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1. Introduction 
Rough set theory was introduced by Pawlak [6]. There are many approaches in rough 
sets. Some reviews can be seen in [12, 13]. Several applications of rough set models can 
be seen in [7, 8]. Iwinski [1] introduced the set oriented view of rough set in an algebraic 
method. A topology on a non-empty set is a collection of subsets of it, satisfying certain 
axioms [5, 11]. Mathew & Sunil [3] introduced I-rough topological spaces. The notion of 
I-rough continuous functions can be seen in [4]. Some related works in generalized 
topological spaces and fuzzy topological spaces can be seen in [2, 9, 10]. This paper is an 
attempt to strengthen the topology of the rough universe by extending the concepts of 
compactness, Hausdorffness and connectedness of general topological spaces in to I-
rough topological spaces. 

 
2.  Preliminaries 
Some of the basic definitions for our further study need to be quoted before introducing 
the new concepts. Let U be any non-empty set and let β  be a complete sub-algebra of 

the Boolean algebra 2U of subsets of .U Then the pair ( ),U β is called a rough universe 

[1]. Let ( ),U β  be a given fixed rough universe. Let R  be a relation on β  defined by

( )1 2,A A A R= ∈
 
iff 1 2,A A β∈ and 1 2A A⊆ . The elements of R  are called rough sets 

and the elements of β are called exact sets [1]. In order to distinguish this definition of 
rough sets from Pawlak’s definition, this rough set is named as an I-rough set [12]. The 
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element ( ),X X R∈ is identified with the element X β∈  and hence an exact set is a 

rough set in the sense of the above definition. But a rough set need not be exact. Set 
theoretic operators on the rough sets are defined component wise using ordinary set 

operations as follows [1]. Let ( )1 2,X X X=  and ( )1 2,Y Y Y=  be any two I-rough sets in 

the rough universe( ),U β . Then, 

( )1 1 2 2,X Y X Y X Y∪ = ∪ ∪  

( )1 1 2 2,X Y X Y X Y=∩ ∩ ∩  

X Y⊆ if X Y X=∩ .That isX Y⊆ if 1 1X Y⊆ and 2 2X Y⊆  

( )1 2 2 1,X Y X Y X Y− = − − . 

Hence ( ) ( ) ( ) ( )1 2 2 1 2 1, , , ,C C CX U U X X U X U X X X= − = − − = . 

The above set operations on I-rough sets are named as I-rough union, I-rough 
intersection, I-rough inclusion, I-rough difference and I-rough complement respectively 

[3]. Let ( ),U β  be a fixed rough universe. Then a sub collection τ of R  is an I-rough 

topology on( ),U β if the following 1, 2 and 3 hold [3]. 

1. ( ),φ φ τ∈ and ( ),U U τ∈  

2. τ   is closed under finite I-Rough intersection 
3. τ is closed under arbitrary I-Rough union. 

If τ be an I-rough topology on the rough universe ( ),U β . Then the triple 

( ), ,U β τ  is called an I-rough topological space [3]. An I-rough set ( )21, AA  is an I-

rough open set in an I-rough topological space ( ), ,U β τ  if  ( ) τ∈21, AA  and an I-rough 

set ( )21, AA  is an I-rough closed set if its I-rough complement ( )2 1,CA U A U A= − −
 
is 

I-rough open [3]. Let A  be any subset of U . Then 

( ) ( ){ }1 2 1 2/ , / ,A G A G A G A G G Gτ τ= ∩ = ∩ = ∈∩  is an I-rough topology on the 

rough universe ( ), /A Aβ  induced by τ , where { }/ /A X A Xβ β= ∩ ∈  is the 

complete sub-algebraβ  restricted to A . Then / Aτ  is called the relative I-rough 

topology on A  or the subspace I-rough topology on A  and ( ), / , /A A Aβ τ  is called an 

I-rough subspace of the I-rough topological space ( ), ,U β τ [3]. 

Let ( )1, βX  and ( )2, βY  be any two rough universes and let YXf →: be any 

function.  Then the function f is an I- rough function if bothf and  1−f maps exact sets 

on to exact sets. That is f is an I-rough function if ( ) 2β∈Af , 1β∈∀A  and 

( ) 1
1 β∈− Af , 2β∈∀A [4]. Let ( )11,, τβX  and ( )22 ,, τβY are any two I-rough 

topological spaces and let ( ) ( )21 ,,: ββ YXf →  be any I-rough function. Then f  is an 
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I-rough continuous function if ( )Af 1−  = ( ) ( )( )2
1

1
1 , AfAf −− ∈ 1τ for every ( )21, AAA =

∈ 2τ [4]. An I-rough function ( ) ( )21 ,,: ββ YXf →  is an I-rough embedding if f is 

one-one and both f and 1−f are I-rough continuous functions [4]. Also 

( ) ( )21 ,,: ββ YXf →  is an I-rough homeomorphism if f is one-one, onto and both f

and 1−f are I-rough continuous functions [4]. 
 
3. I-rough compactness 
In this section, the paper studies the compactness of the I-rough topological spaces. This 
is an attempt to generalize the concept of compactness in general topological space in to 
I-rough topological spaces.  
 
Definition 3.1. A family ( ){ }IiAAV ii ∈= :,

21
 of I-rough subsets of a rough universe 

( )β,X  is an I-rough covering of an I-rough set ( )21, EE  if 

( ) ( ) 




=⊆

∈∈∈ 2121
,,, 21 i

Ii
i

Ii
ii

Ii
AAAAEE ∪∪∪ . The I-rough covering V  is finite I-rough 

covering if V  contains only finitely many I-rough sets. Also the family V of I-rough 
subsets of a rough universe ( )β,X  is an I-rough covering of ( )β,X  if X  is the I-rough 

union of all members of V . 
 
Definition 3.2. Let ( )τβ ,,X  be an I-rough topological space. Then an I-rough covering 

V of I-rough subsets of a rough universe ( )β,X  is an I-rough open covering if all the 

members of V  are I-rough open sets.  
 
Definition 3.3. Let ( )β,X  be a rough universe and let ( ){ }IiAAU ii ∈= :,

21
  and 

( ){ }JiBBV ii ∈= :,
21

  are any two I-rough covering of ( )β,X . If for each 

( ) ( )
2121

,,, jjii BBAAIi =∈  for some Jj ∈ , then the I-rough covering  

( ){ }IiAAU ii ∈= :,
21

 is an I-rough sub covering of the I-rough cover 

( ){ }JiBBV ii ∈= :,
21

. 

 
Definition 3.4. An I-rough topological space ( )τβ ,,X  is I-rough compact if for every I-

rough open covering of ( )β,X  has a finite I-rough sub covering. 
 
Definition 3.5. Let ( )τβ ,,X  be an I-rough topological space and let Y  be any subset of 

X . Then Y  is I-rough compact if the relative I-rough subspace ( )YYY /,/, τβ  is I-
rough compact. 
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Remark 3.1. Next theorem relates the I-rough compactness of an I-rough subspace 
( )YYY /,/, τβ  of an I-rough topological space ( )τβ ,,X  to the I-rough topology τ  of 

( )τβ ,,X . 
 
Theorem 3.1. Let ( )τβ ,,X  be an I-rough topological space and let Y  be any subset of 

X . Then Y  is I-rough compact iff for each I-rough open covering ( ){ }IiAA ii ∈:,
21

 of 

Y such that for every Ii ∈ , ( ) τ∈
21

, ii AA , there is a finite I-rough sub covering of Y . 

Proof: Let ( )τβ ,,X  be an I-rough topological spaces and let Y  be any subset of X . 

Suppose Y  is I-rough compact. Let ( ){ }IiAA ii ∈:,
21

 be an I-rough open covering of Y

using I-rough open sets of ( )τβ ,,X . Which implies that for every Ii ∈ , ( ) τ∈
21

, ii AA . 

Then ( ) ( ) YYYAA ii /,,
21

τ∈∩  for every Ii ∈ . Hence ( ) ( ){ }IiYYAA ii ∈∩ :,,
21

 is an 

I-rough open covering of Y using I-rough open sets in the relative I-rough topology of 
( )YYY /,/, τβ . Since Y is I-rough compact, this I-rough covering has a finite I-rough 

open covering of Y . Let this finite I-rough sub covering be 
( ) ( ){ }njYYAA jj ,,3,2,1:,,

21
⋯=∩ . Then clearly ( ){ }njAA jj ,,3,2,1:,

21
⋯=  covers 

Y . Hence for each I-rough open covering ( ){ }IiAA ii ∈:,
21

 of Y such that for every 

Ii ∈ , ( ) τ∈
21

, ii AA , there is a finite I-rough sub covering of Y . 

Conversely suppose for each I-rough open covering ( ){ }IiAA ii ∈:,
21

 of Y such 

that for every Ii ∈ , ( ) τ∈
21

, ii AA , there is a finite I-rough sub covering of Y . Let 

( ){ }IiAA ii ∈:,
21

 be an I-rough open covering of Y using I-rough open sets in the relative 

I-rough topology on Y . That is for every Ii ∈ , ( ) YAA ii /,
21

τ∈ . Hence 

( ) ( ) ( )YYGGAA iiii ,,,
2121

∩=  where ( ) τ∈
21

, ii GG  for every Ii ∈ . Thus 

( ){ }IiGG ii ∈:,
21

 is an I-rough open covering of Y using I-rough open sets in ( )τβ ,,X . 

Then by our supposition, there is a finite I-rough sub covering 
( ){ }njGG jj ,,3,2,1:,

21
⋯=

 
of Y . Then ( ) ( ){ }njYYGG jj ,,3,2,1:,,

21
⋯=∩  is a 

finite I-rough sub covering of Y . Hence Y  is I-rough compact. 
 
Definition 3.6. Let ( )τβ ,,X  be an I-rough topological space and let ( )21,YY  be any I-

rough set of  the rough universe ( )β,X . Then ( )21,YY  is I-rough compact set if for 

every I-rough open covering  of ( )21,YY  using I-rough open sets of ( )τβ ,,X  has a finite 
I-rough sub covering. 
 
Theorem 3.2. Let ( )11,, τβX  and ( )22 ,, τβY  are any two I-rough topological spaces 

and let ( ) ( )21 ,,: ββ YXf →  be any I-rough continuous function. Then if an I-rough set 
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( )21, AA  of the rough universe ( )1, βX  is I-rough compact subset of ( )11,, τβX  then 

( )21, AAf  is an I-rough compact subset of ( )22 ,, τβY . 

Proof: Let ( ) ( )21 ,,: ββ YXf →  be any I-rough continuous function and let ( )21, AA  be 

an I-rough set of the rough universe ( )1, βX  is I-rough compact subset of ( )11,, τβX . 

Let ( ){ }IiGG ii ∈:,
21

 be an I-rough open covering of ( )21, AAf  using I-rough open sets 

in ( )22 ,, τβY . This implies that 

                  ( ) ( ) ( )( )2121 ,, AfAfAAf = ( ) 




=⊆

∈∈∈ 2121
,, i

Ii
i

Ii
ii

Ii
GGGG ∪∪∪ . 

 Hence, ( ) ( )
21

,, 1
21 ii

Ii
GGfAA −

∈
⊆ ∪ . Thus ( ){ }IiGGf ii ∈− :,

21

1  be an I-rough covering 

of ( )21, AA . Since ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous function and 

( ) 221
, τ∈ii GG  for every Ii ∈ , clearly ( )

21
,1

ii GGf −  1τ∈  for every Ii ∈ . Hence 

( ){ }IiGGf ii ∈− :,
21

1  be an I-rough open covering of ( )21, AA . Since ( )21, AA  is I-rough 

compact set of ( )11,, τβX , it has a finite I-rough sub covering 

( ){ }niGGf ii ⋯,3,2,1:,
21

1 =−  of ( )21, AA . That is ( ) ( )
21

,, 1

1
21 ii

n

i
GGfAA −

=
⊆ ∪ . Which 

implies that ( ) =21, AAf  ( ) ( )( ) ( )
21

,, 1

1
21 ii

n

i
GGfAfAf −

=
⊆ ∪ .  Since ( ){ }IiGG ii ∈:,

21
 be 

an arbitrary I-rough open covering of ( )21, AAf  the theorem follows by theorem 3.1. 
 
Theorem 3.3. Let ( )11,, τβX  and ( )22 ,, τβY  are any two I-rough topological spaces, 

where ( )11,, τβX  is I-rough compact and ( ) ( )21 ,,: ββ YXf →  be any I-rough 

continuous and onto function. Then ( )22 ,, τβY  is I-rough compact. 

Proof: Since ( ) ( )21 ,,: ββ YXf →  is an onto function, clearly ( ) ( )YYXXf ,, = . Then 
the proof follows from theorem 3.2. 
 
Theorem 3.4. Let ( )11,, τβX  and ( )22 ,, τβY  are I-rough homeomorphic I-rough 

topological spaces. Then ( )11,, τβX  is I-rough compact iff ( )22,, τβY  is I-rough 
compact. 
Proof: Proof follows directly from theorem 3.3 and the definition of I-rough 
homeomorphism. 
 
Theorem 3.5. Let ( )τβ ,,X  be an I-rough compact I-rough topological space then every 

I-rough closed subsets of ( )τβ ,,X  are also I-rough compact. 

Proof: Let ( )21, DD  be any I-rough closed subset of  the I-rough topological space 

( )τβ ,,X  where ( )τβ ,,X  is I-rough compact. Let ( ){ }IiAA ii ∈:,
21

 of ( )21, DD  such 

that for every Ii ∈ , ( ) τ∈
21

, ii AA . Since ( )21, DD  is an I-rough closed subset of the I-
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rough topological space ( )τβ ,,X  implies ( )12, DXDX −−  τ∈ . Now adjoin 

( )12, DXDX −−  to ( ){ }IiAA ii ∈:,
21

  to get an I-rough open covering of ( )τβ ,,X . 

But since ( )τβ ,,X  is I-rough compact it has a finite I-rough sub covering 

( ){ }njAA jj ,,3,2,1:,
21

⋯= , which may or may not contains ( )12, DXDX −− . If it 

contains ( )12, DXDX −− , delete it from the finite I-rough sub covering to get a finite 

I-rough sub covering of ( )CDXDX 12, −−  =( )21, DD . Since ( ){ }IiAA ii ∈:,
21

 is 

arbitrary, the theorem follows by theorem 3.1. 
 
Remark 3.2. Next theorem characterizes the I-rough compactness of an I-rough 
topological space in terms of its I-rough closed sets instead of I-rough open sets.  
 
Theorem 3.6. An I-rough topological space ( )τβ ,,X  is I-rough compact iff whenever a 

family ( ){ }IFF ∈ααα ,,
21

 of I-rough closed sets of  ( )τβ ,,X  such that 








∈ ∈
∩ ∩

I I

FF
α α

αα 21
,

( )φφ,=  then there is a finite subset of indices { }nαααα ,...,,, 321  such that 










==
∩∩

n

i

n

i
ii

FF
1

2
1

1
, αα ( )φφ,= . 

Proof: Suppose that ( )τβ ,,X  be an I-rough topological space which is I-rough compact. 

Let ( ){ }IFF ∈ααα ,,
21

 be a family of I-rough closed sets of  ( )τβ ,,X  such that 










∈ ∈
∩ ∩

I I

FF
α α

αα 21
, ( )φφ,= .  Then ( )∪

I

CFF
∈α

αα 21,  =

C

I I

FF 








∈ ∈
∩ ∩
α α

αα 21
, ( ) == Cφφ,

( )XX , . Since each ( )21, αα FF  is I-rough closed, ( )CFF 21, αα  is I-rough open in 

( )τβ ,,X . Hence ( )∪
I

CFF
∈α

αα 21,  is an I-rough open covering of X , which is I-rough 

compact. Hence there is a finite I-rough sub covering ( )CFF
21 11

, αα , ( )CFF
21 22

, αα , 

( )CFF
21 33

, αα ,..., ( )C

nn
FF

21
, αα , such that  ( )

Cn

i
ii

FF∪
1

21
,

=
αα ( )XX ,= . Then 

( )
CCn

i
ii

FF














=
∪

1
21

, αα ( )CXX ,= = ( )φφ, . But ( )
CCn

i
ii

FF














=
∪

1
21

, αα = 








==
∩∩

n

i

n

i
ii

FF
1

2
1

1
, αα

( )φφ,= . 

Conversely suppose that for each family ( ){ }IFF ∈ααα ,,
21

 of I-rough closed 

sets of  ( )τβ ,,X  such that 








∈ ∈
∩ ∩

I I

FF
α α

αα 21
, ( )φφ,= , there is a finite subset of indices 
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{ }nαααα ,...,,, 321  such that 








==
∩∩

n

i

n

i
ii

FF
1

2
1

1
, αα ( )φφ,= . Let ( ){ }JAA ∈βββ ,,

21
 be any 

I-rough open covering of ( )τβ ,,X . Then ( ) ( )XXAA
J

,,
21

=
∈
∪
β

ββ . Then 

( ){ }JAA C ∈βββ ,,
21

 be a family of I-rough closed sets such that  

( ) ( ) ( )φφ
β

ββ ,,,
21

==










∈

C

C

J

XXAA∪ .  

That is ( ) =










∈

C

J

AA∪
β

ββ 21
,   ( )∩

J

CAA
∈β

ββ 21
,  = 











∈∈

C

J

C

J

AA ∩∩
β

β
β

β 12
, ( )φφ,= . 

Hence by our assumption there is a finite subset of indices { }nββββ ,...,,, 321  such that  










==
∩∩

n

i

C
n

i

C

ii
AA

1
1

1
2

, ββ ( )φφ,= . Then 

Cn

i

C
n

i

C

ii
AA 









==
∩∩

1
1

1
2

, ββ ( ) ( )XXC ,, == φφ . That is 

Cn

i

C
n

i

C

ii
AA 









==
∩∩

1
1

1
2

, ββ =































==

Cn

i

C

Cn

i

C

ii
AA ∩∩

1
2

1
1

, ββ = 








= =
∪ ∪

n

i

n

i
ii

AA
1 1

21
, ββ  = ( )XX , . 

That is ( )∪
n

i
ii

AA
1

21
,

=
ββ  = ( )XX , . Hence the I-rough open covering ( ){ }JAA ∈βββ ,,

21
 

has a finite I-rough sub covering. Since the I-rough open covering is arbitrary ( )τβ ,,X  
is I-rough compact. 
 
4. I-rough Hausdorff spaces 
This section introduces the Hausdorff property in I-rough topological spaces and studies 
the I-rough compactness of subsets of I-rough Hausdorff spaces. 
 
Definition 4.1. An I-rough topological space ( )τβ ,,X  is I-rough Hausdorff space if for 

any two distinct points yx,  in X , there exist ( ) ( ) τ∈2121 ,,, VVUU , such that  

( ) ( )2121 ,,, VVyUUx ∈∈  and ( ) ( ) ( ) ( )φφ,,,, 22112121 =∩∩=∩ VUVUVVUU . 
 
Theorem 4.1. Let ( )τβ ,,X  be an I-rough Hausdorff space and Xx ∈ . Let ( )21, FF  be 

an I-rough set of the I-rough universe ( )β,X , which is an I-rough compact subset not 

containing x . Then there exist I-rough open sets ( )21,UU  and ( )21,VV  such that  

( )21,UUx ∈ , ( ) ( )2121 ,, VVFF ⊂  and ( ) ( ) ( ) ( )φφ,,,, 22112121 =∩∩=∩ VUVUVVUU . 

Proof: Since ( )21, FF  is I-rough compact subset not containing x , for each ( )21, FFy ∈ , 

there exist I-rough open sets ( )
21

, yy UU  and ( )
21

, yy VV  such that  ( )
21

, yy UUx ∈ , 

( )21, yy VVy ∈  and ( ) ( )=∩ 2121
,, yyyy VVUU  ( ) ( )φφ,, 2211 =∩∩ yyyy VUVU . Then the 
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family ( ) ( ){ }2121 ,:, FFyVV yy ∈  is an I-rough open covering of ( )21, FF . Since ( )21, FF  

is I-rough compact, there is a finite I-rough sub cover for ( )21, FF  say 

( ) ( ) ( ){ }212121 ,...,,,,,
2211 nn yyyyyy VVVVVV . Let ( ) ( )∩

n

i
yy ii

UUUU
1

2121 ,,
=

=  and 

( ) ( )∪
n

i
yy ii

VVVV
1

2121 ,,
=

= . Then clearly ( )21,UU  and ( )21,VV  are I-rough open sets and 

( )21,UUx ∈ , ( ) ( )2121 ,, VVFF ⊂  and ( ) ( ) ( ) ( )φφ,,,, 22112121 =∩∩=∩ VUVUVVUU . 
 
Theorem 4.2. Let ( )τβ ,,X  be an I-rough Hausdorff space and ( )21,YY  be an I-rough 

compact subset of the rough universe ( )β,X . Then ( )21,YY  is I-rough closed. 

Proof: Let ( )21,YY  be an I-rough compact subset of an I-rough Hausdorff space 
( )τβ ,,X . Then by theorem 4.1, for any ( ) ( )21,, YYXXx −∈  there exist I-rough open 

sets ( )21,UU  and ( )21,VV  such that  ( )21,UUx ∈ , ( ) ( )2121 ,, VVYY ⊂  and 

( ) ( ) =∩ 2121 ,, VVUU  ( ) ( )φφ,, 2211 =∩∩ VUVU . In particular ( ) ( )2121 ,, YYUU ∩  = 

( )φφ, , and ( ) ( )1221 ,, YXYXUU −−⊆ . That is ( ) ( )1221 ,, YXYXUUx −−⊂∈ . Thus 

( ) ( )21,, YYXX − is an I-rough neighbourhood of each of its points. Hence 

( ) ( )21,, YYXX −  is I-rough open and then ( )21,YY  is I-rough closed. 
 
Theorem 4.3. Let ( )τβ ,,X  be an I-rough compact Hausdorff space. Then an I-rough set 

( )21,YY  of the rough universe ( )β,X  is I-rough compact iff ( )21,YY  is I-rough closed. 
Proof: Proof follows from theorem 3.5 and theorem 4.2. 
 
Theorem 4.4. Let ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous function from an I-

rough compact topological space ( )11,, τβX  on to an I-rough Hausdorff topological 

space ( )22 ,, τβY . Then an I-rough set ( )21, AA  of the rough universe  ( )β,Y  is I-rough 

closed in ( )22 ,, τβY  iff  ( )21
1 , AAf −  is I-rough closed in ( )11,, τβX .  

Proof: First suppose that the I-rough set ( )21, AA  of the rough universe  ( )β,Y  is I-

rough closed in ( )22 ,, τβY . Since   ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous 

function, clearly ( )21
1 , AAf −  is I-rough closed in ( )11,, τβX . Conversely suppose 

( )21
1 , AAf −  is I-rough closed in the I-rough compact topological space ( )11,, τβX . 

Then by theorem 3.5, ( )21
1 , AAf −  is I-rough compact. Then by theorem 3.2, 

( )( )21
1 , AAff −  = ( )21, AA  is I-rough compact subset of  ( )22 ,, τβY . Then being an I-

rough compact I-rough set of an I-rough Hausdorff topological space ( )22 ,, τβY , 

( )21, AA  is I-rough closed in ( )22 ,, τβY  by theorem 4.3. 
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Theorem 4.5. Let ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous function from an I-

rough compact topological space ( )11,, τβX  on to an I-rough Hausdorff topological 

space ( )22,, τβY . Then ( ) ( )21 ,,: ββ YXf →  is I-rough closed mapping. 

Proof: Let ( )21, AA  be any I-rough closed subset of ( )11,, τβX . Then by theorem 3.5, 

( )21, AA  is I-rough compact subset of ( )11,, τβX . Then by theorem 3.2, ( )21, AAf  is an 

I-rough compact subset of ( )22 ,, τβY . Now since ( )22 ,, τβY  is I-rough Hausdorff, 

( )21, AAf  is I-rough closed by theorem 4.3. Hence ( ) ( )21 ,,: ββ YXf →  maps I-rough 
closed sets in to I-rough closed sets and hence it is an I-rough closed mapping. 
 
Theorem 4.6. Let ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous bijective function 

from an I-rough compact topological space ( )11,, τβX  on to an I-rough Hausdorff 

topological space ( )22 ,, τβY . Then ( ) ( )21 ,,: ββ YXf →  is an I-rough 
homeomorphism. 
Proof: Let ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous bijective function where 

( )11,, τβX  is an I-rough compact topological space and ( )22 ,, τβY  is an I-rough 

Hausdorff topological space. Let ( )21, GG  be an I-rough open subset of ( )11,, τβX . 

Then ( ) ( ) ( )2121 G,G ,, −= XXGG C
 is I-rough closed in ( )11,, τβX . Then since 

( ) ( )21 ,,: ββ YXf → is a bijective I-rough function, ( )( )=CGGf 21,  

( ) ( )( )21 G,G , −XXf ( ) ( ) =−= 21,, GGfYY  ( )( )CGGf 21, is I-rough closed in 

( )22 ,, τβY  by theorem 4.5. So ( )21,GGf is I-rough open in ( )22 ,, τβY . Hence 

( ) ( )21 ,,: ββ YXf → is an I-rough open function. Thus ( ) ( )21 ,,: ββ YXf → is I-rough 
continuous, I-rough open bijective function and hence an I-rough homeomorphism. 
 
Corollary 4.1. Every I-rough continuous, one-one I-rough function from an I-rough 
compact topological space in to an I-rough Hausdorff topological space is an I-rough 
embedding. 
Proof: Proof follows from theorem 4.6 and definition of I-rough embedding. 
 
Theorem 4.7. Let ( )τβ ,,U  be an I-rough topological space and let ( )21, XX  and 

( )21, YY  are any two I-rough compact subsets of ( )τβ ,,U . Then ( ) ( )2121 ,, YYXX ∪  is 

again an I-rough compact subset of ( )τβ ,,U . 

Proof: Let ( ){ }IiAA ii ∈:,
21

 be an arbitrary I-rough open covering of ( ) ( )2121 ,, YYXX ∪  

using I-rough open sets of ( )τβ ,,U . Then clearly ( ){ }IiAA ii ∈:,
21

 is an I-rough open 

covering of ( )21, XX and ( )21, YY  using I-rough open sets of ( )τβ ,,U . Since ( )21, XX  

and ( )21, YY  are I-rough compact subspaces of ( )τβ ,,U , there exist finite I-rough open 

sub covers ( ){ }nkAA kk ,,3,2,1:,
21

⋯=  covers ( )21, XX  and  
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( ){ }mjAA jj ,,3,2,1:,
21

⋯=  

covers ( )21, YY , by theorem 3.1. Then clearly the union of these two sub collections 

covers ( ) ( )2121 ,, YYXX ∪ . Hence the union of these two sub collections is a finite I-

rough open sub covering of ( ){ }IiAA ii ∈:,
21

. Since ( ){ }IiAA ii ∈:,
21

 is arbitrary I-rough 

open covering, ( ) ( )2121 ,, YYXX ∪ is I-rough compact. 
 
Theorem 4.8. Finite I-rough union of I-rough compact subspaces of an I-rough 
topological space is again I-rough compact.  
Proof: The argument in theorem 4.7 is valid for a finite number of I-rough compact 
subspaces of an I-rough topological space. 
 
Theorem 4.9. Arbitrary I-rough intersection of I-rough compact subsets of an I-rough 
Hausdorff topological space is again I-rough compact.  

Proof: Let ( )τβ ,,U  be an I-rough topological spaces and let ( )21, iii YYY =  where Ii ∈
be any I-rough compact subsets of ( )τβ ,,U . Then by theorem 4.3, each ( )21, iii YYY = , 

where Ii ∈ is I-rough closed in ( )τβ ,,U . Let ( ) ( )∩
Ii

ii YYYY
∈

= 2121 ,, . Being arbitrary I-

rough intersection of I-rough closed subsets of an I-rough topological spaces, ( )21,YY  is 

again I-rough closed. That is ( )21,YY  is an I-rough closed subset of an I-rough Hausdorff 

topological space ( )τβ ,,U . Then by theorem 4.3, ( )21,YY  is I-rough compact. 
 
Remark 4.1. The I-rough Hausdorff property in theorem 4.9 is very important. Since I-
rough intersection of I-rough compact subspaces of an I-rough topological space need not 
be I-rough compact in general. Consider the following example. 
 
Example 4.1. Let N be the set of natural numbers and let Nyx ∉,  be any two real 

numbers. Let { }yxNU ,∪= . Let ( )UP=β . Also let τ be the collection of I-rough 

sets of the rough universe ( )β,U  obtained by adding the following four I-rough sets to 

the discrete I-rough topology on N such as { }( )xNN ∪, , { }( )yNN ∪, , 

{ }( )yxNN ,, ∪ , { } { }( )yxNyxN ,,, ∪∪ . Then clearly τ is an I-rough topology on 

the rough universe ( )β,U . Let { }( )xNNA ∪= , . Note that the only I-rough open sets 

containing { }( )xNNA ∪= ,  are { }( )xNN ∪, , { }( )yxNN ,, ∪ ,  

{ } { }( )yxNyxN ,,, ∪∪ . Hence any I-rough open covering of A  has a finite I-rough 

open sub covering. Hence { }( )xNNA ∪= ,  is I-rough compact. Similarly 

{ }( )yNNB ∪= ,  is  also I-rough compact. But ( )NNBA ,=∩  is not I-rough 

compact, since ( ){ }NnNn ∈,,  is an I-rough open covering of ( )NNBA ,=∩  which 

does not have any finite I-rough open sub covering. Also note that { }( )CC xNNA ∪= , = 

{ }( )( )CC NxN ,∪  = { }( )x,φ  and { }( )CC yNNB ∪= , = { }( )( )CC NyN ,∪  = { }( )y,φ  
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are not I-rough open in ( )τβ ,,U . Hence A  and B  are not I-rough closed in ( )τβ ,,U . 

Hence by theorem 4.3, the I-rough topological space ( )τβ ,,U  is not I-rough Hausdorff. 
 
5. I-rough connectedness 
This section generalizes the connectedness property in general topological spaces in to 
the I-rough connectedness in an I-rough topological spaces.  
 
Definition 5.1. An I-rough topological spaces ( )τβ ,,X  is I-rough connected if it is 

impossible to find two non-empty exact I-rough open sets ( )AA,  and ( )BB,  such that 

( ) ( ) ( )BBAAXX ,,, ∪=  and ( ) ( ) ( )φφ,,, =∩ BBAA . If an I-rough topological space 
is not I-rough connected it is called I-rough disconnected. 
 
Remark 5.1. It is clear that the I-rough open sets in the definition of I-rough connected 
spaces can be replaced by I-rough closed sets. Hence an I-rough topological spaces 
( )τβ ,,X  is I-rough connected if it is impossible to find two non-empty exact I-rough 

closed sets ( )AA,  and ( )BB,  such that ( ) ( ) ( )BBAAXX ,,, ∪=  and 

( ) ( ) ( )φφ,,, =∩ BBAA .  
 
Theorem 5.1. An I-rough topological spaces ( )τβ ,,X  is I-rough connected space iff the 

only exact I-rough clopen sets of ( )τβ ,,X  are ( )φφ,  and ( )XX , . 

Proof: First suppose that ( )τβ ,,X  is an I-rough connected space. If possible there exist 

an I-rough clopen subset ( )AA,  other than ( )φφ,  and ( )XX , . Now ( )AA,  is I-rough 

open implies( ) =CAA,  ( )AXAX −− ,  is I-rough closed. Again ( )AA,  is I-rough 

closed implies( ) =CAA,  ( )AXAX −− ,  is I-rough open. That is ( )AA,  and 

( )AXAX −− ,  are two exact I-rough open sets of ( )τβ ,,X  such that 

( ) ( ) ( )AXAXAAXX −−∪= ,,,  and ( ) ( ) ( )φφ,,, =−−∩ AXAXAA . Which is a 

contradiction since ( )τβ ,,X  is an I-rough connected space. 

Conversely suppose that the only exact I-rough clopen sets of ( )τβ ,,X  are 

( )φφ,  and ( )XX , . If ( )τβ ,,X  is I-rough connected then there are two non-empty 

exact I-rough open sets ( )AA,  and ( )BB,  such that ( ) ( ) ( )BBAAXX ,,, ∪=  and 

( ) ( ) ( )φφ,,, =∩ BBAA . Then clearly ( )AA,  and ( ) ( )AXAXBB −−= ,,  are exact I-

rough clopen sets of ( )τβ ,,X  other than ( )φφ,  and ( )XX , . Which is a contradiction 
to our assumption.  
 
Example 5.1. Let ( )β,X  be any I-rough universe. Then ( )β,X  disconnected in the 

discrete I-rough topology and ( )β,X  is connected in the indiscrete I-rough topology. 
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Theorem 5.2. The image of an I-rough connected space under an I-rough continuous 
function is I-rough connected. 
Proof: Let ( )11,, τβX  and ( )22 ,, τβY  are two I-rough topological spaces, where 

( )11,, τβX  is I-rough connected and let ( ) ( )21 ,,: ββ YXf →  be an I-rough continuous 

bijective function. If ( )22 ,, τβY  is not I-rough connected then there are two non-empty 

exact I-rough open sets ( )AA,  and ( )BB,  of ( )22,, τβY  such that 

( ) ( ) ( )BBAAYY ,,, ∪=  and ( ) ( ) ( )φφ,,, =∩ BBAA . Since ( ) ( )21 ,,: ββ YXf →  is 

an I-rough continuous bijective function ( )AAf ,1−  and ( )BBf ,1−  are exact I-rough 

open subsets of ( )11,, τβX  and ( ) ( )BBfAAf ,, 11 −− ∪  ( ) ( )( )BAfBAf ∪∪= −− 11 ,

( ) ( )( )YfYf 11 , −−=  ( )XX ,= .  

Also ( ) ( )BBfAAf ,, 11 −− ∩  ( ) ( )( )BAfBAf ∩∩= −− 11 , ( ) ( )( )φφ 11 , −−= ff  ( )φφ,= . 

Which is a contradiction to the fact that ( )11,, τβX  is I-rough connected. Hence our 

assumption is wrong and ( )22,, τβY  is also I-rough connected. 
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