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Abstract. For graphs G  and H, the size balanced multipartite Ramsey number 
),( HGmj  is defined as the smallest positive integer s such that any arbitrary two 

red/blue coloring of the graph sjK ×  forces the appearance of a red G  or a blue H . In 

this paper we find the exact values of the multipartite Ramsey numbers ),( 23 nKPmj  and 

),( 24 nKPmj . 
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1.Introduction 
Let HG,  and K  be three finite graphs without loops and multiple edges. If for every 

two coloring (red and blue) of the edges of a complete graph nK , there exists a copy of 

H  in the first color (red) or a copy of K  in the second color (blue), we say 
),( KHG → . The Ramsey number ),( HGr  is defined as the smallest positive integer 

n  such that ),( HGKn → . The classical Ramsey number ),( mnr  is defined as 

),( mn KKr . Researches are now trying to approach this problem by using new 

techniques like fuzzy logic, genetic algorithms to improve the lower bound (see [7,8,9]). 
Another form of Ramsey numbers that originate when the complete graph is replaced by 
the complete bipartite graph in the above definition is called bipartite Ramsey numbers. 
More precisely, the bipartite Ramsey number ),( HGRb  is defined as the smallest 

positive integer nsuch that ),( HGKn → . The bipartite Ramsey number ),( mnRb  is 

defined as ),( ,, mmnn KKr . These bipartite Ramsey numbers have been explored 

extensively in the last decade (see [2,3,4,5,6]). One possible generalization of bipartite 
Ramsey numbers are the size multipartite Ramsey number ),( HGmj  defined as the 

smallest positive integer s such that ),( HGK sj →×  where sjK ×  represent the 

complete multipartite graph consisting of j  partite sets having exactly s vertices in each 
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partite set. These numbers were introduced Burger and Vuuren and Syafrizal et al. (i.e., 
[1,10]) in the last decade. However, not much papers have been published in this area 
except for paths and cycles versus some small classes of graphs. (see [1,10]). 
 
2. Notation 

The order of the graph ),(= EVG  is denoted by ||V  and the number of edges in the 

graph is denoted by || E . The neighborhood of a vertex Vv∈  is defined as the set of 

vertices adjacent to v  and is denoted by )(vΓ . 

      If Vv∈ , the vertex v  along with the vertices adjacent to v  is denoted by )(vΓ . The 

degree of a vertex v , )(vd , is defined as the cardinality of  )(vΓ ,  i.e. |)(=|)( vvd Γ . 

The maximum degree of a graph ),( EVG  denoted by )(G∆  is defined as 

.}|)({max Vvvd ∈ A path of size n  is a graph nP , with },...,,{= 21 naaaV  and edge set 

.)},(),...,,(),,{(= 13221 nn aaaaaaE − A cycle of size n  is a graph nC , with 

},...,,{= 21 naaaV  and edge set given by )},(),...,,(),,{(= 13221 aaaaaaE n . Given a 

matchingM  (set of independent edges) of a graph ),( EVG  of size t , let )(MV  denote 

the t2  vertices adjacent to the edges of matching M  and let cMV )(  denote the vertices 

outside this matching of size tGV 2|)(| − . 
 
3. Small paths versus stripes 
 

Theorem 1. 
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Proof: This is a direct consequence of Corollary 1 (see [10]) since we know 
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Theorem 2. 
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Proof:  Let 1>n . Consider the red/blue coloring given by BRsj HHK ⊕× = , where 

1
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= −
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s , generated by coloring all edges leaving a singleton vertex(say v ) of 

sjK ×  by red and all the other edges by blue. Then, the graph has no red 4P , and 
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 +− . Also the vertex v  is not adjacent to any vertices in 

blue. Therefore, the graph contains no blue 2nK . Hence, 
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In proving the theorem given below we will use the following lemma which is a direct 
consequence of Bondy’s Lemma. 
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Lemma 3.  Consider the coloring given by BRsj HHK ⊕× = , where 4≥j . 

a) If W  is a subset of )( sjKV ×  such that 22|| +≥ sW  and 1])[( ≤∆ WGR  then ][WGB  

(the induced subgraph of the blue graph BG  generated by the vertices of W ) has a 
Hamilton cycle. 
b) If Y  is a subset of )( sjKV ×  such that sY 2|| ≥  and 1<])[( YGR∆  then ][YGB  has a 

Hamilton cycle.  
 
Theorem 4. 
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Proof:  Clearly, 2=),( 24 KPmj  for 3=j  and 1=),( 24 KPmj  for 3>j . Therefore, it 

suffices to show 






 +≤
j

n
nKPmj

12
),( 24  for 1=/n . Consider any red 4P  free coloring 

given by BRsj HHK ⊕× = , where 






 +
j

n
s

12
= . Then the connected components of the 

red graph RH  will consist of isolated vertices, a three cycle or mK1,  for some 1≥m . 

Define =N { v | v  is highest degree vertex of a red mK1,  where 1>m  or v  is any one 

of the vertices of a red 3C }. 

 
Case 1: If 3=j  

Let kis vKV ,3 {=)( × | }{1,2,...,si ∈  and {1,2,3}}∈k  and for a fixed {1,2,3}∈j  let 

jij vV ,{= | }}{1,2,...,si ∈  represent the thj  partite set. Let the red induced graph and 

the blue induced graph generated by the set kiv ,{ | }1,...,,{ lpppi ++∈  and 

{1,2,3}}∈k  be denoted respectively by ]1,...,,[ lpppGR ++  and 

]1,...,,[ lpppGB ++ . Define 1],[ +ppN  as the set of vertices of N  having the red 

degree greater than or equal to two in the induced subgraph of 1],[ +ppGR . 
 
Claim 1 (Case 1): Any 1],[ +ppGR  has a red 1,4K  or 1],[ +ppGB  has a blue 23K . 

Proof: 2|1],[| ≤+ppN  as the red degree of any vertex in 1],[ +ppN  is greater than or 

equal to 2 in 1],[ +ppGR . If 0|=1],[| +ppN  then 1],[ +ppGR  can have at most 

three disjoint edges and thus the blue induced graph will have a 23K . Thus we have only 
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to consider the possibility when {1,2}|1],[| ∈+ppN . Therefore, if 1],[ +ppGR  has 

no red 1,4K  without loss of generality the only remaining possibilities for the maximal 

red graphs (That is, there are no red graphs on 1],[ +ppGR  satisfying the required 
conditions, that could be obtained by adding red edges to any one of these graphs) are 
illustrated in the following diagram. 

 
Figure 1: The three posibilities 

 
 
But then its seen that in each of these possibilities the complement graph                                                 
( 1],[ +ppGB ) will contain a 23K . Therefore, we can conclude that any 1],[ +ppGR  

has a red 1,4K  or 1],[ +ppGB  has a blue 23K . 

 
Claim 2 (Case 1): Any 2]1,,[ ++ pppGB  has a blue 24K . 

Proof: There are two possible cases.First suppose 1],[ +ppGR  has no red 1,4K .  We 

know that 2][ +pGB  will contain a blue edge or 2][ +pGR  will contain a red 3C . In 

the first possibility we will get a blue 24K . In the later possibility suppose without loss 

of generality that ),( 1,2,1 +pp vv  is a blue edge of the blue 23K  of the graph 1],[ +ppGB . 

Then in order to avoid a red 4P , ),( 2,2,1 +pp vv  and ),( 2,11,2 ++ pp vv  will have to be blue 

edges. Thus by replacing ),( 1,2,1 +pp vv  by ),( 2,2,1 +pp vv  and ),( 2,11,2 ++ pp vv  blue edges we 

will obtain a blue 24K . 
 
Next suppose that 1],[ +ppGR  has a red 1,4K  with the root ,1pv . Then independent of 

the structure of 2][ +pGB , ),( 1,32,1 ++ pp vv , ),( 2,2,3 +pp vv , and ),( 2,31,2 ++ pp vv  will have to 

be blue edges. This would result in a blue 24K  as ),( ,21,1 pp vv +  is also a blue edge. 

 
Claim 3 (Case 1): Any 3]2,1,,[ +++ ppppGB  has a blue 25K . 

Proof: If one of 1],[ +ppGR  or 3]2,[ ++ ppGR  has no red 1,4K  clearly 

3]2,1,,[ +++ ppppGB  will have a blue 25K  as required. Therefore, we may assume 
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that 1],[ +ppGR  has a red 1,4K  and that 3]2,[ ++ ppGR  also has another red 1,4K . 

Without loss of generality the only possible red graphs are illustrated in the following 
diagram. However, eachof these two cases will result in a blue 25K . 

 
 

Figure 2: The four possibilities. 
 
Claim 4 (Case 1): Suppose 3≥l . Then any ][1,2,...,lGB  has a blue 2mK  where 
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Proof: We will use mathematical induction to prove this result. Suppose l  is a natural 
number such that 3≥l . By claim 2 and claim 3, the result is true when 3=l  and 4=l  
respectively. Letâ€™s assume that the result is true for all lp < . 

When l  is odd, 2][1,2,..., −lGB  has a blue 2mK  where 
2

12)3(
=

−−l
m  (i.e. 

2

73
=

−l
m ). So, 2][1,2,..., −lGB  has one vertex not incident to the 2mK (say A ). By 

claim 1, we have the following two situations. 
 
Situation 1: ]1,[ llGB −  has a blue 23K . 
 
Situation 2: ]1,[ llGR −  has a red 1,4K . 

Under situation 1, combining 2][1,2,..., −lGB  and ]1,[ llGB −  we obtain that 

][1,2,...,lGB  has a blue 23
2

73
K

l







 +−
 (i.e. a blue 22

13
K

l







 −
). 
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Under situation 2, the induced subgraph of [1,2,âGB  (say H ) whose vertex set is 

}{])1,[( AllGV B ∪−  has three blue edges that do not share end points.                       

Therefore, combining the edges of the two matchings, we obtain that ][1,2,...,lGB  has a 

blue 23
2

73
K

l







 +−
 (i.e. a blue 22

13
K

l







 −
). 

When l  is even, 2][1,2,..., −lGB  has a blue 2mK  where 
2

22)3(
=

−−l
m  (i.e. 

2

83
=

−l
m ). So, 2][1,2,..., −lGB  has two vertices not incident to the 2mK . As argued 

above, by considering the two situations, we obtain that ][1,2,...,lGB  has a blue 

23
2

83
K

l







 +−
 (i.e. a blue 22

23
K

l







 −
). So, by mathematical induction, the result is 

true for all 3≥l . Thus by the above claim, when 3=j , any red 4P  free coloring given 

by BRsj HHK ⊕× = , where 






 +
j

n
s

12
=  will have a blue 2nK . 

Case 2: If 4≥j  

If {0,1}|| ∈N  then at most one vertex in N  has at least two red edges incident to it. 

From this it is clear that when {0,1}|| ∈N , by Bondy’s lemma, the theorem follows 

through. Thus, we will assume 2|| ≥N . Suppose that the the maximum degree of the red 

graph is R∆  and achieved at Nn ∈1 . If sjKn ×∈  then let =)(nRΓ { v | ),( nv  is an edge 

of RH  }, }{)(=)( nnn RR ∪ΓΓ  and =)(NRΓ { v | ),( mv  is an edge of RH  for some 

Nm∈ }. Define }{\= 11 nNN  (as 2|| ≥N , φ≠1N ). 
 
Case 2.1: If 12|| +≥ sN  

Since the vertices of N  that are not in the same partite set are connected to each other by 
blue edges the blue degree of any vertex of the induced subgraph on N  (denoted 

][NGB ) is greater than or equal to 
2

||
||

N
sN ≥− . Therefore, by Bondy’s lemma 

][NGB  will contain a blue Hamilton cycle. By the definition of N , ][ c
B NG  will have 

at least 24 +s  vertices and again by Bondy’s lemma(see Lemma 3) ][ c
B NG  will also 

contain a blue Hamilton cycle. Also as || N  is greater than 12 +s  the two cycles will be 

connected by a blue edge. Thus BH  will contain a Hamilton path. This will result in a 

blue 2nK  as required. 

Case 2.2: If s
sj

R −≤∆
2
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Then the blue degree of any vertex of the graph BH  is greater than or equal to 

2
)(

sj
ssj R ≥+∆− . Applying Bondy’s Lemma to BH  we get that it contains a blue 

Hamilton cycle. This will result in a blue 2nK  as required. 
In each of the following two cases we apply Bondy’s Lemma (see Lemma 3) to two sets 
separately. For each of these sets, we will require 4≥j  condition to satisfy the degree 
condition of Bondy’s Lemma. 

Case 2.3: If sNs 2||1 ≤≤+  and s
sj

R −∆
2

>  

Then the number of vertices of )]([ 11 nNG RΓ∪  is greater than 
2

sj
. As we can assume 

that 2|| ≥N  there exist a vertex )( 11 nv Rp Γ∈+  and 1Nn∈  such that ),( 1+pvn  is a blue 

edge. If )( 11 nv Rp Γ∈+  let 1= +pvx . However if, )( 11 nv Rp Γ∈/+  let x  be any element of 

)( 1nRΓ . Applying Bondy’s Lemma, separately to })]{\)(([ 11 xnNG RB Γ∪  (see Lemma 

3) and }]{))([( 11 xnNG c
RB ∪Γ∪  (see Lemma 3), as 5≥j  in this Case 2.3, we get that 

})]{\)(([ 11 xnNG RB Γ∪  and }]{))([( 11 xnNG c
RB ∪Γ∪  contain blue Hamilton cycles 

pvvnv ...32  and sjpp vvv ...,21 ++  as indicated in the following diagram. Then we will obtain 

a blue Hamilton path in BH  given by sjppp vvnvvvv ...... 2132 ++ . This will result in a blue 

2nK  as required. 

 
Figure 3: Case 2.3. 

Case 2.4: If sN ≤||  and s
sj

R −∆
2

>  
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Claim 1 (Case 2.4): Suppose N  is not contained in any partite set. Then there is a 
matching of size 1|| −N  where one edge of the matching is of the form ),( mn  where 

Nmn ∈,  and the other edges of the matching are between },{\ mnN  and 

}),{\( mnNRΓ . Let D  denote the set of vertices incident to the blue matching of size 

1|| −N . 
 
Remark 1. For any two distinct vertices n  and m of ][NGR  belonging to the same 

partite set, we can find a vertex in )(mRΓ  adjacent to n  in blue and a vertex in )(nRΓ  

adjacent to m in blue. Further, for any three distinct vertices mn,  and k  of ][NGR  

belonging to the same partite set, we can find a vertex in )(mRΓ  adjacent to n  in blue, a 

vertex in )(kRΓ  adjacent to m in blue and a vertex in )(nRΓ  adjacent to k  in blue. 
 
Remark 2. For any three vertices qp,  and r  of ][NGR  belonging to distinct partite 

sets, without loss of generality we can find a vertex in )( pRΓ  adjacent to q  in blue and a 

vertex in )(qRΓ  adjacent to p  in blue.  
 
Remark 3. For any two vertices in ][NGR  belonging to distinct partite sets by the 

definition of N  are connected by an blue edge.   
          Suppose N  is not contained in any partite set. Then, firstly by the repeated use of 
the first remark we can build a matching consisting of edges between N  and )(NRΓ  

such that if there are any remaining vertices then such vertices of N  will consist of 
singleton elements belonging to different partite sets. Secondly, by the repeated use of the 
second remark we can reduce the remaining elements of N  to consist of two elements of 
N  belonging to distinct partite sets or a singleton element of .N  
         If we were left with two vertices by the third remark we can increase the blue 
matching size by 1 as the two remaining vertices must be connected by a blue edge and 
obtain a matching of size 1|| −N  as given in the claim. If we were left with one vertex 
we can switch one of the blue edges and obtain a similar matching as given in the 

claim.Then as 22|| −≤ sD , and 22|| +≥ sDc , applying Bondy’s Lemma (see Lemma 

3) to ][ c
B DG  we get that it contains a blue Hamilton cycle.  

        This information is illustrated in Figure 4. 

But then the blue matching of ][DGB  and the blue matching of ][ c
B DG  together will 

give us the blue 2nK  as required.  

      Thus we are left with the case when N  is contained in some partite set iV  of sjK ×  

and 4≥j . Out of this first let us consider the case when N  is strictly contained in some 

partite set iV  of sjK ×  with 4≥j  or if N  is equal to some partite set iV  with 5≥j . 

Then by remark 1 we will be able to find a blue matching of size || N . Let 1D  denote the 
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set of vertices incident to the blue matching of size || N . But then, 22|| 1 +≥ sDc . 

Applying Bondy’s Lemma (see Lemma 3) to ][ 1
c

B DG  we get that it contains a blue 
Hamilton cycle. This information is illustrated in Figure 5.. 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 

Figure 4: ][ c
B DG  

 
 

 
Figure 5: ][ c

B DG  

Then the blue matching of ][ 1DGB  and the blue matching of ][ 1
c

B DG  together will give 

us the blue 2nK  as required. Therefore, we are only left with the case where iVN =  for 

some partite set iV  with .4=j Then 2}1,{)( 1 ++∈ ssndegR  and either one of the 

following conditions will hold 
a) 2=)( 1 +sndegR  and the red degree of all the other vertices of N  is exacly 2. 
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b) 1=)( 1 +sndegR  and the red degree of all the other vertices of N  is exacly 2, and 

RH  has one isolated vertex. 

c) 1=)( 1 +sndegR  and the red degree of all the other vertices of N  is exacly 2 except 
for one vertex of red degree 3. 

       In each of the three cases as sDc 2|=| 1 . Then as 1<])[( 1
c

RR DG∆  by applying 

Bondy’s Lemma (see Lemma 3) to ][ 1
c

B DG  we will get that it contains a blue Hamilton 

cycle, which will generate a blue 2nK  as required.  
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