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Abstract. A graph labeling is an assignment of integershtotertices or edges or both
subject to certain conditions. The graph for whialrery edge label is the absolute
difference of the sum of the cubes of the end sestiand the sum of the squares of the
end vertices is called adcss labeling. It is alsseoved that the weights of the edges are
found to be multiples of 2. Here we characterizedig graphs of paths, cycles, stars,
bistars, centipede graphs, comb graphs for adbeting.
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1. Introduction

All graphs in this paper are finite and undirectEde symbol V(G) and E(G) denotes the
vertex set and edge set of a graph G. The graplsavhardinality of the vertex set is
called the order of G, denoted by p and the calitinaf the edge set is called the size of
the graph G, denoted by q. A graph with p vertened g edges is called a (p,q)- graph.

A graph labeling is an assignment of integers ® Vartices or edges. Some basic
notations and definitions are taken from [1-7]. 8dbasic concepts are taken from Frank
Harary [3]. We introduced the new concept, an alisatlifference of cubic and square
sum labeling of a graph in [8]. In [8-15] it is stwo that planar grid, web graph, kayak
paddle graph, snake graphs, friendship graph, arnedn, fan graph, cycle graphs,
wheel graph, 2 tuple graph of some graphs and gotgdh of some graphs have an adcss
labeling. In this paper we investigated ADCSS limgeof some middle graphs.

2. Preliminaries

Definition 1. [5] Let G = (V(G), E(G)) be a graph. A graph G is stidbe absolute
difference of the sum of the cubes of the vertiaed the sum of the squares of the
vertices, if there exist a bijection f : V(G) {1,2, ..., p} such that the induced function
fagess: E(G)—~ multiples of 2 is given by fiqces(uv) = [{f(u)® +(v)%} - (f(u)® +f(v)?)]

is injective.
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Definition 2. A graph in which every edge associates distinatesawith multiples of 2

is called the sum of the cubes of the verticestardsum of the squares of the vertices.
Such a labeling is called an absolute differenceutiiic and square sum labeling or an
absolute difference css-labeling.

3. Main results
Definition 1. Let V(G) and X(G) denote the vertex set and thegeedet of G,
respectively. The middle graph M(G) of G whose eerset is V(G) union X(G) where
two vertices are adjacent if and only if

® They are adjacent edges of G or

(i) One is a vertex and other is an edge incident ivith

Theorem 2. The middle graph M(f of a path Radmits ADCSS - labeling.
Proof : Let G = M(R) and letvy,v,, .. ., y,1are the vertices of G.

Here |V(G)| = 2n-1 and |[E(G)| = 3n-4.

Define a function f:\- {1,2,3,.. ., 2n-1} by

flv) =i,i=1,2,...,2n-1.
For the vertex labeling f, the induced edge latgefj; ;.. is defined as follows
faaess(Wi Viz1) = (i+1fi+i%(-1), i=1,23,...,2n-2
faacss(Vai Vaiva) = (2i+2F(2i+1) + (2if(2i-1), i=1,2,3,...,n-2.

All edge values of G are distinct, which are muétgoof 2.That is the edge values of G
are in the form of an increasing order. Heht@P,) admits adcss-labeling.

Example 3. The following illustration shows, the middle graphpath R admits adcss
labeling.

w0 i O =e) va Q\

Figurel:

Theorem 4. The middle graph M(g} of a cycle G admits ADCSS - labeling.
Proof: Let G = M(G) and let y,v,, . . ., y,are the vertices of G.

Here |V(G)| =2n and |E(G)| = 3n.

Define a function f:\> {1,2,3, ..., 2n} by

flv)=i,i=12,...,2n.

For the vertex labeling f, the induced edge latgeff;;.. is defined as follows
faticss (Vi Vig1) = (i+1fi+i%(i-1), i=1,23,...,2n-1
Faaess(V2i Vaiva) = (2i+2f(2i+1) + (2iY(2i-1), i=1,2,3,...,n-1.
f;dcss(UZ 1]2n) = (an(zn'l) +4
f;dcss(vl 1]2n) = (an(zn'l)
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All edge values of G are distinct, which are mdétgpof 2.That is the edge values of G
are in the form of an increasing order. Heht¢C,) admits adcss-labeling.

Example 5. The following illustration shows, the middle graphcycle G admits adcss
labeling.

Ve o O‘ Vs

viO O3
7\

V3 Vi

V3
Figure2:

Theorem 6. The middle graph M(K,,) of star graph K, admits ADCSS - labeling.
Proof: Let G = M(Ky,,) andlety,v,, .. ., y1are the vertices of G.

Here [V(G)| =2n+1 and |E(G)| = 2.5._._"‘;)(”),
Define a function f:\& {1,2,3, ..., 2n+1} by

flw)=i,i=1,2,..., 2n+l.

For the vertex labeling f, the induced edge laiggefj; ;.. is defined as follows
faacss(Van+1 Vi) = (i-1) + (2n+1§(2n), i=12,...,n
faaess Wi Vign) = (i+nY(i+n-1) + (IY(i-1) , i=1,2,...,n
faacss(Vj Vit ) = (F(-1) + (i+)*(i+j-1), j=12,...,n1

i= 1,2,...,n

All edge values of G are distinct, which are mdétgpof 2.That is the edge values of G
are in the form of an increasing order. Hed¢K 1,,) admits adcss-labeling.

Example 7. The following illustration shows, the middle graphstar k ,admits adcss
labeling.

Vs Vi V7

R

Vi

Vg
Figure3:
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Definition 8. The graph obtained from;Kand K by joining their centers with an edge
is called a Bistar. It is denoted by B(m,n).

Theorem 9. The middle graph M{B(m,n)} of Bistar B(m,n) adimiADCSS - labeling.

Proof: Let G = M{B(m,n)} and lety,v,, .. ., ¥ms2n+3@re the vertices of G.

Here, | V(G)| =2 m+2n+3 and [E(G)| = 2(m+n+H32 +70,

Define a function f:\- {1,2,3, ..., 2m+2n+3} by

flw)=i,i=1,2,..., 2m+2n+3.

For the vertex labeling f, the induced edge latgeff; ;.. is defined as follows
f;dcss(vl vm+n+2+i) = (m+n+2+ﬁm+n+1+i)v i= 1!2!31 EEEEY m+1.
f;dcss(vm+2 v2m+n+2+i) = (m+2¥m+1) + (2m+n+2+6(2m+n+1+i) )

i=1,23,...,n+1.
f;dcss(vi+1 vm+n+2+i) = (|+ly|) + (m+n+2+i)2(m+n+1+i)-
i=1,2,...,m
fadcss(Vm+2+i Vaman+3+i) = (m+2+ii(m+l+i) + 2m+n+3+i§(2m+n+2+i)-
i=1,2,...,n
fadcss(Vman+3+j Vman+s+j+i) = (m+n+3+jf(m+n+2+j) +
(M+N+3+j4m+n+2+j+i),
j=0,1,2,...,m-1
i=1,23,...., m

f;dcss(v2m+n+3+j v2m+n+3+j+i) = (2m+n+3+j§(2m+n+2+j) +
(2m+n+3+jHRm+n+2+j+i),
j=0,1,2,...,n-1
i=1,2,3,...,n
All edge values of G are distinct, which are mdétgpof 2.That is the edge values of G
are in the form of an increasing order. HenggB(m,n)} admits adcss-labeling.

Definition 10. The (n,2)-centipede tree,, & is the graph with

V(Chn2) ={ V1,Va,...,Var}, and E(G,2) = {Vak1Vaka VakaVak, K=1,2,...,n}U {V3i1Vaisz, K
=1,2,...,n-1}.

Theorem 11. The middle graph M{GJ} of (n,2) —centipede tree,¢ admits ADCSS -
labeling.

Proof: Let G = M{C,;} and let\,Vv,,...,vsn.1 are the vertices of G.

Here |V(G)| =6n-1 and |E(G)| = 12n-8.

Define a function f:\- {1,2,3,..., 6n-1} by

f(w)=i,i=1,2,..., 6n-1.

For the vertex labeling f, the induced edge latogfj ;.. is defined as follows
faacss Wi Vig1) = (i+1)2(i) + iz(i-1), i=12,3,...,2n-2
fadcss(V2i-1 Van—14) = (2i-1)(2i-2) + (2n-1+if(2n-2+i) ,

i 213,...,n.
faacss(Van-1+i Van-1+i) = (2n-1+j(2n-2+i) + (3n_'1+:?(23n'2+i),
i=12,...,n
fr;dcss(vzi—l 1]4n—1+i) = (2i-l§(2i-2) + (4n'1+ii_(4ni22+i) ,
i=1,2,...,.n

164



ADCSS-Labeling for Some Middle Graphs

fadess(Van—1+i Vsn—1+i) = (4n-1+f(4n-2+i) + (5n-1+if(5n-2+i),
i=1,2,...,n
f;dcss(UZn—lﬂ' v4n—1+i) = (2n-l+?x2n-2+i) + (4n-1+i§(4n-2+i),
i=12,....,n
f;dcss(vzi v2n—1+i) = (2ﬂ2|'1) + (2n'l+if(2n'2+i),
i=1,2,..,n-1
f;dcss(vzi v4n—1+i) = (Z?XZI-l) + (4n'l+ii(4n'2+i),
i=1,2,...,n-1
faaess(V2i Vanei) = (2f)2i-1) + (2n+if(2n-1+i),
i=1,2,..,n-1
faacss(V2i Vansi) = (ZﬂZi'l) + (4n+i)2(4n—1+i),
i=1,2,...,n-1
faacss(2i Vais2) = (2f(2i-1) + (2i+2f(2i+1),
i=1,2,...,n-2

All edge values of G are distinct, which are muétgoof 2.That is the edge values of G
are in the form of an increasing order. HengC ,, ;} admits adcss-labeling.

Definition 12. A graph obtained by adding a single pendant edgadb vertex of a path
P, is called a comb graph and is denoted by Cogb(P

Theorem 13. The middle graph M{ Combgp} of comb graph Comb( admits
ADCSS - labeling.

Proof: Let G =M{Comb(R)} and lety,v,,...,v4n1 are the vertices of G.
Here |[V(G)| =4n-1 and |E(G)| = 7n-6.
Define a function f:\- {1,2,3,..., 4n-1} by

flw)=i,i=1,2, ..., 4n-1.

For the vertex labeling f, the induced edge latuefj; ;.. is defined as follows
fadess (Wi Vis1) = (+1)0) + i*(-1), i=1,23,...,2n-2
faacss(Wa2i-1 Van—1+i) = (2i-1j(2i-2) + (2n-1+if(2n-2+i) ,

i=123,...,n.
fadessWan—14i Van—14i) = (2n-1+if(2n-2+i) + (3n-1+i§(3n-2+i),
i=1,2,...,n
fctdcss(vzi vZn—1+i) = (2i§(2i'1) + (2n-l+if(2n-2+i),
i=12,..,n-1
f;dcss(vzi v2n+i) = (2i§(2i'1) + (2n+i)2(2n'1+i),
i=12,...,n-1
f;dcss(vzi V2i+2 ) = (Zij(Zi'l) + (2n+i)2(2n'1+i),
i=1.2,...,n-2.

All edge values of G are distinct, which are muétgoof 2.That is the edge values of G
are in the form of an increasing order. Hend¢{ Comb(R,)} admits adcss-labeling.

Exampleld. The following illustration shows, the middle ghapf comb(4) admits adcss
labeling.
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