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1. Introduction
Fixed point theory is an important area of funcsiloanalysis. The study of common
fixed point of mappings satisfying contractive tygandition has been a very active field
of research. Jungck [1] introduced the conceptoofigatible maps which is weaker than
weakly commuting maps. After wards Jungck and Raedd] defined weaker class of
maps known as weakly compatible maps. This corntaptbeen frequently used to prove
existence theorem in common fixed point theory.

Recently, Jha et al. [6] introduced the conceptarhpatible mappings of type
(K) in metric space. In this paper we prove a comrfiwed point theorem for four self
maps in which one pair is compatible mappings petyK) and other pair is weakly
compatible.

2. Definitionsand prdiminaries
2.1. Compatible mappings
Two self maps S and T of a metric space (X,d) aid ®© be compatible mappings if

limd(STx,, TS,) =0, whenever <x > is a sequence in X such that
lim S, =lim Tx, =t for somet ] X .

n-o n- oo
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2.2. Weakly compatible
Two self maps S and T of a metric space (X,d) afé ® be weakly compatible if they

commute at their coincidence point. i.eSfi =Tu for someull X then STu=TU.

2.3. Compatible mappings of type (A)
Two self maps S and T of a metric space (X,d) aié ® be compatible mappings of

type (A) if limd(STx, TTx,) =0 and lim d(TSx,, SSx,) =0 whenever<x, > is a
sequence in X such thlitm Sx, =lim Tx, =t for somet [0 X .

n- o n- o

2.4. Compatible mappings of type (B)
Two self maps S and T of a metric space (X,d) aié ® be compatible mappings of

type (B) if
im d(ST,, TTx,) s%[Lim d(STx, 9) +lim d(S, 5,) | and

lim d(TSX, S s%[lim d(TSX,, Tt) +lim d(Tt, Tl'xn)} whenever <x > is a

sequence in X such thlim Sx, =lim Tx, =t , for somet 0 X .

n- o n- o

2.5. Compatible mappings of type (P)
Two self maps S and T of a metric space (X,d) aié ® be compatible mappings of

type (P) if imd(SSx,, TTx,) =0, whenever<x, > is a sequence in X such that
lim Sx, =lim Tx =t , for somet 0 X.

n- o n-o

2.6. Compatible mappings of type (K)
Two self maps S and T of metric space (X,d) ard sabe compatible mappings of type

(K) if lim S, =Tt and limTTx, =S ,whenever< X, > is a sequence in X such that

n- oo

lim S, =lim Tx, =t for somet ] X .

n-oo n- oo

Singh and Chauhan [5] proved the following theorem.

Theorem 2.7. Let A, B, S and T be self mappings from a complete imsjpace (X,d)
into itself satisfying the following conditions
(2.7.1) A(X) OT(X) and B(X) O S(X)
(2.7.2) one of A, B, Sand T is continuous
(2.7.3)[d(Ax, By)]* < k[ d( Ax S d(By, Ty) +d(By, S)d(Ax,Ty)]

+i,[d(Ax, S)d(Ax, Ty) +d(By, Ty)d (By, )]

wher@<k +2k, <1k, k,= C

(2.7.4) the pairs (A,S) and (B,T) are compatilbiexo
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further, if X is a complete metric space then ASBnd T have a unigue common fixed
point in X.

Now we generalize the theorem using compatible rmggpof type (E) and
associated sequence.

2.8. Associated sequence [7]
Suppose A, B, S and T are self maps of a metricesfpd,d) satisfying the condition

(2.7.1). Then for an arbitrary, [l X such that Ax, =Tx, and for this pointx;, there
exist a pointx, in X such thatBx, = Sx, and so on. Proceeding in the similar manner,
we can define a sequenc& X, > in X such that vy, =AXx,, =TX,,, and
Yonss = BXone1 = X, , forn=0. We shall call this sequence as an “Associated

sequence of,” relative to four self maps A, B, Sand T.
Now we prove a lemma which plays an important noleur main theorem.

Lemma?2.9. Let A, B, S and T be self mappings from a compteétric space (X, d) into
itself satisfying the conditions (2.7.1) and (2)7TBen the associated sequence
{y.} relative to four self maps is a Cauchy sequencé in

Proof: From the conditions (2.7.1), (2.7.3) and from ttefinition of associated
sequence, we have

[d(Ynrs V)| =[d (A, B, )]
<k, [d (A%, SK5,) A(BXy 3 T )+ (BX 5 4S5 ) d(AX 4 Tx o ]
+ K [ A (A%, SKn) A( Ay Ty )+ 0 (BX g TX 5 ) d(BX 5. 5K )]

= K [dYaness Yan) (Vs Y 1)+ O]

+k, [d(y2n+1, Ya) A(Yaup Y D+ O]
This implies

d(y2n+17 y2n)s kl d(ym’ym—J)-"kz[d(ym Iy B)+ d(y ﬁ’y 2- )]
d(Yones Yan) Sh (Y Yaroo)
where h :ﬂ <1
R
foreveryintegep > 0,weget
d(yniyn+p)s d(yn!yn+1)+d(yn+1'yn+2)+ """""" + d yn+p—l yn+p

< h"d(Yo, Y1) + D™ (Yo, V) + v +h™"d ¢, y,)
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<(h"+h™ ") d g, y, )

<h'(1+h+h?+. ... +h)d gy,

Since h<1, h- 0 as n- «, so thatd(y,, Y,.,) » 0. This shows that the sequencgHy

is a Cauchy sequence in X and since X is a compieteic space; it converges to a limit,
say Z1X.

The converse of the Lemma is not true, that is,8,8nd T are self maps of a
metric space (X,d) satisfying (2.7.1) and (2.78)en if for X and for associated
sequence ofpxconverges, the metric space (X,d) need not belaie
We need the following proposition for the proofanfr main result.

Proposition 2.10. [6] If A andS be compatible mappings of type (K) on a metracsp
(X,d) and if one of function is continuous. Then ave

a) A(x) =S(x) wherdm Ax, =lim Sx, = X, for some point x in X and sequenfce}
b) If there existu ] X such thatAu = Su = X thenASu = SAuU..
Proof: Let {x} be a sequence of X such that Ax, =lim S =X, for some x in X.

n- o n-oo

Then by definition of compatible of type (K), weJvedim AAX =§(X). If A is a

continuous mapping, then we getlim AAX = A(lim Ax) = A(X) . This

impliesA(X) = S(x) .Similarly, if S is continuous then, we get the samsult. This is the
proof of part (a).

Again, suppose Au=Su=x for someud X . Then, ASU=A(SU)=AX
andSAu = S(Au) = SX. From (a), we havAx = SX. Hence, we geASu = SAu. This is
the proof of part (b).

The following example establishes this.

Example 2.11. Let X =(0,1] withd(X,y) =|x—y |. Define self maps of A, B, Sand T

of X by
1=x 4 xD(O,—lj—{—l} X if xm(o,lj—{i}
3 3) |6 3 3) |6
AX = 1 ifx=} X= > if x=}
18 6 18 6
X1 xD[—l,l} 1-x if xDF,l}
3 3 3
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1 if xO 0,} - —1 X if XD(O,EJ—{}}
4 3 6 3 6
Bx = i if x=£ Tx = i if x:}
18 6 18 6
x if xDF,l} 5x-1 if xO —11}
3 3 3

ThenA(X) = (% gj

ool ool

1 5 2 1 1 2 4
S(X) = (Ogj U {1_8} 0 {—3 O} andT(X) = (Oéj O {1_8} O [—9 —3] and so that the

conditions A(X) OT(X) and B(X) O S(X)are satisfied. The associated sequence

AX,, Bx,, AX,, BX;...AX,, ,BX,,,... converges to the pointlz", but X is not a

complete metric space.

3. Main result

Theorem 3.1. Let A, B, S and T be self mappings from a metric spacd) into itself

satisfying the following conditions

A(X) OT(X) and B(X) O S(X) (3.1.1)

[d(Ax By)]* < k[ d( Ax S d(By, Ty) +d(By, Y d(Ax Ty)]
+ Ik, [d(AX S)d(Ax, Ty) +d(By, Ty)d (By, )]

for all x,y in X whereO< k; + 2k, <1k, k,> C

one of the mapping s of A,S,B, T of X is contingo

the pair (A,S) compatible mappings of type(K) and

the pair (B,T) is weakly compatible

the sequencé\x,, Bx,, Ax,, BX; ....,AX; ,BX,, ;.. converges tal] X . (3.1.5)

Then A, B, S and T have a uniqgue common fixed piaitin X.
Proof: From the condition (3.1.5), we have

A, - Z,TXy, - Z,BX,,, —» zand &, — Z asn — o, (3.1.6)
Suppose A is continuous. The®AX,, - Az, AX,, - Az asn - .

If A and S are compatible of type (K) and one of timapping of the pair (A, S) is
continuous then by proposition (2.10), we hAze= Sz.
Since A(X) O T(X) implies that there exista L1 X such thaAz =Tu.

Put X =2,y =u in condition (3.1.2), we have
[d(Az Bu)]* < k[d( Az S2) d( Bu, Tu) +d(Bu, S2)d( Az Tu)]
+k,[d(Az S2)d( Az, Tu) + d(Bu,Tu)d (Bu, )]

(3.1.2)
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Using the conditionsAz =Tu andAz = &, then we get

[d(Az Bu)]* < k[d( Az A2 d(Bu, A2) +d(Bu, A2)d( Az A2)]
+k,[d(Az, AZ)d(Az, Az) + d(Bu, Az)d(Bu, Az)]

[d(Az Bu)]” < k][ d(Buy A2)]*

(1-k,)[d(Az,Bu)]* <0, sinceO< k, + 2k, <1

d(Az,Bu) = Oimplies thatAz = Bu.

HenceAz=Bu=Tu = &z.

To proveAz =2z, putx=zyYy =X,,, incondition (3.1.2), we have

n+l
[d(AZ, BX,,,.,)]” S K[ A( AZ S2) d(BXy,, TX 3, ) +A(BX 5, , SHA(AZ TX 5, )]
+k[d(AZ S2)A(AZ, Txyy,) +d(BXyy,  TX g, JA(BX ., 5 S2)]

Letting n - o and using the conditioAz = S, we have
[d(Az 2)]* <k[d( Az A d(z 2) +d(z Az)d(Az 2)]

+k,[d(Az Az)d(Az z) +d(z z)d(z, Az)]
[d(Az 2)]* < k[d( Az 2)]*
(1-k,)[d(Az,2)]* <0, since0< k, + 2k, <1
d(Az,z) =0 impliesAz = z.
ThereforeAz=S =z and hencdz=S%=Tu=Bu =7z. (3.2.7)
Since B and T are weakly compatible, we hBYe&l =TBu.So, from (3.1.7) we
getBz=Tz.
Put X = X,,, y = zin condition (3.1.2), we have
[d(AX,,, B2)]” < k] d( AX,, S,,)d(Bz T2) +d(Bz, Sx;,)d(Ax,, T2)]

+ K [d(AXy, S%5,)d(AXy, T2) +d(Bz,T2)d (Bz, Sk, )]

Letting N — oo and using the conditions (3.1.6) ddzi=Tz, we get
[d(z B2)]* < k[d(z 2 d(Bz Bz +d(Bz 2)d(z B2)]

+k,[d(z 2)d(z Bz) + d(Bz Bz)d(Bz,z)]
[d(z B2)]* <k[d(z B2]*
(1-k,)[d(Bz,2)]* <0, since0< k, + 2k, < 1
d(Bz,z) =0impliesBz = z.
Thereforelz=Bz=1z.
Hence z is a common fixed point of B and T.

SinceBz=Tz=Az=% =2z, we get z is a common fixed point of A, B, S andThe
uniqueness of the fixed point can be easily proved.

Remark 3.2. From the example given above, clearly the pair $\,is compatible
mappings of type (K) and also (B, T) is weakly gatible as B and T commute at
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coincident points% and :11 .But the pair (A,S) is not any one of compatiblenpatible
mapping of type(A), compatible mapping of type(@mpatible mapping of type(P).

For this, take a sequenge= % 1 , forn=1, then
n

im Ax, =1im S, =%=t(5ay),|niglAAxn - (1) =%andmss<n = At) =%3.

n- o

Also the condition (3.1.2) holds for the valuefefk, + 2k, <1, wherek;,k, =20. We
note that X is not a complete metric space and easy to prove that the associated

sequence AX,, Bx,, AX,, BX,... AX,, ,BX,, ;,...converges to the poin% which is a

common fixed point of A, B, Sand T. In fac{;—" is the unigue common fixed point of

A B,SandT.
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