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Abstract. Recently Yehuda Rav has given the concept of eimie ideals in a general
lattice by generalizing the notion of O-distrilugtilattices. In this paper we study several
properties of these filters and include some ofrthbaracterizations. We give some
results regarding maximal ideals and include a remdf Separation properties in a
general lattice with respect to the annihilataefilcontaining a semi prime filter. Here we
prove that a filterd is Semi prime if and only if every maximal idedl a lattice L

disjoint with J is prime.
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1. Introduction

In generalizing the notion of pseudo complementttick, Varlet [9] introduced the
notion of O-distributive lattices. Then [3] havevem several characterizations of these
lattices. On the other hand, [6] have studied tiemeet semi lattices. A lattick with
Ois called aO-digtributive lattice if for all a,b,cL with aCb=0=alc imply

al(bCc)=0. Of course every distributive lattice is O-distiitve. O-distributive
lattice L can be characterized by the fact that the setl @lements disjoint toa 1L
forms an ideal. So every pseudo complemented dafcO-distributive. An algebra
<L;C [C,0,1> is called a lattice witlpseudo complementation if <L; [, C,0,1> is
bounded lattice and for ath[] L,there existsa* such thataCa* =0andalCx=0
implies that xCa* =0, for all x(OL. Let L be a bounded distributive lattice and
allL, an elementa* JL is calledpseudo complement of a in L if alLa*=0 and

alLx=0 implies x<a* for all xOL. A bounded latticeL is called pseudo
complemented if its every element has a pseudo complement.

Similarly, let L be a bounded distributive lattice arml]L, an elementa” O L is
called a dual pseudo complement of a in L if alda’ =0 and al x=0 implies

x<a® for all xOL. A bounded latticel is called adual pseudo complemented if its
every element has a dual pseudo complement. Acdatti with 1 is called al-
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digtributive lattice if for all a,b,c0L with alCb=1=alc imply aC(bCc)=1.1t
is easy to see that for eael]L, {x[OL:al x=1} is a filter. Thus every dual pseudo

complemented lattice is 1-distributive.
Recently, Rav [7] has generalized this conceptgag the definition of semi
prime filters in a lattice. For a non-empty subgetof L, F is called arup set if for

aldF andx=a imply x(OF. Moreover an up seF is afilter if aCbOF for all
a,b0F . Similarly, a non-empty subsketof Lis called adown setif aldl andx<a

implies X1 . A down setl is called arideal if X[yl for all x,y[Il. A proper
ideal | is called aprimeideal if aC b0l (a,bOL)implies eitheraldl or bO1. A

proper ideall is called anaximal ideal if forany M [J | impliesM =1 orM =L. A
prime filter P is calledminimal prime filter if it does not contain any other prime filter.
A proper filter Q is called gorimefilter if aC b0 Q (a,bdL) implies eitheradQor

bQ. It is very easy to check thdt is a filter ofL if and only if L—F is a prime

down set. MoreoverF is a prime filter if and only ifL — F is a prime ideal.
An ideal | of a lattice L is called a Semi prime ideal if fox,y,zUJL, xCyUlI,

xCzOl imply xC(yC 2)OI. Recently [1,2,4,5,10] studied the Semi prime igleal

in lattices and meet semi lattices. A filtér of a lattice L is calledsemi prime filter if
for all x,y,zOL,xCyOF andxCzOF imply xC(yCz)OF. Thus, for a

lattice L with 1, L is calledl-distributive if and only if [1) is a semi prime filter. In a
distributive latticeL, every filter is a semi prime filter. Moreover, eygrime filter is

semi prime. In a pentagonal latti§6,a,b,cl;a <b}, [1) is semi prime but not prime.
Here [a) and [c) are prime, but[b) is not even semi prime. Again in
M, ={0,a,b,c; alCb=bCc=alc=0albblCcalc=1}[1),[a),[c) are not

semi prime. In this paper we study the semi prinieer§ and included several
characterizations.

2. Main results
To obtain the main results of the paper, we negmtdee the following Lemmas:

Lemma 1. Non empty intersection of all prime (semi primiffefs of a lattice is a semi-
prime filter.

Proof: Let a,b,c0Land F :ﬂ{Q:Q is a prime (semi prime) filt¢r and F is

nonempty. LetaCb[OF andalCcOF . ThenalCbOQ andalclQ for all Q.

Since eachQis prime (semi prime), saC (bCc) Q. Henceal_ (bCc)OF, and so
F is semi prime.

Corollary 2. Intersection of two prime (semi prime) filters isemi prime filter.

Lemma 3. Every ideal disjoint from a filtdf is contained in a maximal ideal disjoint
from F.
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Proof: Let | be anideal inL disjoint from F. Let P be the set of all ideals containing
| and disjoint fromF . Then P is nonempty ag [ P. Let C be a chain inP and let
M =U(X: XOC). We claim thatM is a ideal. Letx[OJM and y<x. Then

x X for some X C. Hence y[I1X as X is an ideal. Thereforg;,L0JM . Let
X, yOOM . Then x(OX and yY for some X,Y C. Since C is a chain, either
XUOYor YDOX. Suppose XUY. So x,ydY. Then xCydY and so
XCyOM. Thus M is an ideal. MoreoverM nF=¢ and M JIl. So M is a
maximum element o€. Then by Zorn’s LemmaP has a maximal element.

Let L be a lattice with0. For AL, we define A” ={xOL:xOa=0
forallallA}. Let L be a lattice with 1. For AL, we define

A™ ={xOL:x0Oa=1for all aD A} . A™ is always an up set df.Moreover, it is
convex but it is not necessarily a filter. LAtLJ L and J be a filter of L. We define

AT ={xOL:xOadJ for all ad A.

Theorem 4. Let A be a non-empty subset of a lattice L and JHdéter of L. Then

A" = (P is a minimal prime up set containin but not containingA).
Proof: Suppose X =()(P: A P,Pisa minimal prime up set containingJ). Let
xOA™ . Then xCaOdJ for all al A. Choose anyP of right hand expression.
Since A P, there existszO A but zOP. ThenxC zOJOP. SoxOP, asP is
prime. Hencex [ X.

Conversely, letxOX. If x0O ADdJ, then xCbOJ for some bOA. Let
D =(xCbh]. Hence D is an ideal disjoint fromJ. Then by Lemma 3, there is a
maximal idealM [ D but disjoint fromJ. ThenL-M is a minimal prime up set

containingJ. Now XL -M asx[D implies x[1M. Moreover
Ad L-M asbOA, but bOM implies bOL~-M, which is a contradiction to

x0 X. Hencex J A”

Lemma 5. Let F be a filter of a latticeL . An ideal | disjoint from F is a maximal
ideal disjoint fromF if and only if for allad |, there existe ]| such thaa CbOF.

Proof: Let | be maximal and disjoint fronk andall. LetaCbOF forall bOl.
Consider M ={yD L:y<allb,b0I}.Cleary M is an ideal. For any
bl,b<alb implies bOM. So M OI. Also M nF =¢. For if not, let
XOM n F. ThisimpliesxOF andx<alb forsomebl. HenceaCbOF,
which is a contradiction. Henc®l n F =¢. Now M [ | becauseal| butallM.

This contradicts the maximality df. Hence there existe 11 suchthataCb[F.
Conversely, ifl is not maximal ideal disjoint fronfr, then there exists a ide&l

containing | with disjoint F. Now let al1N — | by the given condition there exists
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bl such thataCbOF. Hence a,bd0N implies aCbOF n N, which is a
contradiction. Hencd must be a maximal ideal disjoint with.

Theorem 6. Let L be a dual pseudo complemented lattice. ThenAfarL,
A ={xOL:x0a=1for all al A is a semi prime filter.

Proof: We have already mentioned that” is an up set oL. SincelL is dual pseudo
complemented so it is 1-distributive. Now bety [ A™ ThenxCa=1= y L a for all
aOL. Henceal (xCy) =1 forall ad A. This impliesx Dy A™ and soA™ is a
filter. Now let xOyOA™ and xOzOA™ . ThenxCyCa=1=xCzLCa for all
alJA. This implies y=(xOa)",z=(xOa)" and soydz=(x[a)" and this

implies xCaC (yC2z) =1 for all adL. HencexO(yOz) DA™ and soA™ is a
semi prime filter.

Let ALl L andJ be a filter of L.
We define A™ ={x0OL:xOalOJ for all alDA}. This is clearly an up set

containing J. In presence of distributivity, this is a filterA™ is called a dual
annihilator of A relative toJ. We denoteF,; (L), by the set of all filters containing.

Of course F; (L) is a bounded lattice with) and L as the smallest and the largest

elements. IFAOF, (L), and A" is a filter, then A” is called arannihilator filter

and it is the dual pseudo complementAfin F;(L).
Following Theorem gives some nice characterizatsami prime filters.

Theorem 7. Let L be a lattice and] be a filter of L. The following conditions are
equivalent:
(i) J is semi prime.

(i) {a B ={x0OL:x0OalbJ} is a semi prime filter containing.

(iii) AT ={xOL:xOadJ for all allA} is a semi prime filter containing).

(iv) F,(L) is pseudo complemented.

(v) F;(L) is a O-distributive lattice.

(vi) Every maximal ideal disjoint frond is prime.

Proof: (i) = (ii). {a} ™ s clearly an up set containing. Now let x, y [(0{a} ™ Then
xCalOJd,yCalOJ. Since J is semi prime, so al(xCy)OJ. Thus
x OyO{a}™ . This implies{a}™ is a filter containingd. Now let x 0y O{a} ™
and xDzD{a}DdJ . Then xCyCalJ and xCzCaOJ. Thus, (xCa)CyOJd
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and (xCa)CzOJ. Then(xCa)C(yCLz)OJ, asJ is semi prime. This implies
xO(yOz)0{a}™, and so{a} ™ is semi prime.
(ii) = (iii). This is trivial by Lemma 1, aA™ =N{a ™ :adA).
(iiiy = (iv). Since for anyA F, (L), A™ s afilter, it is the pseudo complement Af
in F,(L), soF, (L) isthe pseudo complemented.

(iv) = (v). This is trivial as every pseudo complemenéttice is O-distributive.
(v)=(vi). Let F,(L) is O-distributive. Supposé is a maximal ideal disjoint from
J. Suppose f,g0Il. By Lemma 5, there exigtbOl such that
aCfOJ,bCg0J. Thenf CalCbOJd, gCalCbOJd.

Hence[f)n[alCb)O Jand[g)n[alb)OJ.

Since F, (L) is O-distributive, sofaCb) n ([f) C[g)) O J.

Thus, [aCb)n[fCg)=[(aCb)C(f Cg))0J. Hence (f Cg)C(alCb)dJ.
Thisimpliesf CgOl asl nJ =¢, and sol is prime.

(vi)=(i). Let (vi) holds. Supposea,b,c0L with alCbOJ,aCcOJ. If
al(bCc)OJ, then (al(bCc)]nJ=¢. Then by Lemma 3, there exists a
maximal ideall O (aC (bCc)] and disjoint fromJ. Thenall,bCcOl. By (vi)

| is prime. Hence eitheaC b1 or alC cOl. In any casel n | # ¢, which gives
a contradiction. Henca [ (b Cc)JJ, and soJ is semi prime.

Corollary 8. In a lattice L, every ideal disjoint to a semi prime filtdr is contained in a
prime ideal.

Proof: This immediately follows from Lemma 3 and theorem 7

Theorem 9. If J is a semi prime filter of a lattick andJ # A=(YJ, :J, is a filter
containingd} , Then A™ ={x0OL: {x™ # J.

Proof: Let xOA™ . Then xCaOJ for all adA. Soal{x"”" for all adA.
Then AO{x” and so{x}” # J. Conversely, letxO L such that{x}” # J.
Since J is semi prime, sq X} "I s a filter containingJ. Then AO{x} ™ and so
AT O™ ™ This impliesx 0 A™, which completes the proof.

In [8], a series of characterizations of 1-disttibel lattices have been provided. Here we
give some results on semi prime filters relateth&ir results.

Theorem 10. Let L be a lattice and J be a filter. Then thedwihg conditions are
equivalent.

() Jis semi-prime.

(ii) Every maximal ideal of L disjoint with J is ipne
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(iii) Every minimal prime up set containing J isnanimal prime filter containing J

(iv) Every ideal disjoint with J is disjoint fromrainimal prime filter containing J.

(v) For each elemenal]J, there is a minimal prime filter containing J bobt
containing a.

(vi) EachallJ is contained in a prime ideal disjoint to J.

Proof: (i) < (ii) follows from Theorem 7.

(it) = (iii) . Let A be a minimal prime up set containidg Then L — A is a maximal

ideal disjoint withJ. Then by (ii), L — A is a prime ideal and sé is a minimal prime
filter.

(iif) = (ii) . Let P be a maximal ideal disjoint witd. ThenL — P is a minimal prime
up set containingl. Thus by (iii), L — P is a minimal prime filter and s® is a prime
ideal.

(i) = (iv). Let P be an ideal ofL disjoint from J. Then there exists a maximal ideal

Q O P disjoint to J. By theorem 7,Q is a prime ideal and s& —Q is a minimal
prime filter containingd and soP n (L - Q) = ¢.

(iv)= (v). LetalL, allJ. Then[a) n J =¢ . Then by (iv) there exists a minimal
prime filter A containingJ disjoint from[a) . ThusaOA. (v) = (vi). LetalL,

allJ. Then by (v) there exists a minimal prime filtér containing] such thata ] A.
ImpliesaldL — A and L — A is a prime ideal disjoint td.
(vi)= (i). Supposed is not semi-prime. Then there exisggb,cJL such that

aCb0J, aCcOJ but ad(bOc)dJ. Then by (vi) there exists a prime idekl
disjoint from J and aO(bOc)01. Now aC(bOc)dI implies adl, bCcOl.
Since | is prime so eithem CbO1 or alCcOl, which gives a contradiction to the

factthatl n J = ¢ . Therefore, aD(b DC)D J and soJ is semi prime.

Now we give another characterization of semi prififters with the help of Prime
Separation Theorem using annihilator filters.

Theorem 11. Let J be a filter in a latticd_. J is semi prime if and only if for all ideals
| disjointto{x} ", there is a prime ideal containirigdisjoint to{x} "
Proof: SupposeJ is semi prime. Letl be an ideal disjoint tx} o Using Zorn's

Lemma we can easily find a maximal idd@l containing| and disjoint tof X} 7 we
claim thatx O P. If not, thenP [ (x] [0 P. By maximality of P,

PO n{xd™ 2@. 1f tOPDOK) N{}"", thent< pCx for some pOP
andtC x[JJ. Thisimplies pCxOJ and sopUJ{x} B gives a contradiction. Hence
xOP. Now let zOP. Then(PO(Z]) n{x™ # @ Supposeyd(PO(z]) n {3}
then y< p,0zand yOxOJ for some p, OP. This implies p, OxOzOJ and
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p, OXOP. Hence by Lemma 5P is a maximal ideal disjoint t¢x} 7 Then by
Theorem 7,P is prime.

Conversely, leixCy[d0J, xCzOJ. If xC(yCz)OJ, then yDzD{x}DdJ . Thus
(yOZz m{x}DdJ =¢@. So there exists a prime ide&® containing (yCz and

disjoint from{x} " . As y,z0{x}", s0y,zOP. Thus yC zOP, as P is prime.
This gives a contradiction. Hencel_ (y C z) J J, and soJ is semi prime.

We conclude the paper with the following rettéerization of semi prime filters.

Theorem 12. Let J be a semi prime filter of a lattick and x[1L. Then a prime
filter Q containing{x} ™" s
for pOQ, there existy [0 L —Q such thatp OgqO{x} ™.

o9,

is @ minimal prime filter containingx} ~° if and only if

Proof: Let Q be a prime filter containingx}

Let K be a prime filter containingx} ™ such thatk O Q. Let pQ. Then there

such that the given condition holds.

is qUL-Q such that pOqUO{x} il HencepC qUK . Since K is prime and
qUK, so pK. Thus,QU K and soK =Q. Therefore,Q must be a minimal

prime filter containingx} ™ .

Conversely, letQ be a minimal prime filter containinfx} " Let p Q. Suppose
for all qUL-Q, quD{x}DdJ . Let 1 =(L-Q)LC(p]-We claim that
(3 nl=¢.1fnot, let yO{™ n 1. Then yO{X}"” and y< pCq. Thus
pOdq{x} Ddl, which is a contradiction to the assumption. ThgnTheorem 11,
there exists a maximal (prime) ideRI [J | and disjoint to{ X} " LetM =L-P.

Then M is a prime filter containing x} " Now M n | = @.
This impliesM n (L-Q)=¢ and henceM 00Q. Also M #Q, because

pUl implies pUM but p0Q. Hence M is a prime filter containinqx}DdJ
which is properly contained iQ. This gives a contradiction to the minimal propesty
Q. Therefore the given condition holds.

3. Conclusion

The results of this paper can be extended forittezsf in a join semi lattice directed
below. Using these results, one can study the pame filters in join semi lattices by
proving several characterizations and prime seipar#tteorem.
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