Annals of Pure and Applied Mathematics Annals of
Voal. 11, No. 2, 2016, 139-144

ISSN: 2279-087X (P), 2279-0888(online) Pure and App'l@d
Published on 22 June 2016 i
Wl\jvml/ rese%?chm;?ﬁsci.org Mathematlcs

Common Fixed Point Theorem for Semi Compatible
Pairs of Reciprocal Continuous Mapsin Menger Spaces
Preeti Malviya', Vandna Gupta® and V.H. Badshah®

! Govt. New Science College, Dewas (M.P.), India
Email: mpreeti2709@gmail.com
2Govt. Kalidas Girs College, Ujjain (M.P.), India
Email: drvg1964@gmail.com
3School of Studies in Mathematics, Vikram Universitjjain (M.P.), India.

Received 12 May 2016; accepted 3 June 2016

Abstract. The aim of this paper is to present some commoedfigoint theorem in
Menger Space using the concept of semi compaiiils of reciprocal continuous maps.

Keywords: Common fixed point, menger space, compatible msgrsj compatible maps,
reciprocal continuous

AMS Mathematics Subject Classification (2010): 47H10, 54H25

1. Introduction
The idea of introducting probabilistic notion irgeometry was one of the great thoughts
of Menger. In 1942, Menger [1] has introducedttieory of probabilistic metric space.

In 1966 , Sehgal [2] initiated the study of contian mapping theorem in PM-
space. Altun and Turkoglu [3] proved two comniimed point theorems on complete
PM- space with an implicit relation. Schweizer aBklar [4] played major role in
development of fixed point theory in PM - space .

In 1972, Sehgal and Bharucha- Reid [5] initiagteal study of contraction mappings
in the development of fixed point theorems. Singhak [6] introduced the concept of
weakly commuting mapping in PM- space. Kumar aruigh [7] established some
common fixed point theorem using the idea ofpracal continuous of mappings.

Recently Al- Thagafi and Shahzad [8] weakned thBonoof weakly compatible
maps by introducing owc maps. Bouhadjera and Gibaidtie [9] introduced two new
notions subsequential continuity and subcompgbivhich are weaker than reciprocal
continuity and compatibility respectively.

2. Preliminaries
Definition 2.1[10] A t-norm is a binary operation on the intervall[0such that for all
a,b,c,de [0,1] the following conditions are satisfied

@M. a*1= a;

(i). a*b = b*a;

(iii). a*b< c*d, whenever g cand bh<d;
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(iv). a*(b*c) = (a*b)*c.

Definition 2.2. [10] A mapping F: R> R, is called a distribution if it is non- decriap
left continuous with inf{ F(t) : ER } = 1.

Definition 2.3. [10] A mapping t: [0,1}x [0,1] — [0,1] is called a continuous t-norm if
itis satisfies the following conditions :

(i) tis commutative and associative ;

(i) t(a,1)=a,forall &[0,1];

(iii) t(a,b)<t(c,d) ,for a<cand h=d.

Definition 2.4.[]10] A Probabilistic metric space is an ordered p4jrF) consisting of a
non empty set X and a function F xXX — L , where L is the collection of all
distribution functions and the value of F at (uev)Xx X is represented by,fF. The
function R, is assumed to satisfy the following conditions;

(i) Fuv(x)=1,forallx>0ifandonlyifu=v,

(i) Fuyv(0)=0,

(iil) Fuy = Fow,

(iv) If Fuu(x) =1 and Eu(y) =1, then R (x +y) = 1,for all u,v,win X ,x,y > 0.

Example 2.1. Let X = [ O ) and d be the usual metric on X and for eagh[Q,1] ,
define

t .

Fx,y(t) = {m,lft >0

0, ift =0

for all x,y € X. Clearly (X,F,t) be a Menger space , whereormmis defined by t (c,d) =
min{c,d}, for all a,be [0,1].

Definition 2.5. [10] A sequence {§ in a Menger space (X,F,t) is said to be converges
to a point x in X if and only if for each> 0 and t > 0, there is an integerdyl€ N such
that Fy x.(€) >1-t, forall n, m= M(e).

Definition 2.6. [10] A Menger PM-space (X,F,t) is said to be conplétevery
Cauchy sequence in X converges to a point in X.

Definition 2.7. [11] Self mappings P and S of a Menger space (X,etsaid to be
compatible if FPsx,,SPx, (X) = 1, for all x > 0, whenever {kis a sequence in X such
that PSx, SPx — u, for some uin X, as#fwo .

Definition 2.8. [12] Two maps P and S are said to be weakly compatiktleey
commute at a coincidence point.

Definition 2.9. [13] Two self maps P and S of a Menger space (X,Fet)sard to be
reciprocally continuous if P$»Pz and SRx- Sz, Whenever {} is a sequence in
X suchthat Px Sx —z,forsomezinXas & o .
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Definition 2.10. [14] Two self maps P and S of a Menger space (X,Fet)said to be
semi compatible if pSx,, Tu (9 1, forall x>0, whenever {kis a sequence in X
suchthat PxSx,—» u forsomeuin X as & o .

Lemma 2.1. [15] Let (X,F,*) be a Menger space with continuousdrm * , if there
exists a constant é(0,1) such that ,§ (ht) > K, (t) , for all x,y € X, and t > 0 then x

Example 1.1. Let M = [2, 20] and d be usual metric on M. Defimappings P, S : M
M

b
Y 2,ifv=2

Pv = andSv =
3,ifv>2

2,ifv=2

6.ifv>2

It is noted that P and S are reciprocally contirsumappings but they are not continuous.

Lemma2.2. [15] Let {x,} be a sequence in a Menger space (X,F,t), whisredntinuous
and satisfies t(x,\* x, for all xe [0,1] . If there exists a constantek0,1) such that
Fu,ung (kX) = F U,y (X)), n=1,2,3...
then { x} is a Cauchy sequence in X.

3. Main result
Theorem 3.1. Let P, Q, S and T be self mappings on a compidé¢mger space
(X,F,t) with continuous t-norm t(c,8)c, for some & [0,1] satisfying :
(3.1) P(X)c T(X) , Q(X) < S(X),
(3.2) (Q,T) is weak compatible ,
(3.3) Forallxe X,andh>1,
Fx.qy (NX) = Min[ Fox 1y(X), { FsxpdX)- Foym(X) }, Fexsi(X) ]
If (P,S) is semi compatible pairs of reciprocal thrmmous maps then P,Q,S and T have a
unique common fixed point .
Proof: Let % € X, be any arbitrary point. Then we can constrac sequences {}
and {y,} in X such that Yo = P¥%ne1 = TXn . and Yor1 = QXons= SXops1 |
forn= 0,1,2,...
First , we will prove that {§} is a Cauchy sequence in X.
Now, by inequality (3.3) , we have
Nones, Yoneo  (NX) = (hx)

I5:X2n+1, TXan42

= Min [ - F S ()8(% , { I:SX2n+1PX2n+l (X) ' 5X2n+2,TX2n(z(2)},
PXones, S¥ns1
> Min frlfyzmym ), { Fy2n+1y2n ) Fyyiyoms
\Enu, Yon+2 (x)]

Fyans1yanez  (hX) 2 FyanYanet (x)
Similarly , we get
(hx)=F x)

F\/2n+2Y2n+3 Yan Yan+1
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In general, we have
Fyn+1,yn (hx) = F YoVn x)
Then by Lemma 2.2 , {y is a Cauchy sequence and it convergent to quoirg z in
X.
Hence the subsequences convergent as follows :
{Pxor} =z, {S¥%n} =z, {Q%n+} 2z and  {Txn.1} — Z.
Now , since P and S are reciprocal continuous and-sompatible then we have
liMmp_ PS¥%, =
Pz, lim., SPx%,=Sz,and lim., M( PSx, Sz,t)=1. Therefore we get Pz=Sz.

Now we will show that Pz=1z.
By inequality (3.3) , putting X =2,y =%;, we get

Foz o (M0 ZMIN[F 1 (0, { Foope(®) - F QT 09} 5209 ]
Taking' limit n—>o , we get
Fe.(hx) = Min[ Fs.(X), { Fszpz(X) . F2AX) }, Fpzs£X) ]
Since Pz =Sz, then we get
FPz,z(hX) = Min [ I:Pz,z (X) ’ { I:Pz,Pz(X) . Fz,z (X) }, I:Pz,Pz (X) ]
Fe,{hX) = Fp,{X) , then by Lemma 2.1, then we get z = Pz.
Since, Pz =Sz, combining both we get pz= Sz.
Now, P(X) € T(X), therefore there exists a pointeuxX suchthat z=Pz=Tu.
Putting x=x%,, y = uininequality (3.3) , we get

Fox,qu (W) = MIn[Fg 1 (0. {Ry py, Fauru®) ) F py, 5]

Letting n—o , we get
Fooqu(hX) = Min [ F, 7y (}) , { F2z (X) - Rouz(®) }, Fzz(X) ]
Fzou (hX) = F1u(X)
Then, by Lemma 2.1, we get Qu= Tu.
Since z =Pz =Tu and we proved that Qu = dambining bothwe get z=Qu =
Tu.
Weak compatibility of (Q,T) gives TQu = QTue.iQz=Tz.
Now , we will prove that Qz = Pz.
Again assuming Qz Pz, By inequality (3.3), putting x =2z, y5 we get
Fpz0:(hX) = Min [ Fs;12(X) , { FszpAX) . Fazt2(X) } 1 FezsAX) ]
Frzqz(hX) = Min [ Fp, o, (X) , { Fezpz(X) - Fozqz(X) } 5 Fezpz(X) ]
I:Pz,Qz (hX) = FPZ,QZ (X):
which is a contradiction , thus we get Pz = (&ince Pz=Sz=z,and Qz=Tz
Hence finally we get z=Pz=Qz=Sz=Tz. zis acommon fixed point of P,Q,
SandT.

Uniqueness: Let w be another common fixed point of P,Q/&8l &, then
wW=Pw=0Qw=Sw=Tw.

Putting x =z andy =w, ininequality (3.3) , @et ks, ou(hx) = Min [ Fs 1w (X), {

FSZ,PZ(X) . I:QW,TW(X) } ’ FPZ,SZ(X) ]

Fow(hx) =Min[Fo (), {F:00).Fuw (X}, F2(X)]

Fow(hx) = Fow(X)

Hence , from Lemma 2.1, we get z=w.

Therefore zis a uniqgue common fixed point of B.@nd T .
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By setting P = Q intheorem 3.1 ,we can drivemliary for three mappings

Corollary 3.2. Let P, S and T be self maps of a complete Mesgace (X,F,t) , where
t is continuous t-norm, satisfying following nitions :
1. The pair (P,T) is weak compatible,
2. Forall x,ye X and h>1,
FPXPY(hX) = Min [ FSX,Ty (X) ) { FSX,PX(X) . FPnyy (X) }, FPx,Sx (X) ]

If (P,S)is semi compatible pairs of reciprocabntinuous maps Then, P,S and T have
a unique common fixed point in X.
Ontaking P=Q and S =T, we get another carpl|

Corollary 3.3. LetP and S be self maps of a complete MengerespgF,t) , where t
is continuous t-norm, satisfying followingrdditions :
1. Forallx,ye X and h>1,
FPX,Py(hX) = Min [ FSx,Sy(X) ’ { FSx,Px(X) : FPy,Sy(X) }: FPx,Sx (X) ]
If (P,S) is semi compatible pairs of recifibc continuous maps and weak
compatible. Then, P and S have a uniqgue comiwed point in X.

Acknowledgement. Authors thankful to the referees for their véllgacomments for the
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