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Abstract. An edge trimagic total labeling of a graph G = BY,with p vertices and g

edges is a bijection f: V(@) E(G) - {1, 2, ..., p + g} such that for each edge v
E(G), the value of f(u) + f (uv) + f(v) is either &r k, or ks. In this paper, we prove that

the edge trimagic total labeling of Umbrella, Dubdil and Circular ladder graphs.
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1. Introduction

Graph labeling was first introduced in the mid igigt A labeling of a graph is a map of
integers to vertices or sometimes edges in a gbgsed upon certain criteria. In this
paper the domain will be the set of all verticed adges and such labeling are called
total labeling [12]. Graph labeling are of many @gpsuch as graceful, harmonious,
elegant, cordial magic, antimagic, bimagic, etcdsTgaper is an attempt to study of edge
Trimagic total labeling. Harary [4] is referred kmow about the notations in graph
theory.

Magic labeling was introduced by Sedlacek [11]. g and Rosa [9], defined
edge magic of a graph G with a bijection 1K —{1, 2, ..., p+q} such that, for each
edge uMd E(G), f(u) + f (uv) + f(v) is a magic constant.[B] shows the cycle Qwith P,
chords are edge magic total labeling. Edge bimkadieling of graphs was introduced by
Babujee [2] in 2004, defined by a graph G withjadtion f: VLIE - {1, 2, ..., p + q}
such that for each edgell\E(G), the value of f(u) + f(uv) + f(v) is either &r k.. Magic
and bimagic labeling for disconnected graphs aogvel in [1].

In 2013, Jayasekaran et al. [6] introduced theddmagic total labeling of graphs.
An edge trimagic total labeling of a (p, q) graphs@ bijection f: VL1 E—{1, 2, ..., p+
g} such that for each edge GVE(G), the value of f(u) + f(uv) + f(v) is equal &my of
the distinct constants, bor k, or ks. An edge trimagic total labeling is called a supdge
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trimagic total labeling of a graph G, if the veeticare labeled with the smallest possible
integersi.e. 1, 2, ..., p. In [7], edge trimagicdkihg of digraphs were discussed.

The graph = B+K; is called a fan [10] where,Pu,u,...u, be a path and V(& =
u. The umbrella [10] L}, m > 1 is obtained from a fan, By passing the end vertex of
the path R: viv,...vy, to the vertex of Kof the fan k. The graph obtained by joining two
disjoint cycles w,...u,u; and \vs...vivs With an edge v, is called dumbbell [10] graph
Dby. A circular ladder [5] CL(n) is the union of anteucycle G: uUyUs...uu; and an
inner cycle G: viv,vs...v,ov; with additional edges fu), i = 1, 2, 3,..., n called spokes.

For more references, we use dynamic survey of giapdling by Gallian [8]. In

this paper, we prove that the graphs such as ulapdelmb bell and circular ladder are
edge trimagic and super edge trimagic labeling.

2. Main results
Theorem 2.1. The Umbrella Y., is an edge trimagic total labeling for all n.
Proof: LetV ={u;, v,/ 1<i<n, 1<j<m} be the vertex set and E =iy, VjVjs1 / 1<
<n-1, 1<j<m-1}0{viu;/ 1<i < n} be the edge set of the graph4JThen U, has
n+m vertices and 2n+m-2 edges.
Case 1. Both n and m are odd

Define a bijection f: VL E— {1,2, ..., 3n+2m-2} such that

i+1 . .
m+7,1S| <nandiisodd

fUi =
() n+i+1

,1<i<nandiiseven

j+1 . .
ry ,1< j<mandjisodd
f(v)) = :
m+j+1
2
f(uitir1) = 3n+m-i, 1<i < n-1; f(4vje1) = 3n+2m-j-1, I<j<m-1 and

,1< j<mandjiseven

i+1 ..
2n+m+1-7, iisodd

f(vaw) = n-i+1

n+m+ , iiseven

To prove this labeling is an edge trimagic totaklng.
Consider the edgesw, 1<i<n.

i+1 i+l
For odd i, f(u) + f(vaty) + f(u) = 1+2n+m+1-'7+m+'T = 2n+2m+2 =),

n-i+1 n+i+1
+m+
2

For even i, f(y) + f(vau) + f(u) =1+n+m+ =2n+2m+2 =),

Consider the edgesu;, 1<i<n-1.
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n+i+2 _ 7n+6m+3_}L

i+1 ,
For odd i, f(u)+f(ujU)+f(ui)=m+ 7 +3n+m-i+m+ o

2
n+i+1 , i+2 _ 7n+6m+3
For even i,f()+f(uui1) H (Ui ) =m + +3n+m-i+m+ 5 = 5 =

Consider the edgeswy, 1<j<m-1.
m+j+2 _ 6n+5m+1
2 2
j+2 _6n+5m+1
= 5 =
Hence foredge uvl E, f(u) + f(uv) + f(v) yields any one of the magionstants,, =
m+6m+3 6n+5m+1

2n+2m+2, )\, = Tand Az = — Therefore the umbrella L4, is an

edge trimagic for both odd n and m.

3

j+1 .
For odd j, f(y) + f(vjvj«1) + f(Vj+1) = JT +3n+2m-j-1+

+j+1

For even j, f(y) + f(vjvjs1) + f(Vj1) = +3n+2m- j-1+ 3.

Case 2. nis odd and m is even
Define a bijection f: \J E— {1, 2, ..., 3n+2m-2} such that

i+1 ) .
m+——,1<i <nandiisodd
f(u) = 2

+i+
P 1,1si < nandiiseven
j+1 . .
T,1s15 mandjisodd
f(v)) = .
m+

J ,1<j<mandjiseven

f(uitis1) = 3n+m-i, 1<i < n-1; f(4vjr1) = 3n+2m-j-1, I<j<m-1 and
i+
2n+m +1—Q,1s i <nandiisodd
f(vau) = 2
n+m+

n-i+1

,1<i<nandiiseven

To prove this labeling is an edge trimagic totakléing.
Consider the edgesw, 1<i<n.

i+1 i+1
For odd i, f(v) + f(viu) + f(u) =1+ 2n+m+1-—+m+—=2n+2m+ 2 =},.
2 2
) n-i+1 n+i+1

For even i, f(y) + f(vau) + f(u) =1+n+m+ +m+ =2n+2m+2=),.
Consider the edgesuy;, 1<i<n-1.

i+1 . n+i+2 7n+6m+3
For odd i, f(u)+f(ujui+1)+f(Uir1)=m +7 +3n+m-i+m+ 5 = > =
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n+i+1 ) i+2 7n+6m+3
+3n+m-i+m+ 5 = 5 =

For even i,f(§)+f(Uitig) +f(Ui)=m+

Consider the edgesw;, 1<j<m-1.
j+1 . m+j+1 6n+5m
For odd j, f(y) + f(Vvi) + f(Viu1) = J7+3n+2m- -1+ 2’ =200,
. j+2 6n+5
+3n+2m-1-1+—J = 2NTom
2 2

Hence foredge uvl E, f(u) + f(uv) + f(v) yields any one of the magionstants,, =

n+6m+3 6n+5m
2n+2m+2.1, = T andiz =

*)

m
For even j, f(y) + f(viVj1) + f(Vir1) = >

. Therefore the umbrella L} is an edge

trimagic for n is odd and m is even.

Case 3. nis even and mis odd
Define a bijection f: VL E— {1,2,...,3n+2m-2} such that

i+1 , .
m+7,15| < nandiisodd
f(u) = .

n+i ) .
m+7,1S| < nandiiseven

j+1 . .
7,1SJSmandjlsodd

f(v)) =
W)= i

,1< j<mandjiseven

f(uitir1) = 3n+m-i, 1<i < n-1; f(4vje1) = 3n+2m-j-1, I<j<m-1 and

i+1 ..
2n+m+1—7, iisodd

f(vyu) = n-i+2
n+m+

, liseven
To prove this labeling is an edge trimagic totaklng.

Consider the edgesw, 1<i<n.

i+1 i+l
For odd i, f(v) + f(vsu) + f(u) = 1+ 2n+m+1-'7+m+'7 = 2n+2m+2 =0,

n-i+2 n+i
+m+T=2n+2m+2=x1.

For eveni, f(y) + f(vau) + f(u) =1+n+m+

Consider the edgesuy;, 1<i<n-1.
i+1 . n+i+l 7n+6m+2
For odd i, f(u)+f(uji.)+f(Uis)=m+ T +3n+m-i+m+ 5 = 5 =y
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n+i . i+2 _7n+6m+2
For even i, f(}) + f(Lui1) +f(U)=m+ — +3n+m-i+m+ = > =)o
Consider the edgesw;, 1<j<m-1.
_ j+1 . m+j+2 6n+5m+1l
For odd j, f(y) + f(vjVje1) + f(Vj+1) :7 +3n+2m- j-1+ 5 = - = s
+j+1 . j+2 6n+5m+1
For even j, f() + f(VVer) + f(Vu1) == +3n+2m- -1+ 3= = =
Hence foredge uv E, f(u) + f(uv) + f(v) yields any one of the magionstants,, =
2n+2m+2,x2=wandx3 :W, Therefore the umbrella L} is an edge

trimagic for n is even and m is odd.
Case 4. Both n and m are even

Define a bijection f : 1 E— {1, 2, ..., 3n+2m-2} such that

m+%,1si <nandiisodd

f(u) = .
n+i . .

m+T’1SI <nandiiseven

j+1 . .
7,1SJS mand jisodd
f(v)) = .
m+j

T,ls j<mandjiseven
f(uiti) = 3n+m-i, 1<i < n-1; f(¥vj41) = 3n+2m-j-1, < j<m-1 and

i+1 . .
2n+m+l—|7,13| < nandiisodd
f(viu) = N4
2n+m+l-7,1si < nandiiseven

To prove this labeling is an edge trimagic totaklng.
Consider the edgesw, 1<i<n.
For odd i, f(y) + f(vau) + f(u) = 1+ 2n+ m+1-%+ m+%= 2n+2m+2=%;.
n+i n+i
For even i, f(y) + f(vau)+ f(u) = 1+ 2n+m +1-T +m +T =2n+2m+2 =},.
Consider the edgesu;, 1<i<n-1.

i+1 , n+i+l _ 7n+6m+2
For odd i, f(u)+f(uiui+1)+f(ui+1)=m+T+3n+m-|+m+ 5 = > =)y
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i+2 7n+6m+2
= > :}\‘2.

n+i .
For even i, f(§) + f(uui1) +H(u)=m+ T +3n+m-i+m+

Consider the edgesw;, 1<j<m-1.
j+1 . m+j+1 6n+5m
For odd j, f(y) + f(Vvi) + f(Viu1) = J7+3n+2m- -1+ 2’ =200,
. j+2 6n+5
+3n+2m-1-1+—J = 2NTom
2 2

Hence foredge uv E, f(u) + f(uv) + f(v) yields any one of the magionstants,, =

n+6m+2 6n +5m
2n+2m+2,1, = T andis; =

*)

m
For even j, f(y) + f(viVj1) + f(Vir1) = >

. Therefore the umbrella |}, is an edge

trimagic for both even n and m.

Corollary 2.2. The umbrella W, is a super edge trimagic total labeling for all n.
Proof: We proved that the umbrella, lJis an edge trimagic total graph for all n with
n+m vertices. The labeling given in Theorem 2.4sgollows:

For odd n and odd m,

i+1 ) .
m+7,1S|snandllsodd

fUi =
W) n+i+1

,1<i<nandiiseven

j+1 . ..
T,lsmmandnsodd
m+j+1
2
For odd n and even m,
i+1 . .
m+7,1s i < nandiisodd

f(v)) =
,1<j<mandjiseven

fUi =
() n+i+1
+

,1<i<nandiiseven

j+1 . .
T,lSjSmandeSOdd

f(v;)) = .
m+ |

,1< j<mandjiseven
For even n and odd m,

i+1 ) .
m+——,1<i<nandiisodd
f(u) = 2

n+i . .
m+7,1S| <nandiiseven
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j+1 . ..
T,lsmmandnsodd
f(v)) = .
m+j+1 . .
T,lsmmandmeven
For even n and m,
i+1 , . j+1 . .
m+7,15|snandnsodd T,lsmmandnsodd
f(u;) = . f(y) = .
n+i m+ j

,1< j<mandjiseven

m+7,1si < nandiiseven

Hence the n+m vertices get labels 1, 2, ..., n+mrdfbee, the umberlla L}, is a super
edge trimagic total labeling graph for all n.

Example 2.3. An edge trimagic total labeling of the Umbrellg3JUs 4, Uss and U, ¢ are
given in Figurel, Figure 2, Figure 3 and Figuregpectively.

1 gv1

2 ez

Figurel: Usswith A; = 18,A, = 28 and\;= 23

V4

19

XE
Y

Figure2: Us,with A; = 20,A, = 31 and\;= 25
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Figure3: Ugswith A; = 24,A, = 37 and\;= 31

Figure4. Uggwith Ay = 22,1, = 33 and\3= 27

Theorem 2.4. The Dumbbell Dhis an edge trimagic total labeling for all n.
Proof: Let V = {u, vi/ 1 < i < n} be the vertex set and E5{iy, Viviis / 1< i < n-
1} U{uqun, vavi} [J{uv4} be the edge set of the graph Dibhen DR has 2n vertices and
2n+1 edges.
Case 1. nis even

Define a bijection f: V1 E—{1, 2, ..., 4n+1} such that f(u= 2i-1, 1<i<n;
f(vi) = 2i, 1<i<n;

dn-4i+31<i<

N

f(uitieg) = .
6n- 4i ’E+1Si <n-1
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n
4n-4i+1,]sis§
f(viviea) =

n
6n-4i-2, E+1sisn—1

f(uvy) = 4n+1; f(yu,) = 4n; f(wv,) = 4n-2.
To prove this labeling is an edge trimagic totaklng.

For the edgesiu.; 1<i < E, f(u) + f(Ulire) + f(Uir1) =2i-1+4n-4i+3+2i+1=4n+3k;.
2

. _n . . .
For the edgesw,, 1<i < E f(v;)) + f(Vivirr) + f(Virr) = 2i+4n-4i+1+2i+2 = 4n+3 %,.
For the edge wry, f(uy) + f(upvy) + f(vy) = 1+4n+1+2 = 4n+4 %,
n . . oo
For the edgesiuuﬂ,a +1<i<n-1, f(u) + f(Uuie) + f(Usy) =2i-1+6n-4i+2i+1=6Nn%a.

n _ . : .
For the edgesi¥, 1, E +1<i<n-1,f(v) + f(vivier) + f(Vie1)=2i+6N-4i-2+2i+2=6n %s.

For the edge i, f(uy) + f(uyu,) + f(u,) = 1+4n+2n-1 = 6N *a.

For the edge vy, f(vi) + f(vavy) + f(v,) = 2+4n-2+2n = 6N 3.

Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magionstants
M = 4n+3;X, = 4n+4 andy; = 6n. Therefore the Dumbbell graph O an edge trimagic
for even n.

Case 2. nis odd

Define a bijection f: L] E— {1, 2, ..., 4n+1} such that

i+1 . .

—,1<i<nandiisodd

fluy=4 %

n+i+1

,1<i<nandiiseven

2n+i+1

,1<i<nandiisodd

fVi =
V) 3n+i+1

,1<i<nandiiseven

f(uiu) = 3n-i, 1<i < n-1; f(wu,) = 3n; f(Mvir) = 4n-i, 1< i < n-1; f(wv,) = 4n and
f(uvy) = 4n+1.

To prove this labeling is an edge trimagic toadldling.
Consider the edgesuy;, 1<i<n-1.

n+i+2 _ 7n+3 _

i+1
For odd i, f(§) + f(Uti) + f(Usr) = IT +3n-i+ .

2
n+i+1 . i+2 7n+3
For even i, f(§) + f(Uti) + f(Us)) = = +3n- | +'T =T,
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n+l 7n+3
For the edge i, f(u,) + f(uwu,) + f(u,) = 1+3n-|T = . =

For the edge wry, f(uy) + f(upvy) + f(vy) = 1+4n+1+n+1 = 5n+3Js.
Consider the edgesw;, 1<i<n-1.

2n+i+1 . 3n+i+2 13n+3
For odd i, f(v)+f(vivi+1)+f(vi+1)=%+4n-|+ n+i = 2 =

3n+i+1 : i+2 _13n+3
For even i, f(\)+f(vivi+1)+f(vi+1):TI+4n-|+n+'T= o

3n+1 13n+3 s

2
Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magionstants

n+3 13n+3
A= > A2 = 5n+3 andyz =

trimagic for odd n. From cases (1) and (2), the Doefl Dk, is an edge Trimagic total
labeling for all n.

3

3

For the edge vy, f(vi) + f(vavy) + f(v) = n+1+4n+ 3

. Therefore the dumbbell graph Pis an edge

Corollary 2.5. The Dumbbell Dpis a super edge trimagic total labeling for all n

Proof: We proved that the Dumbbell Pis an edge trimagic total graph for all n with 2n
vertices. The labeling given in Theorem 2.4 isdiefvs:

Forevenn, f() = 2i-1, 1<i<nand f(y) = 2i, 1<i<n.

For odd n,
i+ +i+
%,1sisnandiisodd 2n+itl i< nandiisodd
f(u) = . f(vi) = .
n+i+1 . . 3n+i+1 . ..
,1<i<nandiiseven T,lsmnanduseven

Hence the 2n vertices get labels 1, 2, ..., 2n. Therethe Dumbbell Dbis a super edge
trimagic total labeling graph for all n.

Example 2.6. An edge Trimagic total labeling of the DumbbellgDénd DR are given in
figure 5 and figure 6 respectively.

Figure5: Dbg with A; = 35,\, = 36 andh;= 48
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Figure6: Dbs with A; = 19,A, = 28 andh;= 34

Theorem 2.7. The circular ladder CL(n) is an edge trimagi@akdabeling for all n.
Proof: Let V = {u, v / 1 <i < n} be the vertex set and E =iy, Viviia / 1 < i <
n-1} [H{uyv; / 1< i < n}U{uyu,, vive} be the edge set of the graph CL(n). Then CL(n)
has 2n vertices and 3n edges.
Case 1. nis odd

Define a bijection f: \L E— {1, 2, ..., 5n} such that

+i+2

n+n ! ,1<i<n-landiisodd

f(u) = .
1+2 . ..

n+7,1s i <n-landiiseven

i+1 . .

T,1S| < nandiisodd
f(vi) = .

n+i+1 . .

,1<i<nandiiseven

f(uy) = n+1; f(yuir) = 4n-i-1, 1<i < n-2; f(Wun1) = 4n; f(wu,) = 4n-1; f(wi.) = 5n-i,
1<i<n-1; f(wvy) = 5n; f(uv) = 3n-i, 1<i<n-1 and f(uv,) = 3n.

To prove this labeling is an edge trimagic totakléng.
Consider the edgesuy;, 1<i<n-2.

For odd i, f(4) + (W) + f(Uer) = N+ H*2  an-i-1+n +i+73 = 132* 3 =
For even i, f(3) + f(Utha) + f(Ur) = 1 +‘+72 wan-i-1en+ 0TS 132* 3
For the edge iy, f(Uy)+i(Uyth)+f(Ur) = N+ > +4n-14n+1= 0" 3 _p

For the edge tuup, f(Un.1)+f(Un.qU,)+(uy) = n+ N ; 1 +4n+n+1= 13n+3 =\

Consider the edgesvy 1<i<n-1.
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#i+2 oo i+l 9n+3

For odd i, f(u) + f(uv) + f(v) = n+ i e
. 1+2 . n+i+l_9n+3
For even i, fi) + f(uv)) + f(v)=n+——+3AN-i+ = =)
2 2 2
+1 9n+3
For the edge M\, f(un) + f(unvn) + f(Vn) = n+1+3n+nT = n2 =ho.
Consider the edgesw;, 1<i<n-1.
. i+1 ) +i+2 11n+3
For odd i, f(y) + f(ViViss) + f(Vier) = IT +5n-j+ e r; e
. +i+1 . i1+2 11n+3
For even i, f(y) + f(ViVir1) + f(Vier) = ntl +5n-i ML nz =s.
+1 11n+3
For the edge M, f(v,) + f(vyu,) + f(u,) = 1+ 5n+nT = 2 = s
Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magionstants
B 13n+3 9n+3 11n+3

andis = . Therefore the Circular ladder CL(n) is an

}\'l - 2 ’ }\'2 = 2
edge trimagic for odd n.

Case 2. nis even
Define a bijection f : V1 E—{1, 2, ..., 5n} such that

i+1 , .
n+7,15| <nandiisodd
f(u;) = .

n+i . .
n+7,1S| <nandiiseven

i+1 . .

——,1<i<nandiisodd
fvy=4 2

% ,1<i<nandiiseven

f(uil) = 3n-i+1, 1<i < n-1; f(wuy) = 2n+1; f(wi.e) = 5n-i+l, 1<i < n-1; f(wv,) =
4n+1; and f(w;) = 4n-i+1, 1<i<n.
To prove this labeling is an edge trimagic totaklng.
For the edge w,, f(vy) + f(vyv,) + f(v,) = 1+4n+1+n = 5n+2 %,.
For the edge i, f(uy) + f(uguy) + f(uy) = N+1+2n+1+2n = 5n+2j3.
Consider the edgesvy 1<i<n.

For odd i, f(y) + f(uv;) + f(v;) = I—Z1+4n-i+1+n+%=5n+2=?»1.

. n+i . n+i
For eveni, f(y + f(uv)) + f(v)) = T+4n- i+1+ n+7 =6n+1=2X,.
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Consider the edgesu;, 1<i<n-1.
n+i+1_ 11n+4 _

. i+1 .
For odd i, f(4) + f(Ut) + f(Usr) = N+ '7 +3n-i+ln+ =t
: +i . i+2 11n+4
For even i, f(§) + f(uui1) + f(Usy) = N +% +3n-i+1+n+ IT = nz =5
Consider the edgesw, 1<i<n-1.
. i+1 ) +i+1 11n+4
For odd i, f(¥) + f(ViVis) + f(Vies) = '7 +5n-j 41+ ”2 e
: +i . i+2 11n+4
For even i, f(y) + f(viVis1) + f(Vire) = % +5n-i+1+ IT = nz = s,
Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magionstants

1ln+4

M = 5n+2,, = 6n+1 andy = . Therefore, the Circular ladder CL(n) is edge

trimagic for even n. Hence by case 1 and casee&citicular ladder CL(n) is an edge
Trimagic total labeling for all n.

Corollary 2.8. The Circular ladder CL(n) is a super edge trirndgial labeling for all n.
Proof: We proved that the Circular ladder CL(n) is dgestrimagic total graph for all n
with 2n vertices. The labeling given in Theoremi2.@s follows:
For odd n,

n+i+2

2
i+2 , .
n+T,1S| < n-landiiseven

n+

,1<i<n-landiisodd
f(u) =

i+1 . .
——,1<i<nandiisodd

fVi =
V) n+i+1

2

,1<i<nandiiseven

For even n,

i+1 . .
n+7,1S|snandllsodd
f(u) = .

n+i , .
n+T,1S| < nandiiseven

i+1 . .

T,1S| < n andiisodd
f(vi) = .

n-+i . ..

T,15 i <nandiiseven
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Hence the 2n vertices get labels 1, 2, ..., 2n. Toerethe Circular ladder CL(n) is a
super edge trimagic total labeling graph for all n.

Example 2.9. An edge Trimagic total labeling of the Circuladdker CL(7) and CL(6) are
given in figure 7 and figure 8 respectively

Ua
Figure8: CL(6) withA; = 32,A, = 37 and\s= 35

3. Conclusion

In this paper we have determined the edge trimégial labeling of the Umbrella,
Dumbbell and Circular ladder graphs. Also we haeeemined the above graphs are
super edge Trimagic total labeling.
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