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Abstract. Let G = (V, E) be a graph. LeD be a minimum secure total dominating set of
G. If V — D contains a secure total dominating Bébf G, thenD' is called an inverse
secure total dominating set with respecbtd he inverse secure total domination number
Vst (G) of G is the minimum cardinality of an inverse securaltoominating set 06.
The disjoint secure total domination numigys(G) of G is the minimum cardinality of
the union of two disjoint secure total dominatirassin G. In this paper, we initiate a
study of these two parameters and establish sosnéts®n these new parameters.
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1. Introduction
All graphs considered here are finite, undirectdathaut isolated vertices, loops and
multiple edges. For all further notation and terotgy we refer the reader to [1].

Let G = (V, E) be a graph withp vertices andq edges. A seDV is a
dominating set if every vertex M — Dis adjacent to some vertex th The domination
numbery(G) of G is the minimum cardinality of a dominating set@®fRecently many
domination parameters are given in the books byi kul[2,3,4]. LetD be a minimum
dominating set of5. If V — D contains a dominating s&' of G, thenD' is called an
inverse dominating set @ with respect td. The inverse domination numbgr(G) of
G is the minimum cardinality of an inverse dominatisgt of G. This concept was
introduced by Kulli and Sigarkanti in [5]. Many ethinverse domination parameters in
domination theory were studied, for example, in768, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19].

A dominating seD in Gis called a secure dominating se@iif for every vertex
uin V — D, there existy in D adjacent tai such that D —{v}) O{u} is a dominating set.
The secure domination numbgyG) of G is the minimum cardinality of a secure
dominating set ofG. This was introduced by Cockayne et al. in [20]t Debe a
minimum secure dominating set @f If V — D contains a secure dominating Bebf G,
thenD' is called an inverse secure dominating set vaipect tdD. The inverse secure
domination numbens(G) of G is the minimum cardinality of an inverse secure
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dominating set ofG. This was found in the paper of Enriquez et al[2h] and was
studied by Kulli in [22]. Ays -set is a minimum inverse secure dominating sehil&ily
other sets can be expected.

A setD 0 Vs a total dominating sef G if every vertex inV is adjacent to some
vertex inD. The total domination numbgy(G) of G is the minimum cardinality of a total
dominating set o6.

Note that every graph without isolated vertices haotal dominating set. Thus
we consider only graphs with no isolated vertitet.A(G) denote the maximum degree

and [x} the least integer greater than or equal. tbhe complement o6 is denoted by

G.

The disjoint domination numbey(G) of G is the minimum cardinality of the
union of two disjoint dominating sets (& This was introduced by Hedetniemi et al. in
[23]. Many other disjoint domination humbers wenadged, for example, in [7, 8, 9, 14,
23, 25].

The disjoint secure domination numhgy(G) of G is the minimum cardinality
of the union of two disjoint secure dominating sat&. This concept was introduced by
Kulli in [22].

In this paper, we introduce the inverse secura wamination number and the
disjoint secure total domination number and stiyjrtgraph theoretical properties.

2. Inverse securetotal domination
We introduce the concept of inverse secure totalidation as follows:

Definition 1. Let D be a minimum secure total dominating set of a g@p{v, B). If V —

D contains a secure total dominating Bébf G, thenD'is called an inverse secure total
dominating set with respect B. The inverse secure total domination numpgi(G) of

G is the minimum cardinality of an inverse secutaltdominating set ob.

Definition 2. The upper inverse secure total domination nunfkeghG) of G is the
maximum cardinality of an inverse secure total dating set ofs.

A vy -set is a minimum inverse secure total dominatatg s
Example 3. Let K, be the complete graph. ThegK,) = 2 andys (K)=2.

Remark 4. Not all graphs have an inverse secure total domigaet. For example, the
cycleC, has a secure total dominating set, but no inveesare total dominating set.

Proposition 5. For any cycleC,, ys (C,) does not exist.
Proposition 6. For any tred, v (T) does not exist.

Theorem 7. LetD be ays:-set of a connected gragh If ayst‘l-set exists, thefs has at
least 4 vertices.
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Proof: Let D be ays -set of G. SinceG has no isolated verticeg(G)=D]22. If a
Vst Lset exists, theW — D contains a secure total dominating set with resquedt Thus |
V —D[z2. HenceG has at least 4 vertices.

From definitions, the following result is immediat

Proposition 8. For a connected graghwith p=4 vertices,
Y (G) < s (G)= vt ().

The following known results are used to prove ated results.

Proposition A [24]
(1) v«(Kp) = 2, if p=2.
) VK, = 4, if 3sm=n.

Now we obtain the exact values\gf'(G) for some standard graphs.
Proposition 9. For a complete grapky, p=4,
Yo (Kp) = 2.
Proof: Let D be a minimum secure total dominating setkgf By Proposition A(1),
ID|=2. LetD = {u, . ThenS ={x, y} is a ys -set ofK, for x, yOV(K,) — {u, \}. Hence
yst_l(Kp):z-

Proposition 10. For a complete bipartite graply, , 4<m<n,

Vst (K, n) = 4.
Proof: Let V(K )=ViO V, whereV; = {uy, U,, ..., U} and V, = {vy, V,, ..., V;}. By
PropositionA(2), D = {uy, Uy, V4, Vo} is @ minimum secure total dominating setkqf »
ThenS ={us, Uy Vs, Va} IS @ yst‘l-set of Ky nfor us, Ug, va, VaOV(Kn ) — {Uy, Uz, V4, Vo).
Henceys (Km )=4.

Proposition 11. For any graplG with ays; -set,
Y G)< Vi (G)
and this bound is sharp.
Proof: Clearly every inverse secure total dominatingo$& is a secure total dominating
set. Hence
Y G)< Vi (G)-
The complete grapK, and the complete bipartite gragh, achieve this bound
with VS[(K4) = yst_l(K4)=2 andysl(K4' 4) = yst_l(K4y 4)=4.

Proposition 12. For any grapl® with ays -set,
Ys(G) +Ysi (G) <p
and this bound is sharp.
Proof: This follows from the definition ofs, (G).
The graph¥, andK, , achieve this bound.
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Theorem 13. For any grapl® with ays -set,

2<Y (G)sp-2
and these bounds are sharp.
Proof: By Proposition 11ys(G) < ys (G) and since X y(G),

2< v (G).
By Proposition 12y {(G) < p — ys(G) and since X yy(G),
Y (G) < p-2.

Hence,

2<v(G)<p-2.

These bounds are sharp as can be seen with thekyap

We have the following inequality chain.

Theorem 14. For any grapl with ays -set,
Y(G) < V{(G) < Vs(G) £ V& (G) < T (G) -

We now obtain lower and upper boundsygr(G).

Theorem 15. For any grapl@ with ays *-set,

p 4 pA(G)
[A(G)+JSVS‘ (G)S[A(GHJ' M)
C P ; 1
Proof: It is known that{A(G)Jszy(G) and sincey(G) < Vs (G), we see that the

lower bound in (1) holds.
By Proposition 12,

Vst (G) < p —Vs(G).

Since{A(Gp) +J < y(G) <y, (G) and the above inequality,

v (G)< p—L(Gp)JFJ-

Hence the upper bound in (1) holds.

We establish a Nordhaus-Gaddum type result foursedotal domination
number.

Theorem 16. Let G be a graph witlp > 4 vertices. If a; -set exists an andG have
no isolated vertices, then

4y (G)+y(G)=2(p-2
4y (G)+yi(G)=(p-2)°.
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Proof: Since ays Lset exists an, G have no isolated vertices,
2<y}(G) and2< )} (G).

Hence both lower bounds follow.

By Theorem 13, we have
¥2{(G)< p-2 and ;' (G) < p-2.

Hence both upper bounds follow.

3. Disjoint securetotal domination
The inverse secure total domination number inspigso introduce the concept of
disjoint secure total domination number.

Definition 17. The disjoint secure total domination numhgys(G) of a graphG is
defined as followsysys{G) = min {|D4|+D,|: D1, D, are disjoint secure total dominating
sets of G}. We say that two disjoint secure total dominatisets, whose union has
cardinalityysys{G), is aysysrpair of G.

Remark 18. Not all graphs have a disjoint secure total dotimmanumber. For example,
the cycleC, does not have two disjoint secure total dominasets.

Theorem 19. For any grapl@ with ys (G),
2/(G) < Ysvs(G) < Vs(G) + Vs (G) < .

Definition 20. A graphG is calledysyseminimum if it has two disjoint-sets, that is,
Ystys(G) = 2ys(G).

Definition 21. A graphG s calledysysrmaximum ifygys(G) = p.

When the disjoint secure total domination numbeists, the following
inequalities hold.

Proposition 22. For any grapl@& having two disjoint two secure total dominatingsse

W(G) < Yo¥:(G) < Ysiysl(G)-
The exact values gfys(G) for some standard graphs are given below.

Proposition 23. For the complete grag, p = 4,

Yaiysi(Kp) = 2ys(Kp) = 4.
Proof: This follows from Theorem A(1) and Proposition 9.

Proposition 24. For the complete bipartite graph, ,, 4<m<n,

yStySl(Km, n) = ZYQ(Km, n) = 8.
Proof: This follows from Theorem A(2) and Proposition 10.
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The complete graphs,, p=4 and the complete bipartite grapks » 4<m=<n
arevsyst -minimum.
The graph¥, andKj, 4 areysys -maximum.

4. Some open problems

In this paper, we have introduced a new type otlisg domination, namely inverse
secure total domination. Also we have introducegjoitit secure total domination. Many
guestions are suggested by this research, amonmatesthe following:

Problem 1. Characterize grapt@ for whichys(G) = yst (G).

Problem 2. Characterize grapt@ for whichys(G) + yst (G) = p.

Problem 3. Characterize graphs for whichysys(G) = Ysiys(G).

Problem 4. Characterize graphs for whichysys{G) = 2ys(G).

Problem 5. Characterize the class W@fys.-minimum graphs

Problem 6. Characterize the class @fys;-maximum graphs

Problem 7. Obtain bounds fow, v, (G) + vy (G) -

Problem 8. What is the complexity of the decision problemresponding tqsys(G) ?
Problem 9. Is DISJOINT SECURE TOTAL DOMINATION NP-completerfa class of
graphs?
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