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1. Introduction

The notion of fuzzy sets was initially introduced Badeh [20] in 1965. After then in

1984, intuitionistic fuzzy sets were first publishiey Attanassov [2] and many works by
the same author and his colleagues appeared litetadure [3, 4, 5]. Later, this concept
was generalized to ‘intuitionistic L-fuzzy set’ ptanassov and Stoeva [6]. Here, we
introduced ‘intuitionistic L-topology’ by using ‘mitionistic L-fuzzy set’ in Chang sense
[7]. Moreover, we defined possible four notionsyestigated some properties and
features of 7 space in intuitionistic L-topological spaces.

2. Basic definitions and preliminaries
We recall some definitions and known results inuitignistic L-fuzzy sets and
intuitionistic L-topological spaces.

Definition 2.1. [20] Let X be a non-empty set arid= [0,1]. A fuzzy set inX is a
functionu: X — I which assigns to each element X, a degree of membershigx) €
I

befinition 2.2. [16] Let f: X — Y be a function and be fuzzy set itX. Then the image
f(u) is a fuzzy set ity which membership function is defined by

F@)) = {sup (u @)[f(x) =y}if f'() # Bx€ X

F@)) = 0if f7H () =B, x € X.
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Definition 2.3. [14] Let X be a non-empty set arddbe a complete distributive lattice
with 0 and 1. An L-fuzzy set iX is a functiona: X — L which assigns to each element
x € X , a degree of membership(x) € L.

Remark 2.4. Throughout this paper we consider the completeribligive lattice
L =1{0,0.1,0.2,...,1} and from above definitions we show that every kzfuset is also a
fuzzy set but converse is not true in general.

Example 2.4.1.Let X = {a,b,c} and L ={0,0.1,0.2,...,1}. A function a:X - L is
defined bya(a) = 0.2, a(b) = 0.5, a(c) = 0 which is L-fuzzy set and also a fuzzy set.

Example 2.4.2.Let X ={a,b,c} and I =[0,1]. A function u: X - I is defined by
u(a) = 0.25,u(b) = 0.55,u(c) =0 which is fuzzy set but not an L-fuzzy set
becaus®.25,0.55 ¢ L.

Definition 2.5. [6] Let X be a non-empty set aiidbe a complete distributive lattice with
0 and 1. An intuitionistic L-fuzzy set (ILFS for @) A in X is an object having the form
A ={(x, pa(x),74(x)): x € X}. Where the functiong,: X - L andy,: X - L denote the
degree of membership (nameaky(x)) and the degree of none membership (namely
ya(x)) of each element € X to the set A, respectively, afd< p,(x) + y,(x) < 1 for
eachx € X.

LetL(X) denote the set of all intuitionistic L-fuzzy setX. Obviously every L-
fuzzy setu,(x) in X is an intuitionistic L-fuzzy set of the for(m,, 1 — u,).
Throughout this paper we use the simpler notatibe (uy,y4) instead ofA =

{(, 1a G0, va()): x € X1},

Definition 2.6. [6]) LetA = (uy,y4) andB = (ug,yg) be intuitionistic L-fuzzy sets iX.
Then

(1) AcBifandonlyifuy < ug andy, =y

(2) A=BifandonlyifA<S B andB < A

() A° = (Ya a)

(4) ANB = (uaNug;¥aVys)

(5) AUB = (s U up;¥aNYs)

(6) 0.=(0",1")andl. = (1~,07).

Let f be a map from a seéf to a setY. Let A = (uy,74) be an ILFS ofX andB =
(ug,yg) be an ILFS ofY. Then f~1(B) is an ILFS ofX defined byf~1(B) =

(fYup), f~Y(yg)) and f(A)is an ILFS of Y defined by f(4) = (f(uA),l -
fa- )’A))-

Definition 2.7. [11] An intuitionistic topology (IT for short) on a nomgty setX is a
family t of IS’s inX satisfies the following axioms:

i 0.X.€t.

(i) If G,,G, €tthenG; NG, Et.

(iii) If G; € tfor eachi € Athen U,y G; € t.
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Then the pail(X,t) is called an intuitionistic topological space (IT@ short) and the
members ot are called intuitionistic open sets (I0OS for short

Definition 2.8. [12] An ITS (X, t) is calledl — T, space if for alk,,y € X, x # y,3 I0S
A= (A]_'AZ)’B = (BlfBZ) et SUCh tha]x € Al'y € Bl andA NnB = Q)~.

Definition 2.9. Letp,q € L = {0,0.1,0.2, ...,1} andp + g < 1. An intuitionistic L-fuzzy
point (ILFP for short, ,,0f X is an ILFS ofX defined by

_(oify=x
X)) = { (0,1)if y # x
In this casex is called the support of;, 4y andp andq are called the value and none
value ofx, o), respectively. The set of all ILFP &fwe denoted it b§ (X).
An ILFP x(, o) is said to belong to an ILF& = (u4,y,) of X denoted by, o) € 4, if
and only ifp < uu(x) and g = y,(x) but x4, q) € A if and only if p > u,(x) and
q < ya(x).

Definition 2.10.If Ais an ILFS and, 4 is an ILFP then the intersection between ILFS
and ILFP is defined ag, ) N 4 = (p N pa(x); q U ya(x)).

Definition 2.11. An intuitionistic L-topology (ILT for short) oiX is a familyz of ILFSs
in X which satisfies the following conditions:

@i 0.1.€r.

(i) IfA;,A, etthend;nA, €Er.

(i) If A; € tfor eachi € AthenuU;cy A; € 7.

Then the paigX, t) is called an intuitionistic L-topological spac& TS for short)
and the members af are called intuitionistic L-fuzzy open sets (ILF@8 short). An
intuitionistic L-fuzzy setB is called an intuitionistic L-fuzzy closed set FIC for short)
ifl-—BET.

Definition 2.12.Let (X, t) and(Y,s) be two ILTSs. Then amgh X — Y is said to be

(i) Continuous iff~1(B) is an ILFOS ofX for each ILFOSB of Y, or equivalently,
f~Y(B) is an ILFCS ofX for each ILFCSB of Y,

(i) Openiff(A4) is an ILFOS ot for each ILFOHA of X,

(iii) Closed iff(A) is an ILFCS ofr for each ILFCHA of X,

(iv) A homeomorphism if is bijective, continuous and open.

3. Definition and properties of ILF-T, Spaces

Definition 3.1. An ILTS (X, 1) is called

@) IL—T,(@0) if for all x,y € X,x #y,3 ILOS A = (uy,v¥4),B = (ug, vg) € T such
thatuy(x) =1 =pug(y)andAn B = 0._.

(b) IL—T,(i) if for any pair of distinct ILFPx(;, q) ,¥rs) € S(X),3 ILOS A =
(#a,v4), B = (up,vg) €T such thatxy, . €Ay, €B and ANB = (0_,a.)
wherea € L — {0}.

251



R. Islam, M.S. Hossain and M.R. Amin

(c) IL —T,(iii) if for all x,y € X,x # y,3 ILOS A = (uu,v4), B = (ug,yg) € T such
thatu,s(x) > 0,ug(y) >0and AnB =0...

(d) IL—T,(iv) if for all x,y € X,x #y,3 ILOS A = (uy,y4), B = (ug,yg) € T such
that us(x) =1=ug(y),y4(x) =0=yz(y)and A € B¢ where B¢ is the
complement oB.

Theorem 3.2.Let (X,7) be an ILTS. Then we have the following implicason
L - Tl(iii)y\

IL — Ty
2(l)\AIL 7, (iv)

IL — T, (ii)

Proof: IL —T,(i) = IL — Ty (iii)and IL — T,(i) = IL — T,(iv): SupposgX, ) is
an IL —T,(i). Then we have by definition, for alt,y € X,x #y,3 ILOS A =
(#a,va), B = (up,vp) €T suchthaty(x) =1 = pg(y)and AN B = 0..

... .. = pa(x) > 0,ug(y) >0andAnB =0..
{ﬂA(x) =1=u(y)

Ya(x) =0 =yp(y) and A < B“.
From (1) and (2) we see thdt— T, (i) = IL — T, (iii)and IL — T, (i) = IL — T, (iv).
IL — T,(ii) = IL — T,(iii) and IL — T, (ii) = IL — T,(iv):  Suppose (X, 7)is
anIL — T,(ii). Then we have by definition, if for any pair of st ILFP
Xpq) Yr.s) €S(X),3 ILOS A= (,LlA,)/A),B = (,LlB,)/B) €t such that Xp.q) €
A Y5 EBandAnB = (0.,a.) wherea € L — {0}.
(3) o = { P < pa(x),qg = ya(x)

r<ug(y),s=yg(y)andAnB = (0., a.).

Sincep,q,r,s € L = {0,0.1,0.2, ...,1} anda € L — {0}, we have from (3)

4) ... ... = {u,(x) >0,ug(y) >0andAnB =0_.And

(5) wreeee o = {ua(x) =1 = pp(y);valx) = 0=yp(y) and A < B°

From (4) and (5) which shows that — T, (ii) = IL — T, (iii) and IL — T, (ii) = IL —
T2 (“7)

IL — T, (iii) = IL — T,(iv): Suppose(X,t) is an IL — T,(iii). Then we have by
definition, if for all x,y € X,x #y,3 ILOS A = (4,v4), B = (ug,¥g) € T such that
Ua(x) > 0,ug(y) >0andANB =0..
{.UA(x) =1,ya(x) = 0;u4(y) = 0,v4(y) = 1and
te() = 1,yp(y) = 0;up(x) = 0,yp(x) = 1.
{ pa(x) =1= pg(y)
Ya(x) = 0 =yp(y) and A € B¢
This isIL — T, (iii) = IL — T, (iv).

None of the reverse implications is true in genatalch can be seen from the following
counter examples:

Example 3.2.1.LetX = {x,y},L = {0,0.1,0.2, ...,1} andt be an ILT onX generated by

{A, B} whereA = {(x,0.5,0), (y,0,1)} andB = {(x,0,1), (y,0.4,0)}. Hence we see that
(X, 1) is anlL — T, (iii) but not/L — T, (i)andIL — T, (ii).
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Example 3.2.2.LetX = {x,y},L = {0,0.1,0.2, ...,1} andt be an ILT onX generated by
{A,B} where A = {(x,1,0),(y,0,1)} and B = {(x,0,1), (v,1,0)}. Hence we see that
(X,7) is anIL — T,(iv) but not/L — T, (i), IL — T, (ii) andIL — T, (iii).

Theorem 3.3.Let (X,7) be an ILTS andX,t) be an ITS. Then we have the following
implications:
IL < T, (iii)

IL — T (i) «—»I ~ Ty—IL — T, (ii)
IL =T, (iv)

Proof: Suppos€X,t) isI — T,. We prove thatX, ) isIL — T, (i). Since(X,t) isI — T,,
Vx,yeX,x+y 3A=(4,,4,),B=(By,B;)€Et such that x €A,y € B;and
ANB=0..=1,,x)=115,(y) =1landAnNB = Q.. Let 15, = u, andlp, = ug.
Thenuy(x) =1 = pug(y) and A n B = 0. which isIL — T, (i). Conversely suppose that
(X,7) isIL — T,(i). We prove thafX,t) isI — T,. Since(X, t) isIL — T, (i), we have by
definition, for allx,y € X,x # y,3 ILOS A = (u4,v4), B = (up,v5) € t such that
ua(x) =1=pg(y)andANB = 0_. Let A; = u; {1} andB; = uz'{1}. Then we have
x€A,yeEBand AnB =0. which is I —T,. Therefore I - T, & IL — T,(i).
Furthermore it can be shown thiat T, = IL — T, (ii),] — T, = IL — T, (iii)and I —
T, = IL — T, (iv).

None of the reverse implications is true eneral which can be seen from the
following counter examples:

Example 3.3.1.LetX = {x,y},L = {0,0.1,0.2, ...,1}, X(0.2,0.3), Y(0.3,0.4) € S(X) andzt be
an ILT on X generated by{A4,B} where A = {(x,0.50),(y,0,05)} and B =
{(x,0,0.5), (v,0.5,0)}. Hence we see théX, 1) is aniIL — T, (ii) but notl — T5.

Example 3.3.2.LetX = {x,y},L = {0,0.1,0.2, ...,1} andt be an ILT onX generated by
{A, B} whereA = {(x,0.5,0), (y,0,1)} andB = {(x,0,1), (y,0.4,0)}. Hence we see that
(X,7) is anIL — T, (iii) but notl — T,.

Example 3.3.3.LetX = {x,y},L = {0,0.1,0.2, ...,1} andt be an ILT onX generated by
{A, B} where A = {(x,1,0),(y,0,1)} and B = {(x,0,1), (y,1,0)}. Hence we see that
(X,7) isanIL — T, (iv) but notl — T,.

4. Hereditary properties of ILF =T (j) for (j=, ii, iii, iv)
Definition 4.1. Let (X,t) be an ILTS andd € X. we definet, = {u]d:u € 7} the
subspace ILT’s od induced byr. Then(4,t,) is called the subspace @f, ) with the
underlying set.

An IL-topological property ‘P’ is called heligary if each subspace of an IL-
topological space with property ‘P’ also has prop&?’.

Theorem 4.2.Let (X,7) be an ILTSU < X andty = {A|U: A € 7}. Then
(@) (X,7)isIL—T,(i) = (U,ty) isIL — T,(i).
(b) (X,7)isIL — T,(ii) = (U, 1y) isIL — T, (ii).
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(c) (X,7)isIL — T,(iii) = (U, 1y) isIL — T, (iii).

(d) (X,7)isIL —T,(iv) = (U, 1y) isIL — T,(iv).

Proof: We prove only (a). Suppog&, t) is IL — T, (i), we prove tha{U,ty) is IL —
T,(i). Letx,y e U,x #y. Thenx,y € X,x # y asU < X. Since(X, 1) isIL — T, (i), we
have for all,y € X,x # y,3ILOS A = (uu,v4), B = (ug,yg) € Tsuch thau,(x) =
1=pg(y)andANB=0.. For UcSX, we find ILOSA|U = (ugy,Yaw) BIU =
(1B, vBw) € Ty such that pay(x) =1 = pgy(y)and AlUNBIU = (ANB)|U =
0.as AnB = 0..Hence(U,ty) isIL — T,(i). Similarly (b), (c), (d) can be proved.

We observe here that ILF(]), ( j = i, ii, iii, iv ) concepts are preservednder
continuous, one-one and open maps.

Theorem 4.3.Let (X,7) and(Y,s) be two ILTS,f: (X,7) — (Y, s) be one-one, onto and
continuous map. Then

(@) (X,7)isIL—T,(i) & (Y,s)isIL —T,(i)

(b) (X,7)isIL —T,(ii) & (V,s) isIL — T, (ii)

(c) (X,7)isIL —T,(iii) & (Y,s) isIL — T,(iii)

(d) (X,7)isIL —T,(iv) & (Y,s)isIL — T,(iv).

Proof: We prove only (a). Suppos&, 1) is IL — T, (i), we prove thaY,s) is IL —
T,(i). Let y;,y, € Y with y, # y,. Sincef is onto,3 x;,x, € X, such thatf(x;) =
v1, f(x,) = y, andx; # x, asf is one-one. Again sing&, 7) isIL — T, (i), we have for
all x;,x, €X,x; # x,,3 an ILOS A = (uu,v4), B = (ug, yg) € T such thatu,(x;) =
1=pp(x;) and ANB=0.. Now 3 ILOS f(4) = (f(ua), 1 — f(1 —ya)), f(B) =
(f(up), 1 — f(1 —yp)) € s such thaf (ua) (y1) = {sup pa(x1): f(x1) =1} =1
f(us)(v2) = {supup(xz): f(x2) = y;} = 1landf(A) n f(B) = f(ANnB) = 0.as
ANB=0.. Thus we havef(xy),f(x;) €Y with f(x1) # f(x;) 3 ILOS f(4) =
(fua) 1= f(A=ya), f(B) = (f(up), 1 — f(1 —yp)) € s such thaf (us)(y1) = 1 =
f(ug)(y2) andf(A) n f(B) = 0.. Hence(Y, s) isIL — T, (i).

Conversely suppose th&Y,s) is IL — T,(i). We prove that(X,7) is IL — T,(i). Let
X1,%2 €EX with x; # x, = f(x) # f(xy) as f is one-one. Putf(x;) =y,
and f(x,) =y, then y; # y,. Since (Y,s) is IL —T,(i),3ILOSA = (U4, v4),B =
(45 vp) € s such thap,(y;) =1 = pz(y;) andANn B = 0...

= {ttaf (x1) = 1= ppf(x;) and f (AN B) =0.

= {f ralx)) =1=fpup(xz) and f1(A) N f7H(B) = 0...

Sinced = (14, ¥4), B = (up,vp) €5, fH(A) = (F " (wa), f 1)), fTH(B) =
(fY(up), f~(y)) € 7. Hence it is clear thaty;,x, € X,x; # x, 31LOS f~1(4) =
F 7 wa), £ 710D, f7H(B) = (f *(ug), f 2 (¥p)) € 7 such that

flua(x) =1=flug(xy)and f~1A)n f~1(B) = 0..Hence (X,7) is also
IL — T,(i). Similarly, (b), (c) and (d) can be proved.
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