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Abstract. Let G be a simple graph witin vertices andn edges. For a vertey its
eccentricity g is the largest distance fromto any other vertices d&. In this paper we
introduce the concept of eccentricity sum matE&G) and eccentricity sum energy
E:{G) of a simple connected gragh and obtain bounds for eigenvaluesekdG) and
bounds for the eccentricity sum eneipgG) of a graphG.
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1. Introduction

Let G be a simple graph with vertices andn edges. Let the vertices Gfbe labeled as
Vi, Vo, ..., V. The degree of a vertexin a graphG, denoted byd(v) is the number of
edges incident te. The distance between the vertigeandy; is the length of the shortest
path joiningv; andy; in G. For a vertex; its eccentricitye is the largest distance from
to any other vertices @. The adjacency matri&(G) of a graphG is a square matrix of
ordern whose {, j)-entry is equal to unity if the vertexis adjacent te;, and is equal to
zero otherwise. The eigenvalues of adjacency ma(@®) are denoted b¥i, A, ..., Ay
and since they are real it can be orderedasi, = - - -2 A,. [2]

The energy of a grapB is defined as [1],

E=E, (G :i\xi\

This definition of energy was motivated by largeminer of results for the
Huckel molecular orbital total-electron energy [1].
Motivated by previous researches on Degree Sumgiiredra Graph [3, 4], in this paper
we introduce eccentricity sum matrix and eccenfrisum energy associated with a graph
and study its bounds. For more results on degneessiergy see [8, 9]
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Let G be a simple graph with verticesvy, v, ..., v, and lete = ecqVv)) be the
eccentricity ofv;, i =1, 2, ...n. ThenESG) = [a;] is called the eccentricity sum matrix of
a graphG where

g+e, if 1#]
.= 1
% { 0 , otherwise @

The characteristic polynomial of the eccentricityismatrix is defined as,
AG: &) =delél - ES(G)).
wherel is the identity matrix of ordan.
SinceESG) is real symmetric matrix, the roots gf(G: &) = 0 are real. These

roots can be ordered @ = & = - - -= &, whered; is largest and?, is smallest
eigenvalues. If5 haséy, &, ... , &, distinct eigenvalues with respective multiplicitie,
ko, ... , ks, then the spectrum can be written as,
{1 {2 {nj
SpQG)=(
The eccentricity sum energy of a graplis defined as,
E(G)=]¢| 2)
i=1
Example 1. Vi
Vi V, Vv, Vg
G: v, [0 5 6 5 5]
vs v 05 4 4
\Y/
ESG)= °
) vV; [6 5 0 5 5
., |5 450 4
Va Vs s |5 45 40
Figure 1

#G: O = (E+ 4 (E+6) (€ —14:-102).
Cf]_ = 19288252 =—4, C_,‘:3 = - 4,54 = - 52882,5_,‘:5 =—6.
Therefore FedG) = 38.5764

Lemma 1.1.[3] The Cauchy — Schwarz inequality states théifay, ..., g) and b,
b,..., ) are reap — vectors then

(San] <[a)( 20, ®

Lemma 1.2.[7] Letay, &, ... ,a, be non negative numbers. Then
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1/n n n 2
[25a-{fe) T
n |—1 i=1 i=1

<n(n —1){ _1 (!j a ]l/n}

2. Bounds for the largest eigenvalue of eccentrigitsum matrix
Sincetracg ESG)) = 0, the eigenvalues &3G) satisfies the relations

360 @
Further, "
252 = traCE(ESIG))Z = gga” a“ ZZ( J)z _ZZ(e re )
= Zn:gﬁz =2M where, = Z(eI +e, )2 5)

If r is the radius anB is the diameter of a graph, therx ¢ < D.
Hence, &(n—1y? < M < 2n(n — 1)d. Equality holds if =g =D.

Theorem 2.1. If G is a connected graph with eg¥€ € = ¢, i =1, 2, ...,n, thenG has
only one positive eigenvalue equal tm 2(1ke.

Proof: Let G be a simple connected graphh n vertices. Leecc(y)= e =e, i=1, 2, ...,
n.

e+e if i#] 2e if i#]
Then, a = J Co= _
0 ,otherwise 0 ,otherwise

Then the characteristic polynomial of the ecceityrisum matrix is,
dAG: &) =del(dl - ESG)) = det(él — 2 (A(K,)) = 0. WhereA(K,) is adjacency matrix of

a complete grapK,.
detcl - 2 (AKKY)) = (29 - oy [ ~(n- 1)j (uj

=[«:—2(n—1)e] (C+2e)
Therefore f— 20— 1)) (+ 22)"" =0
= spectES(G)) = [Z(H ~De - Ze}
1 n-1
HenceG has only one positive eigenvalue equéfo—1)e. O

I—A(K)

Corollary 2.2. If G =K, is a complete graph, then

2(n- -2
speeskn =70 2]

Corollary 2.3. If G = K, 4is a complete bipartite graph, then fpig # 1

4 -1 -4
SpE(ES(Kp,q))z[ (p+1q ) p+q_1j-
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Corollary 2.4. If G = C,is a cycle, then

spe(ES(cn»:(”(”l'l) ;_”1} if nis even
andspec{ES(C,)) {(n _11)2 —i}n_—ll)} if nisodd.

Corollary 2.5. If G is a star graps, = Ky, , then forn> 2

~4 2n-2+an?+n+4 2n-2- 4n2+n+4]

spec(E(S,)) =[
n-1 1 1

Theorem 2.6. If G is any graph with vertices, then

&< [2M(n-1) (6)
n

Equality holds ifecc(y)= e =€, i=1, 2, ...,n.
Proof: Leta;= 1 andb; =¢& fori =2, 3, ...,nin Egn. (3).
Therefore

(Zf] < (n—D(ifﬁj- Y
From Eqn. (4) and (5) ) _
igiz_gl and igf:zm - &

Therefore Eqn. (7) becomes
@)’ <(h-1) (M-&?)

which gives, ¢ < [PM(=D,
n

For equality, leecc(y)=e =e, i=1, 2, ...,n
n
Therefore,m = Z(ei te, )2 = Z4e2 = (214& =2n(n-1)¢e’

I<i<j<n I<i<j<n
Hence\/ 2M(n-1) = \/ 21 2n(n-1)e* =2(n-Ye.
n n
From Theorem 2.%; = 2(n — 1)k is the only one positive eigenvalue. Hence iaigést.
Therefore equality holds. O

3. Bounds for the eccentricity sum energy of a grdp
Theorem 3.1.If Gis any graph witm vertices, then

V2M < E.((G)<+2Mn. (8)
Proof: Puta,= 1 andb = |&] in Eq. (3), we get
n 2 n
Sel] <nye
i=1 i=1
from which
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[EeG)]* <n(2M) = EedG) <M. ©)
Now,  E=dOI*=(3el| = el -
Therefore  E.(G)=+2M (10)
Combining Egs. (9) and (10) we get the result (8). 0

Theorem 3.2.Let G be any graph witl vertices and lef\ be the absolute value of the
determinant of the eccentricity sum matE®¥G). Then

J2M +n(n-1)A" < Eco(G) </ 2(n-DM + 2" (11)

Proof: Lower bound
By the definition of the eccentricity sum energyddy Eq. (5)

[Ec{G))? = (i(a)]z =2 (Er+2Xlelle] =am + X[l (12)

i=1 i=1 i<j i£]
Since for nonnegative numbers the arithmetic mganoi smaller than the geometric

mean,
Yn(n-1) 1/n(n-1) n
= i=

DA FERGES VS (13)
Combining Eqns. (12) Jand (13) we get,
[EedG)]%2 2M +n(n—1)A%"

ie.  EedG)2 2M +n(n-na7" J14

1

ez

Therefore,

Upper bound.
Put\/a =|&| ,i=1,2, ...n. Then from Lemma (1.2) we obtain,

1/n
f?j
1 1
That is, 2M —n&?" < 2nM —[E.(G))?
Thus, [Ecs(G)? < 2(Nn—D)M +na*" (15)
where,M= Y (g+e)’.
I<i<j<n
Combining Equations (14) and (15) we obtain theltg41) m

Theorem 3.3.If G is a connected graph widtdv)=¢ =e,i =1, 2, ..., n, thetke{G)=
4n- 1k

Proof: If Gis a connected graph widtdv))=¢e =€, i =1, 2, ...,n, then from Theorem
2.1,G has only one positive eigenvalue equal;te 2(n — 1)e. Sincetrace ESG)) = 0,
sum of the remaining eigenvalues is equal ta -20k.

=]
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Therefore.g_ ()= 3" || = 4(n-1)e-

i=1

Eccentricity sum energy of some graphs

GraphG & Eccentricity Sum Energy Ez{G)
Kn 2h-1) 40-1)
Kmn 4(n-1) 860-1)
n(n—1), ifnis even 2n(n—1), ifnis even
e (n— 1% if nis odd 26— 1%, if nis odd

4. Conclusion

For a connected grap, we have defined eccentricity sum mati®QG) and eccentricity
sum energ¥edG). Shown spectrum of some standard graphs. Alsairadd bounds for
eigenvalues oESG) and bounds for the eccentricity sum endegyG) of a graplG.
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