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Abstract. This paper focuses on attaining the upper bounds for the functional
|a2a4 - a§|
belonging to the subclass $** defined in the unit disc D ={z:|z] < 1} which is
introduced here by means of Al-Oboudi Operator [2].
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1. Introduction
Let A denote the class of functions of the form

f(2)=z+%Yi ;a7 (1.1)
which areanayticintheunit disc D ={z:|z| < 1}. Let Sdenote the subclass of A that
isunivalentinD. Let S* denote the starlike subclass of S. It iswell known that

f es*ifandonly if
zf '(Z)}
Re >0, z€D.
{ f(@)
Let K denote the class of all functions f € A that are convex. Further, f isconvex if and
only if zf is starlike. It iswell known that K = S* c S.
In 1966, Pommerenke [9] stated the gth Hankel determinant forg = 1 andn = 0

as
a, Apn+1) a(n+q+1)

a
Hq n) = (nsﬂ)

A(n+q-1) A(n+2q-2)

where a,,'s are the coefficient of various powers of z in f(z) defined by (1.1).

This determinant has also been considered by several authors. For example, Noor
[8] determined the rate of growth of H,(n) asn — oo for functions f* given by (1.1) with
bounded boundary.
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Easily one can observe that the Fekete and Szego [5] functional is H,(1). Fekete
and Szegé then further generalized the estimate |a; — pa3| where pisred and f € S.
We consider the Hankel determinant for thecaseq = 2 andn = 2.

a a
H@) = |2 o] = laeas -} (1.2)

Let D™ be the Salagean differential operator [10]D™: A — A,n € N, defined by
D°f(@) =f(2)
D'f(2) = Df (2) = 2f (2)

D™f(z) = D(D"'f(2))
Letne NandA > 0. Let f € S denotewith D}: A — A the Al-oboudi operator [2]
defined by

DRf(2) = f(2)
Dif(2) = (1 - Df (2) + Azf (@) =D, f(2)

ppfe) = b, (07£)

Acu and Owa|1] considered the operator Df which is defined as follows.

Definition 1.1. [1] Let 8,A€ R, = 0,1 = 0 and f(z) defined as (1.1). We denote by
Df the linear operator defined by Df: A-A

DEf(2) = 2+ X, 01 + (G — DA a2, (1.3)
We now define the following class S** .

Definition 1.2. Let f(2) be given by (1.1). Then f(z)e S** if and only if
B+1
e {Dﬂﬁ—“z)} >0, z € D. (1.4)
D; f(2)
When A1 =1, 8 = 0 the subclass S**=S*. In the present paper, we obtain an upper bound
for functional |a,a, — a| intheclass $*.

2.Preliminary results
The following lemmas are required to prove our main results.
Let P bethe family of al functionsp analytic in the unit disk D for which
Re p(z) > 0 and
p(2)=1+cz+cz% + - (21

LemmaZ2.l. [4] Letp € P, then|c,| < 2,k = 1,2, ... and the inequality is sharp.
Lemma2.2. [6,7]
Let p € P, then 2¢, = c? + x(4 — c?) (2.2

and 4c; = ¢ + 2xc;(4— c2) —x%c;(4 — c2) + 2y(1 — |x|H) (4 — ¢2) (2.9
for somex,y suchthat |x| <1 and|y| < 1.
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3. Main results
Theorem 3.1.

*% 1
LetfeS ,then|a2a4—a§| Sm.

Theinequality is sharp for the function f(z) = z + ng +
Proof: Since f € §**, it follows from (2.1) that there exists p € Psuch that

pf"'f@ = (pff@)p(2) (31
for somez € D.
Equating coefficientsin (3.1) yields,
— ‘1
2T IA+ 0P — 1+ P
C2

[(1+20)B+1 — (1 + 22)F]

az =

(1 + )P c?
(1+ DPT = (1 + DPFI[(L + 2D)FT — (1 + 21)F]

i
ay
C3 1+ Dfcic,
- [(1+431)B+1 — (1 +31)F] * [(1+ D)F+1 — (1 + DAI[(1 + 31)B+1 — (1 4+ 31)F]
1+ 20)Pcic,
[(1 4308+ — (1 +3D)F][(1 + 2B+ — (1 + 22)F]
A+ DA +20)Fc3
[(1+ )P+ — (1 + DAL + 2D)F+1 — (1 4 2D)P][(1 + 3D)F+1 — (1 + 3)F]

Substituting the values of a,, a; and a,, we have
C1C3 sz

32(1+ DF(1+30)F 4221 + 22]2F

[2(1 + 22)%F —3(1 + 31)F]ct

122%(1 + 228 (1 + 31)F
((1+220)%+1 =321 + DHP (1 + 3)F)cie,
1224(1 + D)F(1 4+ 21)2B(1 + 31)B

e _c e ca

P1 P2 P3 Pa
where, p; = 322(1 + DP (1 + 3D, p, = 42%[1 + 22]%8

|a2a4 - a§| =

(3.2)

_122%(1+22)2B(1+431)F 1224 (1+) B (1+22)2F (1+31)F
37 2(1421)2F-3(1+31)F (14221)2B+1_31(1+)B (1+31)B
Substituting the values of c,and c; using the equations (2.2) and (2.3) from lemma 2.2,
we obtain

and p4_ =

c{c?+2¢c;(4—cP)x —c (4 — cP)x? + 2y(4 — cH(1 — x2)}

4py
L HxU=cDP of e+ x(4= o)

4p, (%] 2p,

|a2a4 - a32,| =
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Supposethat ¢; = ¢. Since|c| = |¢;| < 2, using the Lemma 2.1, we may assume
without restriction that ¢ € [0,2] and on applying the triangle inequality with
p =|x| <1, weget
lasa, —a3| <
{c{ S+2c(d—cHDp—c(d—cHp?+2(4—c>H(1 - p?)} N {c? +p(4 - c?)}?
4p, 4p,
¢t e+ pd—c?
Lt el —c )]}
|ps 2|pal

< kic* + kyc(4 —c?) + kypc?(4 — c?) + (4 — c?)p? [

c?—2c N 4 — CZ]
4py 4p,

c 1
=kyct + kyc(4— c?) + k3pc?(4 — c?) + (4 — c¢?)p? [k4C2 -t —
2p; P2
= F(p)forp>0.
1 1 1 1 1 _1 ., 1,1
S e T a2 T T e
k=3l 2
Differentiating F (p), we get
1

' Cc
F'(p) = k3c?(4—c?)+2p(4—c?) [k4cz -t —
, 2p; D2
We notethat F (p) > 0 and consequently F isan increasing function of p on aclosed

interval [0,1]. Hence F(p) < F(1) foral p € [0,1].

c 1
F(p) <kyc*+kyc(4—c?) +kzc?(4—c?) + (4 —c?) [k4C2 - +—]
2p1 D2
=G(c)

then G’(C) = _C{|pi_ 8k3 - 8k4_| + 4C2|k3 + k4_ - k1 |} =0

2
implies c = 0. We observe thatG '(c) <0 for 0 < c <2 and G(c) has rea critical
point at ¢ = 0. Thus the upper bound of F(p) correspondsto p = 1 and ¢ = 0. Therefore

. _ 2 1
the maximum of G(c) occursat ¢ = 0. Hence, |a2a4 a3| < FETECTE R

By settingc; =0, and x=1 in (2.1) and (2.2) wefindthat ¢, = 2 andc; = 0.
Using these in (3.2), we get the equality

a0, = | = o 737
@2 =1 = 0201 1 22)%8
The inequality is sharp for the function f(z) =z + MTlu)BZB +

Corollary 2.2. [3] When A =1, B = 0 thenit reducesto[3] , |a2a4 - a§| <1
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