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1. Introduction

In 1996, two classes of abstract algebras, BCKhkabge and BCl-algebras,were

introduced by Imai and Iseki [1, 2]. It is knowrathihe class of BCK-algebras is a proper
subclass of BCl-algebras. Since then many researdétieoduced and studied different

classes of new algebras as a generalization of BCKélgebras.

In 1983, Hu and Li introduced the notion of BCH&llgas [4] as a generalization
of BCl-algebras and studied certain propertiesheté algebras. In this direction, Jun,
Roh and Kim introduced a new class of algebra nanigH-algebras [6] as a
generalization of BCH-algebras. Q-Algebras and @®taas [5] are further
generalizations of BCH algebras. Recently, Ravi KuiBandaru introduced the notion
of BRK-algebras [3] which is a generalization of IBCI/BCH/Q/QS-algebras and
studied various properties of BRK-Algebras. Hisdgtwas confined to give various
characterizations for these BCK/BCI/BCH/Q/QS-algehwith BRK-Algebras.

Ravi kumar defined BRK-algebra as an algebta= (X,*,0) of type (2,0)
which satisfies the axioms (§* 0= x and (ii) (x* y) * x=0*y for anyx,yO X . It
is known that in any BRK-algebrX the following holds for any, y[1 X (see [3]),

e x*x=0

0% (x*y) = (0* %) *(0*y)

* Xx*y=0 implies0* x=0*y
He also introduced the notion of positive implicatiBRK-algebra as a BRK-algebra
which satisfies the conditiorf{(x* y) * y) *(0* y) = x*y and gave a necessary and
sufficient condition for a BRK-algebra to be positimplicative.
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In this paper we establish an isomorphism theoremgfiotient BRK-Algebra
determined by homomorphism. Furthermore we makeofiseeak positive implicative
BRK-algebras and study their properties via righpsand left maps.

2. Quotient BRK -algebra deter mined by homomor phism
Definition 2.1. Let X =(X,*,0) and Y =(Y,*,0) be BRK-algebras. A mapping
f:X =Y iscalled a homomorphism from X into Y if f(x*y)=f(X* f(y) for
al x,ylIX.

A homomorpism f is called a monomorphism (resp., epimorphism)t ifsi

injective (resp., surjective). A bijective homombigm is called an isomorpism. Two
BRK-algebrasX andY are said to be isomorphic, writte LY, if there exists an
isomorphism f:X - Y. For any homomorphism f:X Y the set

{xOX: f(x) =0} is called kernel off , denoted byKerf and the sef f (x): x X}
is called the image of , denoted bylmf .

Theorem 2.2. Let f : X - Y be a homomorphism of BRK-algebras. Define a relation
~ on X byx~yifandonlyif f(x)= f(y) forall X,y X . Then ~ isa congruence

relationon X whichiscalled the congurence relation determined by the homomor phism
f.

Proof: Clearly~ is an equivalence relation oK . Next suppos& ~ y andwu ~ . Then
f(x)= f(y) and f (u) = f(v). Now since
fxru)=fX*fw=Ff(y*f(v)=f(y*vV),x*u~y=xv. Thus ~ is a
congruence relation oX . m

We denote the equivalence class»ofdetermined by~ by [x], and the set of

all equivalence classes by/f i.e[x] s = {y € X:x~yjand X/f ={[x]; : xO X}.

Theorem 2.3. Let f: X — ¥ be homomorphism on BRK-algebras. Define * on X/f by
[X];*[y]; =[x*y];. Then (X/f,*[0],) is a BRK algebra. It is called the quotient

BRK-algebra determined by the homomorphism f .

Proof: Since~ is a congruence relation on X, * is well definBidw for any
[X];,[y]; O X/f we have

1. [X]¢ *[0]; =[x*0]; =[x]; and
2. (I = [yl * X =[xyl * X =[(x* y) * x]¢ =[0* y]; =[0] *[V]; -
Thus(X/f ,*,[0],) is a BRK-algebram

Remark 2.4. Clearly [0], = Kerf .

Theorem 25. Let f: X — Y be homomorphism of BRK-algebras. Then the image of
f isisomorphic to the quotient BRK-algebra determined by f ,i.e. X/f C Imf .
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Proof: Define a mapping: X/f — Imf by 8([x],;) = f(X). Then
1. @ is well defined. Indeed suppope]; =[y]; but then

[X]; =0yl = x0O[yl; = f(x) = f(y). Thus&([x],) = O([y]) -
2. 6 is homomorphism. Indeed for afy],,[y]; O X/f we have

O(Ix¢ *[yls) = 60(x* yl¢) = f(x*y) = £ (X * f(y) =6(x];) *a(yl;)
3. Clearlyd is bijective.
Hence X/f CImf . m

3. Weak implicative BRK-algebra
Here we will define weak implicative BRK-algebradainvestigate its properties.

Definition 3.1. ABRK-algebra X = (X,*,0) issaid to be weak positive implicative if it
satisfies (X* y) *z=(x*2 *(y*2) forall x,y and zO X

Example3.2. Let X ={0,1,2,3} be a set with the following cayley table:

WIN|FP|O| *
WIN[FR|O|O
WIN|O|O|F
WO|IFRIOIN
o|o|o|o|lw

Then(X,*,0) is a weak positive implicative BRK-algebra.

The next example shows the existence of wegkidative BRK algebra which is not
BCK/BCI/BCH-algebra.

Example 3.3. Let Z bethe set of integers. Define* on Z by
X, ify=0
X*y= . y
0, ify#0
Then (Z,*,0) is a weak positive implicative BRK-algebra whishniot BCK/BCI/BCH-
algebra.

Lemma 3.4. In any weak positive implicative BRK-algebra X , the following hold for all
X,y X.

1. 0*x=0

2. (x*y)*x=0

. x*y=(x*y*y

4 (x*(x*y)*y=0
Proof. Let X, y[1 X . Then
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LO*X=(X*X)*x=(x**(x*x)=0*0=0
2. (x*y)*x=0*y=0
3 x* y=(x*y*0=(x*y*(y*y)=(x*y*y
4. (x*(x*y)*y=(x*N*(x*Y*y)=(x*Y*(x*y)=0.m
Theorem 3.5. Every weak positive implicative BRK-algebra is positive implicative.
Proof. Let X =(X,*0) be a weak positive implicative BRK-algebra. Foryan

X,y X, we have((x* y) *y) *(0* y) = ((X* ) * Y * 0= (x*y) *y=x*y.
Thus X is positive implicative BRK-algebra

Remark 3.6. The converse of the above theorem s not true.

Example3.7. Let X ={0,1,2} bea set with Cayley table:

N, OO

O|OIN|F
O O ININ

NP O %

Then (X,*,0) is a positive implicative BRK-algebra [see 3] whis not a weak positive
implicative (as(1*1)*1=2# 0= (1*1)*(1*1)).
4. R-maps and L-mapsin BRK-algebra

In this section we investigate the properties om&3s and L-maps in weak positive
implicative BRK-algebras.

Definition 4.1. Let X = (X,*,0) bea BRK-algebraand alJ X bea fixed element. Then
themap R : X - X given by R (X) =x*a is called right map of X and the map
L,: X - X givenby L,(x) =a* X iscalled left map of X. The set of all left mapsis
denoted by L(X).

Definition 4.2. Aright map R, iscalled idempotent if R, o R, = R, where o isthe
usual composition of maps.

Remark 4.3. Clearly for any a, R, isidempotent if and only if (x* &) *a= x* a for all
xOX.

Theorem 4.4. If aBRK-algebra X = (X,*,0) isweak positive implicative, then every
right map on X isidempotent.
Proof. For anyald X, R(x)=x*a=(x*ad*a=R,(R,(X)) = (R, R,)(x) for all
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xOX.HenceR R, =R,. m

Theorem 4.5. A BRK-algebra X = (X,*,0) isaweak positive implicative if and only if
every right map is a homomor phism.
Proof. SupposeX is a weak positive implicative BRK-algebra. Them éachall X ,

R(x*y)=(x*y) *a=(x*a) *(y*a) = R,(¥ * R,(y) .Thus R, is a homomorphism.
For the converse suppose every right map is a hargiism. Now for anyx, y, z[J X

we have (X* W) *z=R,(X*Yy) =R (XY *R,(y) =(x*2 *(y* z). Hence X is weak
positive implicative. [ ]

Theorem 4.6. In any BRK-algebra X =(X,*,0), if L, isahomomorphism, thena=0.
Proof. Supposel, is a homomorphism. But then
a=a*0=L,(0)=L,(0*0)=L,(0)*L,(0)=(a*0)*(a*0)=a*a=0. =

For a BRK-algebraX = (X,*,0) we define a binary operation on L(X) by
(L OL)X:=L,(X*L,(x) foranyL,,L, OL(X). We have the following Lemma.

Lemmad4.7. Let X =(X,*,0) beweak positive implicatice BRK-algebra. For any
L,,L,, L. OL(X), wehave
i L, 0L, =L, ie L, OL OL(X).
i. (L, OL)0L =(L,O0L)0O(L,OL).
Proof. For anyx[] X we have
L(LOL)X)=LX*L(x)=@*x*(b*x)=(a*b*x=L,,(X) and so
LOL =L,
i, (L, O L) O L, = Ly O Ly = Ligpyee
= Lizorro = Lae U Live
=(L,0OL)O(L,OL) =

Theorem 4.81f X =(X,*,0) isaweak positive implicative BRK-algebra, then
L(X) = (L(X),,L,) isaweak positive implicative BRK-algebra.
Proof. It is enough to show thdt(X) = (L(X),U,L,) is a BRK-algebra. Now for any
L,,L, OL(X) we have

1. L 0L =Ls,=L,,and

2. (LLOL)OL, = Lgyea = Low = Lo O Ly,
ThereforeL(X) is a BRK-algebra and hence by the above lemmsiteiak positive
implicative. [ ]
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Corallary 4.9. Let X =(X,*,0) be a weak positive implicative BRK-algebra. Then the
map f:X - L(X) given by f(x)=L, isan epimorphisn and X/f CL(X) where
XI/f isthe quotient BRK-algebra determined by the homomorphism f .

5. Conclusion

In this paper, we have introduced the notion of kvmpasitive implicative BRK-algebra

and showed that the set of all left maps on wedalitipe implicative BRK-algebra is also

weak positive implicative BRK-algebra. We have alseestigated the conditions under
which right maps and left maps becomes a homomorphs
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