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Abstract. In this paper, we generalize the following resuftSis a 2-torsion free
semiprime semiring and:S — S be an additive mapping such thaf(xyx) =
T (x)yx + xyT (x) holds for allx,y €S, then T is a centralizer.
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1. Introduction

Semirings has been formally introduced by Vandived934. Golan [9] discussed the
notion of semirings and their applications. In, [@handramouleeswaran and Tiruveni
worked on the derivations on semirings. Zalar ff&d centralizers on semiprime rings
and proved that Jordan centralizer and centralipér¢his rings coincide. In [15],
Vukman and Irena proved thatRfis a 2-torsion free semiprime ring afidR — R is an
additive mapping such thaf" (xyx) = T(x)yx + xyT (x) holds for allx, y eR, thenT is

a centralizer. In papers [6,7,8] the authors Hoajng Paul worked on centralizers on
semiprime Gamma rings and developed the resulf$5dfin Gamma rings. Motivated
by this Florence and Murugesan [10] studied theonobf semirings and proved that
Jordan centralizer of a 2-torsion free semiprimmigag is a centralizer. Here we
develop the results of [7,15] in semirings by adsgmthatS be a 2-torsion free
semiprime semiring and : S - S be an additive mappingsuch t#f(xyx) =

T (x)yx + xyT (x) holds for allx, yeS. ThenT is a centralizer.

Now we recall the following definitions and results

Let S be a non empty set followed with two binary operat+' and ‘.’ such that
i) (S,+) is a commutative monoid with identity element O.
i) (S,.) is a monoid with identity elemet
iii)  Multiplication distributes over addition fromither side.
Thatis,a.(b+c) =a.b +a.c,
(b+c)a=b.a+c.a. ThenS is called a semiring.
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A Semiring S is prime ifxSy =0 impliesx=00or y=0V%V x,y €S, and
semiprime ifcSx = Oimpliesx =0V x €S. A semiringS is 2-torsion free i2x =0,
x €S = x = 0. As usual the commutatay — yx will be denoted byx, y].More over the
set(S) ={x eS:xy = yx 'y €S}. we shall use basic commutator identifiesyz] =
[x,¥]z + y[x, z] and[xz, y] = [x,y]z + x[z, y].An additive mapping:S — S is called a
Left (Right) Centralizer iff(xy) = T(x)y ((T(xy) = xT(y)) holds for allx,yeS. We
call T is a centralizer whichis both left and right cafiter. For a fixedaeS then
T(x) = ax is a left centralizer anB(x) = xa is a right centralizer. An additive mapping
T :S — Sis called a left (right) Jordan centralizefl {fcx) = T(x)x(T(xx) = xT(x))
holds for allx S. Every left centralizer is a Jordan left centtibut the converse is not
in general true. An additive mappifig S — Sis a Jordan centralizer T(xy + yx) =
T(x)y +yT(x) for all ,yeS. Every centralizer is a Jordan centralizer butddor
centralizer is not in general a centralizer.

Let (S, +,.) be a semiring. An element a$fs called additively left cacellative if
for alla,b,ceS,a+b =a+c=b =c. If every element of a semirirfyis additively
left cancellative, it is called an additively lefincellative semiring. If every element of a
semiring S is additively right cancellative, it is called atiNely right cancellative
semiring. Similarly we can define multiplicativdift and right cancellative semiring.

2. The centralizer s of semiprime semiring
Lemma 2.1. Let S be a semiprime semiring. Suppose that the relation
axb + bxc =0 vV x €S and somea, beS. In this cas€éa + c)xb =0, V' x &S

Proof: By hypothesis we havwexb + bxc = 0 Q)
Puttingx = xby yields axbyb + bxbyc = 0 2
On the other hand right multiplying (1) byp we get

axbyb + bxcyb =0 Vx,y € S. 3)

Subtracting (3) from (2) we obtainbyb + bxbyc — axbyb — bxcyb = 0
bxbyc — bxcyb = 0

bx(byc —cyb) =0 4)
Puttingx = ycx in (4) we get

bycx(byc — cyb) =0 5)
Left multiplying (4) bycy we obtain

cybx(byc — cyb) =0 (6)

Subtracting (6) from (5) yields
bycx(byc — cyb) — cybx(byc — cyb) =0
(byc — cyb)x(byc —cyb) =0
Sinces is semiprimebyc —cyb = 0
= byc=cyb,y €S
Replacey = x, in the above relation we gétyc = cxb
So (1) becomesxb + cxb = 0
(a+c)xb=0,Vx€ES
Hence the proof is complete.

Lemma 2.2. Let S be a 2-torsion free semiprime semiring and'let — S be an additive
mapping such th&T (xyx) = T(x)yx + xyT(x) holds for allx,y €S. Then2T(xx) =
T(x)x + xT(x).

Proof:

By the assumption we have 2T(xyx) = T(x)yx + xyT(x) @)
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Linearizing the above by putting+ z for x we obtain
2T(x +2)y(x+2) =T(x + 2)y(x + z) + (x + 2)yT(x + 2)

2T(xyz + zyx) = T(xX)yz+T(2)yx + xyT(z) + zyT (x) (8
Substitutingz = x? the relation (8) yields
2T (xyx? + x?yx) = T(x)yx? + T(x?)yx + xyT(x?) + x?yT(x) 9)

Substitution fory = xy + yx in (7) we arrive at
2T (x(xy + yx)x) = T(x)(xy + yx)x + x(xy + yx)T (x)
2T (x%yx + xyx?) = T(x)xyx + T(x)yx? + x2yT(x) + xyxT (x) (10)
Subtracting (10) from (9) we get
T(x?)yx + xyT(x?) — T(x)xyx — xyxT(x) = 0
(T(x?) = T))Yx + xy(T(x?) — xT(x)) = 0
From the above relation taking
a=Tx?) -T)x,x=y,b=x,¢c=T(x?%) —xT(x)
Now applying lemma 2.1 follows that
(T(x?) — T(x)x + T(x?) = xT(x))yx =0
(2T (x?) — T(x)x — xT(x))yx = 0
TakingA(x) = 2T (x?) — T(x)x — xT(x), then the above relation becomes,

AxX)yx =0 (11)
Applyingy = xyA(x) in (11) gived(x) xyA(x)x =0
By the semiprimeness 6f A(xX)x =0 (12)

On the other hand left multiplying (11) byand right multiplying byd(x) we obtain
XA(x)yxA(x) =0
SincesS is semiprime, xA(x) =0 (13)
Puttingx + y for x in (12) we get
Ax+y)(x+y)=0
A(x)y + Ay)x + B(x,y)x + B(x,y)y + A(x)x + A(y)y = 0 where
B(x,y) = 2T (xy + yx) = T(x)y = T(y)x = xT(y) — y(T(x)
Using (12) the above relation reduces to
A(X)y + A(y)x + B(x,y)x + B(x,y)y
Ax)y + A()x + B(x,y)(x +y)
Replacinge +y = x
Ay + A(y)x + B(x,y)x.
Right multiplication of the above relation Hyx) gives because of (13)
A(x)yA(x) + A(y)xA(x) + B(x, y)xA(x)
A(xX)yA(x) =0 V x,y €S
By the semiprimeness 6f we getd(x) = 0.
Thus2T(x?) — T(x)x — xT(x) = 0
2T(x?) = T(x)x + xT(x) (14)
This completes the proof.

Lemma 2.3. Let S be a 2-torsion free semiprime semiring and'let — S be an additive
mapping, suppose thaf' (xyx) = T(x)yx + xyT(x) holds for all pairst,y €S. Then

[T(x),x]=0

Proof: We have2T (xx) = T(x)x + xT (x)

Linearizing the above by replaciong= x + y we obtain

2T(xy + yx) = T(x)y + T(¥)x + xT(y) + yT (x) (15)

Replacingy = 2xyx in (15) and using the assumption of the theorestugi

4T (x%yx + xyx?) = 2T (x)xyx + 2T (xyx)x + x2T (xyx) + 2xyxT(x)
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= 2T(x)xyx + (T(x)yx + xyT (x))x + x(T (x)yx
+xyT(x)) + 2xyxT (x)
2(2T (x%yx + xyx?)) = 2T(x)xyx + T(x)yx? + xyT (x)x + xT(x)yx
+x2yT (x) + 2xyxT(x)
Applying (10) in (16) gives
2(T(x)xyx + T(x)yx? + x2yT(x) + xyxT(x)) = 2T (x)xyx + T (x)yx?
+xyT (x)x + xT (x)yx + x2yT (x) + 2xyxT(x)
T(x)yx? + x?yT(x) — xyT(x)x — xT(x)yx = 0
Replacingy = yx in (17) we arrive at
T(x)yx3 + x2yxT(x) — xyxT(x)x — xT(x)yx? =0 V'x,y S
Right multiplication of (17) by yields,
T(x)yx3 + x?yT(x)x — xyT(x)x? — xT(x)yx? =0
Subtracting (18) from (19) gives
x2yT(x)x — xyT(x)x? — x2yxT(x) + xyxT(x)x = 0
x2y[T(x)x — xT(x)] — xy[T(x)x — xT(x)]x = 0
x2y[T(x),x] — xy[T(x),x]x =0 )
Applyingy = T(x)y in (20) leads to
x2T(x)y[T (x),x] — xT(x)y[T(x),x]x = 0
Left multiplication of (20) byT'(x) gives
T(x)x%y[T(x),x] — T(x)xy[T(x),x]x =0
Subtracting (21) from (22) we obtain

(16)

17)
(18)

(19)

(20)
(21)

(22)

T (x)x2?y[T(x),x] — T(x)xy[T (x), x]x — x*T(x)y[T (x), x] + xT (x)y[T(x),x]x = 0

[T()x? = x*T(0)]y[T (x), x] + [xT (x) = T()x]y[T (x), x]x = 0
[T(), x]xy[T (), x] + x[T (%), x]y[T (x), x] + [x, T ()]y[T (x), x]x = 0

From (20) we can writey[T (x), x] = y[T(x), x]x and usindx, T (x)] = —[T(x), x]

the above relation becomes
[T(x), x]y [T(x), x]x + x[T (x), x]y[T (x), x] = [T (x), x]y[T (x), x]x = 0
x[T(x),x]y[T(x),x] =0 V' x,y €S
Substitutingy = yx in the above relation
x[T(x), x|yx[T(x),x] =0 V' x,y €S
By the semiprimeness 6f, x[T(x),x] =0
Replacingy = xy in (17) gives
T(x)xyx? + x2xyT(x) — xxyT(x)x — xT(x)xyx = 0
T(x)xyx? + x3yT(x) — x2yT(x)x — xT(x)xyx = 0
Left multiplication of (17) byx we get
xT(x)yx? + x3yT(x) — x2yT(x)x — x*T(x)yx = 0
Subtracting (25) from (24) we obtain
[T(xX)x — xT(x)]yx? — x[T(x)x — xT(x)]yx = 0
[T(x), x]yx? — x[T(x),x]yx = 0
Using (23) in the above relation yield$T (x), x]yx? = 0
Applying yT (x) for y in (26) we obtaifiT (x), x] yT(x)x% = 0
Right multiplication of (26) by'(x) gives[T (x),x] yx2 T(x) = 0
Subtracting (28) from (27) we get
[T(), x]y(T(x)x2 = x*T(x)) = 0
[T(x), x]y[T(x),x*] = 0
[T(x), x]y([T(x), x]x + x[T(x),x]) = 0
Using (23) in the above relation reduces to
[T(x),x]y [T(x),x]x =0
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Puttingy = xy in the above impliefl (x), x]xy[T(x),x]x = 0
SinceS is semiprime [T(x),x]x =0 (29)
Puttingx = x + y in (23) yields
x+N[Tx+y)x+y]=0
x[T(x), x] + x[T(x), y] + x[T(¥), x] + x [T(¥), y] + y[T(x), x] + y[T (x), y]
+y[T),x] +y[T(y),y] =0
Using (23) the aboverelation reduces to
x[T(x),y] + x[T(y), x] + x[T(¥), y] + [T (x), x] + y[T(x), y] + ¥[T(y),x] = 0
(x +W[Tx),y] + (x + VT, x] +x[T(¥),y] + y[T(x),x] =0
Now replacinge + y = x gives
x[T(x),y] + x[T(y), x] + x[T(y), y] + y[T(x),x] = 0 (30)
Left multiplication of (30) by[T (x), x] we obtain
[T (), x]x[T(x), ¥] + [T (x), x]x[T(y), x] + [T (x), x]x[T (¥), y]
+[T(x), x]y[T(x), x] = 0
Using (29) the above relation reduce$ox), x] vy [T(x),x] =0
SinceS is semiprimgT (x), x] = 0.

Theorem 2.1. Let S be a 2-torsion free semiprime semiring. Tef — S be an additive
mapping, suppose thal (xyx) = T(x)yx + xyT(x) holds for allx,y €S. ThenTis a
centralizer.
Proof: We have[T(x),x] =0

=>Tx)x —xT(x) =0

=>Tx)x = xT(x)
Applying the above results in (14) we obtaiR(x?) = 2T (x)x
Sinces is 2-torsion free semiprime semirifigx?) — T(x)x = 0

=T(x?) = T(x)x
Similarly T(x?) = xT(x). This means thdt is a left and right Jordan Centralizer. By
theorem (3.1) in [10] yields thatis a left and right centralizer. Thus the proof is
completed.
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