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1. Introduction
Azam et al. [1], introduced the notion of compledued metric spaces and established
some fixed point results for a pair of mappings ¢ontraction condition satisfying a
rational expression. Though complex valued mepigcss form a special class of cone
metric space, yet this idea is intended to defiattomal expressions which are not
meaningful in cone metric spaces and thus manytsesfuanalysis cannot be generalized
to cone metric spaces. Indeed the definition ofcane metric space banks on the
underlying Banach space which is not a divisiongRiHowever, in complex valued
metric spaces, one can study improvements of a dfosesult of analysis involving
division. One can refer related results in [3,2]ngck [4] generalized the concept of
weak commuting mapping given by Sessa [8], by duming the concept of compatible
mappings. Many authors [2, 6, 7] proved fixed pdirorems for compatible mapping in
different types.

The aim of paper is to prove a common fiyednt theorem using compatible
mappings and continuity in complex valued metriacgs.

2. Basic definitions and preliminaries

The following definition is recently introduced Byam et al. [1].

We recall some notations and definitions that balutilize in our subsequent discussion.
LetC be the set of complex numbers ang zz C . Define a partial ordeg onC as
follows:

z; S zif and only if Re(2) < Re(2), Im(z) < Im(z).
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Consequently, one can infer thatszz, if one of the following conditions is satisfied:
(i) Re(z) = Re(2), Im(z) < Im(z),
(i) Re(z) <Re(z), Im(z) = Im(z),
(i) Re(z) <Re(%), Im(z) < Im(z),
(iv)  Re(z) =Re(z), Im(z) = Im(z).
In particular, we write z5 2, if 21 # z;and one of (i), (ii), and (iii) is satisfied and we
write z < z, if only (iii) is satisfied. Notice that & z < z, = |z;| < |z;| and
Z S 23, 2< I3 = 71 < Z3,

Definition 2.1. [1] Let X be a nonempty set, where@de the set of complex numbers.
Suppose that the mapping d XXX— C, satisfies the following conditions:

(d) 0= d(x,y) for all x,ye X and d(x,y) = 0 if and only if x = y;

(d) d(x,y) =d(y,x) for all x, ye X;

(&) d(x,y) = d(x,2) + d(z,)y) for all x, y, £ X.

Then d is called a complex valued metric graxd (X,d) is called a complex valued
metric space.

Definition 2.2. [1] Let (X, d) be a complex valued matric space ard B

® b € B is called an interior point of a set B whenethare is 0< r € C such
that N(b, < B, where N(b, r) ={ye X: d(b, y)< r }.

(i) A point xe X is called a limit point of B whenever for everxdr € C,

N(x, NN (B\{X}) #¢.

(i) A subset Ac X is called open whenever each element of A israerior
point of A whereas a subset dBX is called closed whenever each limit
point of B belongs to B. The family

F={N®,: xeX,0 < r}
is a sub-basis for a topology on X. We denote ¢thisiplex topology by, Indeed, the
topologyz. is Hausdorff.

Definition 2.3. [1] Let (X, d) be a complex valued metric space ang}{., be a
sequence in X and& X. We say that
® the sequencex{;} -1 converges to x if for everye C with 0< c there is g
€ N such that for all n > d(x,,, X) <c. We denote this byim,, x,, or
Xp — X, @S N— o,
(i) the sequencex,} -1 is Cauchy sequencefbr every ce C with 0< c there
is np € N such that for all n >, d(x,,, X,.4m) <C,
(i) the metric space (X, d) is a complete complex \@luetric space if every
Cauchy sequence is convergent.

Definition 2.4. If f and g are mappings from a metric space (it itself, are called
commuting on X, if d(fgx, gfx) =0 for all & X.

Definition 2.5. [8] If f and g are mappings from a metric space (¥t itself, are called
weakly commuting on X, if d(fgx,gfxx d(fx,gx) for all xe X.
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Definition 2.6. [4] If f and g are mappings from a metric space (¥t itself, are called
compatible on X, itim,_,.,d(fgx,, gfx,) =0, wheneverx,} is a sequence in X such
thatlim,,_,, fx,, = lim,,_,, gx,, = X, for some point ¥ X.

Lemma 2.1. [1] Let (X, d) be a complex valued metric space angje a sequence in
X. Then {x,,} converges to x if and only if |d{, X)}~ 0 as r>w.

Lemma 2.2. [1] Let (X, d) be a complex valued metric space anglfe a sequence in
X. Then {x,,} is a Cauchy sequence if and only if{g(x,+m)|— 0 as n, m>w.

Lemma 2.3. [4] Let f and g be compatible mappings from a metpace (X, d) into
itself. Suppose thalim,,_,., fx,, = lim,,_,,, gx,, = X for some » X.
Thenlim,,_., gfx, = fx, if f is continuous.

3. Main results
Our result generalize the recent result of Nasktrad. [5] and Azam et al. [1].

Theorem 3.1. Let (X, d) be a complete complex valued metriccepand mappings
f,0,S,T:X— X satisfying
(3.11) Scg, Tcf,;

d(fx,Sx) d(gy,Ty)
(3.1.2) and d(Sx, T ad(fx, gy)+/3{d( et fx,gy)}

for all x,y in X such thatxy, d(fx, Ty)+d(gy, Sx)+d(fx, gy)# 0 wherex , 8 are
nonnegative reals with
a+p <1
(3.1.3) Suppose that one of f, g,S and T iginaous,
(3.1.4) and pairs (S, f) and (T, g) are corilglabn X.
Then f, g, S and T have unique common fixed p@irX.i
Proof. Supposer, be an arbitrary point in X. We define a sequenggJin X such that
Yon = SXon = gXzn41
Ven+1 = TXoni1 = [Xon+2 ;n=0,12,...

Then,
dz2n, Yan+1) = d(Sezn, Tx2n41)
A(fX2n,S%2n) A(GX2n+1,TX2n41) }

< +
« d(fXZn, gx2n+1) B {d(fxzn,Tx2n+1)+ d(gX2n+1,5%2n)+ A(fX2n, 9%2n41)

d()’zn—l YZn)d(YZn Yon+1)
Sad _ + { . '
(yZn l,yZn) ﬁ d()’zn—l,)’zn+1)+ d()’zn,)’zn)"’ d(Yan-1,Y2n)

d(Yan-1,Y2n)d(V2n,y )
Ja d(VZn—LYZn) +:B{ Gron dl(yzzi)yz;:?) e }

3 a dyzn-1, Y2n) + BAdY2n-1, Y2n)

dzn, Y2n+1) 3 (@ + B) dan-1, Yon)
Similarly, we can show that

g*én+1' YZn+2) 3 (a + .B) d(YZn' YZn+1)-
If (a+pB) =6<1,then

|[d(V2n+1, Yon+2)| 3 5|d(3’2n,y2n+1)| 33 62n+1|d(y0,y1)|
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so that for any m > n,

|[d2n Yom)| S 1d02n, Yane1) ¥ A02n41, Yonaz) +ooo + A02m—1, Yom)l
S @+ L+ [d (o)

6211.
S 1 |dGoy)| — 0 asm, n- .

Hence {,,} is a Cauchy sequence and since X is completejesext §,,} converges
to point t in X and its subsequences, STxz,41.fX2n42, aNdgx,, 1 Of Sequencey,,}
also converges to point t.
Suppose that f is continuous and sineenthppings S and f are compatible on X.
Then by lemma (2.3), we have
f?x,, and Sfx,,—ft as A-so.
Consider
d(Sttan, Tatone1) S @ d(Pxzp, OXons1)
44 { d(f*x2n, SfXx2n) A(GX2n+1,TX2n+1) }
d(f2x2n Txzne1)+ d(@Xzne1,.5f %)+ A(f? X2n, 9X2sn41) )

Letting n—oo, we get

d(ft,ft)d(tt)
d(ft,t) S a d(ft,t) +5 {d(ft,t)+d(t_ft)+d(ft,t)}
(1-a) d(ft,t) 3 0

This yields d(ft,t)< 0 so that ft =t.
Again consider,

d(StTeons) = @ d(t, Gransn) + 8 |
Letting n—oo, we get

d(t,St)d(t,t)
<
diSt D3 e d(t, ) +4 {d(t,t)+d(t,t)+d(t.t)}

d(St,t)< 0sothat St=t.

Now since S= g and there exists another point u in X, such tkabt = gu.
Consider

d(t, Tu) = d(St, Tu)

d(ft,st)d(gu,Tu)
<
d(t’ TU)~ a d(ft’ gu) B {d(ft,Tu)+ d(gu,St)+d(ft,gu)}

d(t,0)d(t,Tw)
<
d(t, T= adt. 9+ {d(t,Tu)+d(t,t)+d(t.t)}

d(t,Tu)< 0 so that Tu =t.

Since T and g are compatible on X and Tu = guand d(gTu, Tgu) =0
implies that gt = gTu= Tgu= Tt.

Consider

d(t, gt)=d(St, Tt)

d(ft,St)d(gt,Tt)
<
d(t’ gt)~ a d(ft’ gt) B {d(ft,Tt)+d(gt,5t)+d(ft,gt)}

(1-a) d(t, gt)< Osothatgt =t.
Hence ft=gt=St=Tt=t.
Thus tis a common fixed point of f, g, Sand T.
Similarly, we can show that t is a common fixednpodf f, g, S and T, when g is
continuous.

Suppose that S is continuous and sinappings S and f are compatible on X.
Then by lemma (2.3), we have

a(ft,st) d(gx2n+1,Tx2n+1) }
A(ft.Txzns1)+ A(gX2n11,St)+d(fL.9%2n41) )
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§2 x,,, and S, = St as w .
Consider
d(SZxZn,Tx2n+1) < a d(fSxeap, Oans1)
,B' { d(fSxon,S%%2n )A(9X2n+1,TX2n41) }
d(fSxan Txon+1)+ A(GX2n41,5%%2n)+ A(fSx2n.9%2n41))

Letting n—oo, we get

d(St,st)d(t,t)
d(St, )= a d(St, 1) +8 {d(St,t)+d(t,St)+d(St,t)}

(1-a) d(St,)< O so that St =1t.

Now Scg, there exists a point v in X, such thatt = $gv=
Consider

2 < A(fSxan, $%x97)d(gv,Tv)
d(S Xan, TV) ~a d(foZn_gv) +ﬁ {d(fozn,TU)+ d(gv, S?x2n)+ d(fSxan, gv) '

Letting n—oo, we get
d(St, TV)< a d(St, 1) +8 {
d(t, Tv) S ad(t,t)

d(t, Tv)< 0 so that Tv =t.

Since T and g are compatible on X and Tv = gvd{d,Tv, Tgv) =0
impiles that gt = gTv=Tgu =Tt.

Now consider

A(fxan,Sx2n)d(gt,Tt)
< )
d(Sezn, T 3 @ d(frzn, ot) +5 {d(fxzn, Tt)+d(gt.5x2n)+d(fx2n.gt)}'

d(St,St)d(t,Tv) }
d(St,Tv)+d(t,St)+d(st,t)

Letting n—oo, we get
d(t,t) d(Tt,Tt) }

d(t’ Tt) Sa d(t’ Tt) +p { d(t,Tt)+d(Tt,t)+d(Tt,t)

(1-a) d(t, T)< Oso that Tt =1t.

Now since E f, there exists a point w in X, such that t = Tt f
Now

d(Sw, t) = d(Sw, Tt)

d(fw,Sw)d(gt,Tt)
<
~a d(fW’ gt) +ﬂ { d(fw,Tt)+d(gt,5w)+d(fw,gt)}

d(t,sw)d(t,t)
<
Sad )+p {d(t,t)+d(t,5w)+d(t,t)}

d(Sw, t)< 0 so that Sw =t.

Since S and f are compatible on X and Sw = fwant d(fSw, Sfw) = 0.

Implies that ft = fSw = Sfw = St.

Therefore, t is common fixed point of f, g, S and

Similarly, we can show that t is also common fiygant of f, g, Sand T, when T is
continuous.

Now, we prove the uniqueness of t.

Suppose that w t be another common fixed point of f, g, Sand T.

Then

d(t, w) = d(St, Tw)

d(ft,st)d(gw,Tw)
<
d(t, W)= a d(ft, gw) +5 {d(ft,TW)+d(gw,St)+d(ft,gw)}
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da(t,t) d(w,w) }
a(t,w)+d(w,t)+d(t,w)

< ad(t,w) +;3{

d(t,w) < ad(t,w)

(1-a)d(t, w) 2 0, which is a contradiction. Hence t=w.
Therefore, t is unigue common fixed point of fSgand T.
By setting f = g = |, we get the following corolar

Corollary 3.2. Let (X, d) be a complete complex valued metric spasd mappings S,
T:X—X satisfy:
(3.2.1) ST

d(x,Sx) d(y,Ty)
(3.2.2)  d(Sx,TyE ad(x.y)+8 {d e — }

for all x,y in X such thatxy, d(x,Ty)+d(y,Sx)+d(x,y)# 0. wherex, 8 are non-negative
reals witha + 8 < 1. If pair (S, T) is compatible. Then S andavé a unique common
fixed point in X.
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