vertex set of C
Vo={v, vi, Vo, . .. W} be the vertex set of K, v=u and \, Vs, . . ., \ are pendant
vertices. Note that |V (G)| = |E (G)| = 2n.

We ddine f: V (G)— {Fy, Fi, F, . . . ,R} as follows.

Case |:n= 0(mod3)

f(u)=F, f(u) =F, (W) =Ry, 2<i<n-=1
f(v) =FRany, f(v) =R, 2<j< n.

Then we have;€0) = g(1) = n.

Case lI: n=1(mod3)

f(u) = Fy, f (W) = FRywig, 251 <0,
f(v)=F,f(w=F,2<j<n.

Then we have:;€0) =g (1) = n.

Case lll: n=2(mod3)

f(u)=F, f(w)=FK, f(u)=F, 2<i< n-1
f(v) =R, f(v) =Fsp, 25 j<n.

Then in each case we havd® =g (1) =n.
Therefore |g(0) - g (1)|< 1.

Hence G @ K., is a Fibonacci cordial.

Example 2.7.Fibonacci cordial labeling of the graph @ K¢ is shown in Fig.7.
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Figure 7: Fibonacci cordial labeling of the gra@lK; ¢

Theorem 2.8.B%,, is Fibonacci cordial.

Proof. Consider Bn,n with vertex set {u, v, ui, vili < n}, where ui, vi are pendant
vertices and u, v are apex. Let G be the graph Blere |V (G)| = 2n + 2 and
|[E(G)] = 4n + 1.

We ddine vertex labeling f: V (G {Fo, Fi, Fs . . ., Bnig as follows.
f(u)=FH,

f(w) =Fi, 1<i<n.

f(v) = R,

f (V|) = Fn+i+2, 15 | S n
Then we have;€0) = 2n and g1) = 2n + 1.
Hence, B, ,is Fibonacci cordial.

Example 2.8.The Fibonacci cordial labeling ofB; is as shown in Fig. 8.
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Figure 8: Fibonacci cordial labeling of Bs

Theorem 2.9.The graph obtained by vertex switching of cycld<Fibonacci cordial.
Proof. Letu, W, ..., W be the successive vertices of cycle &t (G,)u; denote the
vertex switching of Qwith respect to the vertex.u

We define labeling : V (Qu.) — {Fo, FL R, . . ., B} as
fu)=F,f(w)=FK,fu)=FK 3<i<n.

With this labeling the edge labels produced witlssg the condition as shown in
following table.

Letn=3a+b, a, BN.
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b edge conditions
I ef(0) +1=-ef(1)
02 ] er(0)=e€p(1)+1

Table 2: Table for Fibonacci cordial labeling of vertex hing of cycle G

From the above table |@®) - g (1)|< 1.
Hence vertex switching of cycle,@ Fibonacci cordial.

Example 2.9.Fibonacci cordial labeling for the graph obtaitgdvertex switching of
cycle Ggis shown in Fig.9.

L]
e

Figure 9: Fibonacci cordial labeling for the graph obtaingdvbrtex switching of cycle
ClO

Theorem 2.10.The graph obtained by vertex switching of any exerf cycle G with
one chord is Fibonacci cordial, for alkm.

Proof. Let G be the cycle with one chord. Lat w, . . . , 4 be consecutive vertices of
cycle G, and e = wu, be the chord of cycle CThe vertices y W, U, form a triangle with
chord e. If yand yare of same degree then the graph obtained bghsngt of vertex p
and the graph obtained by switching of verteare isomorphic to each other. Hence we
require to discuss two cases: (i) vertex switchifi@ vertex of ¢ of degree 2 and (ii)
vertex switching of a vertex of@©f degree 3. Let (G)udenote the vertex switching of G
with respect to the vertex.u

To define labeling function f: V ((Glu) — {Fo, Fi, F, . . . , K} we consider the
following cases.

Case 1:deg(y) =2

Subcase I:n= 0(mod3)

f(u)=F, f(w)=FK f(u) =k, fu)=Fy,4<i<n
Then we have;€0) =g (1) =n - 2.

Subcase Il:n= 1(mod3)

f (uy) = Fy, f(un) =Fo, f (W) = Ry, 2< i<n -1,

Then we have;€0) =g (1) =n - 2.

Subcase lll: n=2(mod3)

f(w=F 1< i<n.

Then we have;€0) =g (1) =n - 2.
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Case 2:deg(y) =3

f(u)=F,f(w) =k f(u)=FK3<i<n

Then we have;€0) =g (1) =n - 3.

Hence the graph obtained by vertex switching ofecyith one chord is Fibonacci
cordial.

Example 10.
(a) Fibonacci cordial labeling of the graph obtdibg switching of a vertex of degree 2
in cycle Gy with one chord is shown in Fig. 10(a).

(b) Fibonacci cordial labeling of the graph obtaltey switching of a vertex of degree 3
in cycle G with one chord is shown in Fig. 10(b).
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Figure 10:
Theorem 2.11.The graph obtained by vertex switching of cyclea@h twin chords G3
is Fibonacci cordial, where chords form two triaagghnd one cycle.G.
Proof. Let G be the cycle Cwith twin chords. Let y w, . . . , | be the successive
vertices of cycle ¢ Let @ = uu, and @ = uwu; be the chords of cycle,Cif u; and y are
of same degree then the graph obtained by switabfingrtex yand the graph obtained
by switching of vertex juare isomorphic to each other. Hence we requimiscuss two
cases: (i) vertex switching of a vertex of & degree 2, (ii) vertex switching of a vertex
of C, of degree 3 and (iii) vertex switching of a vertHC, of degree 4. Let (G)wlenote
the vertex switching of G with respect to the vertte
To define labeling f: V (G — {Fo, Fi, F, . . ., K} we consider the following cases.

Case 1:deg(y) =2
f(u)=F, 1<i<n.

Case 2:deg(y) = 3, deg(u) = 4

fu)=F,f(w) =k f(u=FK 3<i<n.

In each case€0) — g (1)|< 1.

Hence vertex switching of cycle,@ith twin chords is a Fibonacci cordial graph

Example 2.11.

(a) Fibonacci cordial labeling of the graph obtdibg switching of a vertex of degree 2
in cycle G3 with twin chords is shown in Fig. 11(a).

(b) Fibonacci cordial labeling of the graph obtalty switching of a vertex of degree 3
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in cycle Gz with twin chords is shown in Fig. 11(b).

(c) Fibonacci cordial labeling of the graph obtalifiy switching of a vertex of degree 4
in cycle Gz with twin chords is shown in Fig. 11(c).
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Figure 11:

Theorem 2.12.The graph obtained by joint sum of two copies af f, is Fibonacci
cordial.

Proof. Let G be the joint sum of two copies of fan Eet {ug, W, . . ., W} and

{vi, Vo, . . ., ¥} be the vertices of first and second copy pfé&spectively. Let u be the
apex vertex of first copy of,/and v be the apex vertex of second copy,of F

We define f: V (G)— {Fo, Fi, Fs, . . ., bnsg as follows.

Case 1:n=0, 1(mod3).
f(Uo) = F, f (W) = o, f () = Ry, 2<i <.
f (VO) =k, f(vi) = Ry, 150 N0

Case 2:n= 2(mod3).

f(u) =Fy, f (W) =Fip, 1<i< n.

f (VO) = FZ: f(vn) = FO: f(vi) = Fn+i+2: 15 [ =n- 1

In all cases, we have |®) — g (1)|< 1.

Hence the joint sum of two copies gfiB Fibonacci cordial graph.

Example 2.12.The Fibonacci cordial labeling of joint sum of twopies of Eis shown
in Fig. 12.
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Figure 12: Fibonacci cordial labeling o joint sum of two cepiof i

Theorem 2.13.The graph obtained by joint sum of two copies beel W, is Fibonacci
cordial.
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Proof. Let G be the joint sum of two copies of Vilet {uo, Uy, W, . . ., W} and

{vo, V1, Vo, . . ., Wi} be the vertices of first and second copy of Mspectively, wheregu
and \ be the apex vertices of first and second copy pfésbectively.

Here we define labeling function f: V (G} {Fo, Fi, F, . . ., bneg} a@s follows.

Case 1:n= 0(mod3)

f(UO) = F]_, f (Ui) = F|+2, 1< i < n.

f (Vo) = R, f (Vi) = Rosiea, 150 N

Then we have;€0) = 2n + 1 and:€1) = 2n.

Case 2:n=1(mod3)

f(ug) = F, f(u) =Ry, f (W) =Ry, 2<i< n.
f(vg) =R, f (Vi) = Riisg, 1< < N

Then we have;€0) = 2n + 1 and:€1) = 2n.

Case 3:n=2(mod3)

f(u) =Fy, f(w) =F, f(U) =Fu, 2<i< n.

f (Vo) = F, f (V1) = Fonea T (V) = Fosiy 250 < .

Then in each case we havd® = 2n andg(1) = 2n + 1.
Therefore |g(0) - & (1)] = 1 in each case.

Hence joint sum of two copies of W& Fibonacci cordial.

Example 2.13.The Fibonacci cordial labeling of joint sum of twopies of Wis shown
in Fig. 13.
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Figure 13: Fibonacci cordial labeling of joint sum of two ¢ep of W,

Theorem 2.14.The graph obtained by joint sum of two copies efepsen graph is
Fibonacci cordial.

Proof. Let G be the joint sum of two copies of peterseaph. Let {u, W, . . ., Ug} and
{vi, Vo, . . ., Mo} be the vertices of first and second copy of peteigraph respectively.
We ddine labeling function f: V (G}» {Fo, Fi, F, . . ., g} as follows.

f(u)=F, f(w)=F, f(u)=F,3<i< 10.

f (Vi) = R4y 15 i< 10.

Then we have;€0) = 15, ¢(1) = 16

Therefore, |g0) — e (1)|< 1.

Hence the graph obtained by joint sum of two comiEpetersen graph is Fibonacci
cordial.
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Example 2.14.Fibonacci cordial labeling of joint sum of two ¢ep of petersen graph is
as shown in Fig. 14.
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Figure 14: Fibonacci cordial labeling of joint sum of two cepiof Petersen graph

3. Conclusion

We introduce here new concept of Fibonacci cordédleling. This will add new
dimension to the research work in the area conmg¢tio branches - graph labeling and
number theory. Here we have investigated nine neaplg families which admit
Fibonacci cordial labeling. Further we have diseds$ibonacci cordial labeling in
context of vertex switching and joint sum of ditfat graph families and derived five
more results.
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